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Preface

This book is an introduction to the use of geometric partial differential
equations (PDEs) in image processing and computer vision. This relatively
new research area brings a number of new concepts into the field, provid-
ing, among other things, a very fundamental and formal approach to image
processing. State-of-the-art practical results in problems such as image seg-
mentation, stereo, image enhancement, distance computations, and object
tracking have been obtained with algorithms based on PDE’s formulations.

This book begins with an introduction to classical mathematical concepts
needed for understanding both the subsequent chapters and the current pub-
lished literature in the area. This introduction includes basic differential
geometry, PDE theory, calculus of variations, and numerical analysis. Next
we develop the PDE approach, starting with curves and surfaces deforming
with intrinsic velocities, passing through surfaces moving with image-based
velocities, and escalating all the way to the use of PDEs for families of
images. A large number of applications are presented, including image seg-
mentation, shape analysis, image enhancement, stereo, and tracking. The
book also includes some basic connections among PDEs themselves as well
as connections to other more classical approaches to image processing.

This book will be a useful resource for researchers and practitioners. It
is intended to provide information for people investigating new solutions
to image processing problems as well as for people searching for existent
advanced solutions. One of the main goals of this book is to provide a
resource for a graduate course in the topic of PDEs in image processing.
Exercises are provided in each chapter to help with this.

XV
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Introduction

The use of partial differential equations (PDEs) and curvature-driven flows
in image analysis has become an interest-raising research topic in the past
few years. The basic idea is to deform a given curve, surface, or image with
a PDE, and obtain the desired result as the solution of this PDE. Sometimes,
as in the case of color images, a system of coupled PDEs is used. The art
behind this technique is in the design and analysis of these PDEs.

Partial differential equations can be obtained from variational problems.
Assume a variational approach to an image processing problem formulated
as

arg{Min, U ()},

where U is a given energy computed over the image (or surface) 1. Let F(®)
denote the Euler derivative (first variation) of (/. Because under general
assumptions a necessary condition for / to be a minimizer of I/ is that
F(I) =0, the (local) minima may be computed by means of the steady-
state solution of the equation

3l
— = i
ar =7

where ¢ is an artificial time-marching parameter. PDEs obtained in this way
have already been used for quite some time in computer vision and image
processing, and the literature is large. The most classical example is the
Dirichlet integral,

Ui = / IVIP(x)dx,

Xxi



Xxii Introduction

which is associated with the linear heat equation
2% = ALo)
—(t,x) = X).
ot

More recently, extensive research is being done on the direct derivation
of evolution equations that are not necessarily obtained from the energy
approaches. Both types of PDEs are studied in this book.

Clearly, when introducing a new approach to a given research area, one
must justify its possible advantages. Using partial differential equations
and curve/surface flows in image analysis leads to modeling images in a
continuous domain. This simplifies the formalism, which becomes grid-
independent and isotropic. The understanding of discrete local nonlinear
filters is facilitated when one lets the grid mesh tend to zero and, thanks to an
asymptotic expansion, one rewrites the discrete filter as a partial differential
operator.

Conversely, when the image is represented as a continuous signal, PDEs
canbe seen as the iteration of local filters with an infinitesimal neighborhood.
This interpretation of PDEs allows one to unify and classify a number of
the known iterated filters as well as to derive new ones. Actually, we can
classify all the PDEs that satisfy several stability requirements for image
processing such as locality and causality [5].

Another important advantage of the PDE approach is the possibility of
achieving high speed, accuracy, and stability with the help of the extensive
available research on numerical analysis. Of course, when considering PDEs
for image processing and numerical implementations, we are dealing with
derivatives of nonsmooth signals, and the right framework must be defined.
The theory of viscosity solutions provides a framework for rigorously using
a partial differential formalism, in spite of the fact that the image may be not
smooth enough to give a classical sense to derivatives involved in the PDE.
Last, but not least, this area has a unique level of formal analysis, giving
the possibility of providing not only successful algorithms but also useful
theoretical results such as existence and uniqueness of solutions.

Ideas on the use of PDEs in image processing go back at least to
Gabor [146] and, a bit more recently, to Jain [196]. However, the field
really took off thanks to the independent works of Koenderink [218] and
Witkin [413]. These researchers rigorously introduced the notion of scale
space, that is, the representation of images simultaneously at multiple scales.
Their seminal contribution is, to a large extent, the basis of most of the
research in PDEs for image processing. In their work, the multiscale im-
age representation is obtained by Gaussian filtering. This is equivalent to
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deforming the original image by means of the classical heat equation, obtain-
ing in this way an isotropic diffusion flow. In the late 1980s, Hummel [191]
noted that the heat flow is not the only parabolic PDE that can be used to
create a scale space, and indeed he argued that an evolution equation that
satisfies the maximum principle will define a scale space as well (all these
concepts will be described in this book). Maximum principle appears to be a
natural mathematical translation of causality. Koenderink once again made
a major contribution into the PDE arena (this time probably involuntarily,
as the consequences were not clear at all in his original formulation), when
he suggested adding a thresholding operation to the process of Gaussian
filtering. As later suggested by Osher and his colleagues and as proved by a
number of groups, this leads to a geometric PDE, actually, one of the most
famous ones: curvature motion.

The work of Perona and Malik [310] on anisotropic diffusion has been
one of the most influential papers in the area. They proposed replacing Gaus-
sian smoothing, equivalent to isotropic diffusion by means of the heat flow,
with a selective diffusion that preserves edges. Their work opened a num-
ber of theoretical and practical questions that continue to occupy the PDE
image processing community, e.g., Refs. [6 and 324]. In the same frame-
work, the seminal works of Osher and Rudin on shock filters [293] and
Rudin et al. [331] on total variation decreasing methods explicitly stated
the importance and the need for understanding PDEs for image process-
ing applications. At approximately the same time, Price et al. published a
very interesting paper on the use of Turing’s reaction-diffusion theory for a
number of image processing problems [319]. Reaction-diffusion equations
were also suggested to create artificial textures [394, 414]. In Ref. [5] the
authors showed that a number of basic axioms lead to basic and fundamental
PDE:s.

Many of the PDEs used in image processing and computer vision are
based on moving curves and surfaces with curvature-based velocities. In this
area, the level-set numerical method developed by Osher and Sethian [294]
was very influential and crucial. Early developments on this idea were pro-
vided by Ohta et al. [274], and their equations were first suggested for shape
analysis in computer vision in Ref. [204]. The basic idea is to represent the
deforming curve, surface, or image as the level set of a higher dimensional
hypersurface. This technique not only provides more accurate numerical im-
plementations but also solves topological issues that were previously very
difficult to treat. The representation of objects as level sets (zero sets) is of
course not completely new to the computer vision and image processing
communities, as it is one of the fundamental techniques in mathematical
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morphology [356]. Considering the image itself as a collection of its level
sets and not just as the level set of a higher dimensional function is a key
concept in the PDE community [5].

Other works, such as the segmentation approach of Mumford and Shah
[265] and the snakes of Kass et al. [198] have been very influential in the
PDE community as well.

It should be noted that a number of the above approaches rely quite
heavily on alarge number of mathematical advances in differential geometry
for curve evolution [162] and in viscosity solution theory for curvature
motion (see, e.g., Evans and Spruck [126].)

Of course, the frameworks of PDEs and geometry-driven diffusion have
been applied to many problems in image processing and computer vision
since the seminal works mentioned above. Examples include continuous
mathematical morphology, invariant shape analysis, shape from shading,
segmentation, tracking, object detection, optical flow, stereo, image de-
noising, image sharpening, contrast enhancement, and image quantization.
Many of these contributions are discussed in this book.

This book provides the basic mathematical background necessary for
understanding the literature in PDEs applied to image analysis. Fundamen-
tal topics such as differential geometry, PDEs, calculus of variations, and
numerical analysis are covered. Then the basic concepts and applications
of surface evolution theory and PDEs are presented.

Itis technically impossible to cover in a single book all the great literature
in the area, especially when the area is still very active. This book is based
on the author’s own experience and view of the field. I apologize in advance
to those researchers whose outstanding contributions are not covered in this
book (maybe there is a reason for a sequel!). I expect that the reader of this
book will be prepared to continue reading the abundant literature related to
PDEs. Important sources of literature are the excellent collection of papers
in the book edited by Romeny [324], the book by Guichard and Morel [168],
which contains an outstanding description of the topic from the point of view
of iterated infinitesimal filters, Sethian’s book on level sets [361], which are
covered in a very readable and comprehensive form, Osher’s long-expected
book (hopefully ready soon; until then see the review paper in Ref. [290]),
Lindeberg’s book, a classic in scale-space theory [242], Weickert’s book
on anisotropic diffusion in image processing [404], Kimmel’s lecture notes
[207], Toga’s book on brain warping [389], which includes a number of
PDE-based algorithms for this, the special issue (March 1998) of the [EEE
Transactions on Image Processing (March 1998), the special issues of the
Journal of Visual Communication and Image Representation (April 2000
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and 2001, to appear), a series of Special Sessions at a number of
IEEE International Conferences on Image Processing (ICIP 95, 96, 97),
and the Proceedings of the Scale Space Workshop (June 1997 and
September 1999). Finally, additional information for this book can be
found in my home page (including the pages with color figures) at
http://www.ece.umn.edu/users/guille/book.html.

Enjoy!






CHAPTER ONE

Basic Mathematical Background

The goal of this chapter is twofold: first, to provide the basic mathematical
background needed to read the rest of this book, and second, to give the
reader the basic background and motivation to learn more about the topics
covered in this chapter by use of, for example, the referenced books and
papers. This background is necessary to better prepare the reader to work in
the area of partial differential equations (PDEs) applied to image processing
and computer vision. Topics covered include differential geometry, PDEs,
variational formulations, and numerical analysis. Extensive treatment on
these topics can be found in the following books, which are considered
essential for the shelves of everybody involved in this topic:

1.

Guggengheimer’s book on differential geometry [166]. This is one of
the few simple-to-read books that covers affine differential geometry,
Cartan moving frames, and basic Lie group theory. A very enjoyable
book.

Spivak’s “encyclopedia” on differential geometry [374]. Reading any
of the comprehensive five volumes is a great pleasure. The first vol-
ume provides the basic mathematical background, and the second
volume contains most of the basic differential geometry needed for
the work described in this book. The very intuitive way Spivak writes
makes this book a great source for learning the topic.

DoCarmo’s book on differential geometry [56]. This is a very formal
presentation of the topic, and one of the classics in the area.
Blaschke’s book on affine differential geometry [39]. This is the
source of basic affine differential geometry. A few other books have
been published, but this is still very useful, and may be the most useful
of all. Unfortunately, it is in German. A translation of some of the
parts of the book appears in Ref. [53]. Be aware that this translation

1
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contains a large number of errors. I suggest you check with the orig-
inal every time you want to be sure about a certain formula.

5. Cartan’s book on moving frames [61]. What can I say, this is a must.
It is comprehensive coverage of the moving-frames theory, including
the projective case, which is not covered in this book (projective
differential geometry can be found in Ref. [412]). If you want to own
this book, ask any French mathematician and he or she will point
you to a place in Paris where you can buy it (and all the rest of
the classical French literature). And if you want to learn about the
recent developments in this theory, read the recent papers by Fels and
Olver [140, 141].

6. Olver’s books on Lie theory and differential invariants [281, 283].
A comprehensive coverage of the topic by one of the leaders in the
field.

7. Many books have been written on PDEs. Basic concepts can be found
in almost any book on applied mathematics. I strongly recommend
the relatively new book by Evans [125] and the classic book by Protter
and Weinberger for the maximum principle [321].

8. For numerical analysis, an almost infinite number of books have been
published. Of special interest for the topics of this book are the books
by Sod [371] and LeVeque [240]. As mentioned in the Introduction,
Sethian’s book [361] is also an excellent source of the basic numerical
analysis needed to implement many of the equations discussed in this
book. We are all expecting Osher’s book as well, so keep an eye open,
and, until then, check his papers at the website given in Ref. [290].

9. For applied mathematics in general and calculus of variations in par-
ticular, I strongly suggest looking at the classics, the books of Strang
[375] and Courant and Hilbert [104].

1.1. Planar Differential Geometry

To start the mathematical background, basic concepts on planar differential
geometry are presented. A planar curve, which can be considered as the
boundary of a planar object, is given by a map from the real line into the
real plane. More formally, a map C(p): [a, b] € R — R? defines a planar
curve, where p parameterizes the curve. For each value p, € [a, b], we
obtain a point C(pg) = [x(po), ¥(po)] on the plane.

If C(a) = C(b), the curve is said to be a closed curve. If there exists at least
one pair of parameters py # p1, po, p1 € (a, b), such that C(py) = C(p1),
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then the curve has a self-intersection. Otherwise, the curve is said to be a
simple curve. Throughout this section, we will assume that the curve is at
least two times differentiable.

Up to now, the parameter p has been arbitrary. Basically, p tells us the
velocity at which the curve travels. This velocity if given by the tangent
vector

aC
op’
We now search for a very particular parameterization, denoted as Eu-
clidean arc length(s), such that this vector is always a unit vector,

HEE
ap

where ||-||=(-, -)!/? is the classical Euclidean length. In terms of the arc
length, the curve is not defined anymore on the interval [a, b] but on some
interval [0, L], where L is the (Euclidean) length of the curve. The arc length
is unique (up to a constant), and is obtained by means of the relation

dc  dCdp
ds dpds’

ds dx \? dy 2942
o= L(&) (@) ]

We should note that throughout this book we consider only rectifiable
curves. These are curves with a finite length between every two points. This
is also equivalent to saying that the functions x(p) and y(p) have bounded
variation.

From the definition of arc length, the (Euclidean) length of a curve be-
tween two points C(pg) and C(p,) is then given by

pi dx\? dy 29172 s(p1)
L(po, p1) = — ) +{—= dp = ds.
Po dp dp s(po)

Euclidean Curvature

which leads to

The Euclidean arc length is one of the two basic concepts in planar differ-
ential geometry. The second one is that of curvature, which we proceed to
define now.
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The condition for the arc-length parameterization means that the inner
product of the tangent C; with itself is a constant, equal to one (throughout
this book, subscripts indicate derivatives):

(Cy,Cy) = 1.
Computing derivatives, we obtain
(Cm Css) =0.

The first and the second derivatives, according to arc length, are then vectors
perpendicular to each other. Ignoring for a moment the sign, we can define
the Euclidean curvature « as the absolute value of the normal vector Ci,:

i = [|ICys . (1.1)

If 7 and NV stand for the unit Euclidean tangent and the unit Euclidean
normal, respectively (7 L N), then (now « has the sign back)

dC

_z
ds
dc -
@ =N
and from this we obtain the Frenet equations:
a7 -
& kN,
ds ‘
dN -
— = —«T.
ds “

Many other definitions of curvature, all leading of course to the same
concept, exist, and all of them can be derived from each other. For example,
if 6 stands for the angle between 7 and the x axis, then

do
K= —.
ds

This is easy to show:

a7 . d(cos @, sinH)

ds ds
do do -
= E(—sin@,cos@) = a/\/,

and the result follows from the Frenet equations.
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The curvature « (s) at a given point C(s) is also the inverse of the radius of
the disk that best fits the curve at C(s). Best fit means that the disk is tangent
to the curve at C(s) (and therefore its center is on the normal direction). This
is called the osculating circle.

A curve is not always given by an explicit representation of the form C(p).
In many cases, as we will see later in this book, a curve is given in implicit
form as the level set of a two-dimensional (2D) function u(x, y): R*> — R,
that is,

C={x,y):ulx,y)=0}.

It is important then to be able to compute the curvature of C given in this
form. It is possible to show that

2 2
Uxlly — 2UxUyUyy + UyyUy

(2 +u2)™”

K =

Basically, this result can easily be obtained from the following simple facts:
1. The unit normal AV is perpendicular to the level sets, and

- Vu

N = 4+(-)—, 1.2
( )”W|| (1.2)

where the sign depends on the direction selected for N'. This follows
from the definition of the gradient vector

v ou _, 4 ou _,
u:=—x+ —y.
ax ay Y
Of course, the tangent 7 to the curve C is also tangent to the level
sets.
2. If N = (n, ny), then k = dn;/dx + dn,/dy.

Curve Representation by Means of Curvature

A curve is uniquely represented, up to a rotation and a translation, by the
function «(s), that is, by its curvature as a function of the arc length. This
is a very important property, which means that the curvature is invariant to
Euclidean motions. In other words, two curves obtained from each other by
a rotation and a translation have exactly the same curvature function «(s).
Moreover, a curve C = (x, y) can be reconstructed from the curvature by
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the following equations:

o 0 —6
x:xo—l—cosa/ Md@,

0w k@)
7 sin(6 — 6y)
— e,
y yo—i-cosﬁ/eo @)

where the constants xg, o, &, 8, and 6, represent the fact that the recon-
struction is unique up to a rotation and a translation.

Some Global Properties and the Evolute

A number of basic global facts related to the Euclidean curvature are now
presented:

1. There are only two curves with constant curvature: straight lines (zero
curvature) and circles (curvature equal to the inverse of the radius).
The only closed curve with constant curvature is then the circle.

2. Vertices are the points at which the first derivative of the curvature
vanishes. Every closed curve has at least four of these points (four-
vertex theorem).

3. The total curvature of a closed curve is a multiple of 27 (exactly 2w
in the case of a simple curve).

4. Tsoperimetric inequality: Among all closed single curves of length
(perimeter) L, the circle of radius L/2m defines the one with the
largest area.

As pointed out when defining the osculating circle, the curvature is the
inverse of the radius of the osculating circle. The centers of these circles
are called centers of curvature, and their loci define the Euclidean evolute
of the curve:

Eo(s) := C(s) + L./\_'/'(s). (1.3)
k(s)

The basic geometric properties of the evolute, such as tangent, normal, arc
length, and curvature, can be directly computed from those of the curve. The
fact that the evolute of a closed curve is not a smooth curve it is of particular
interest, as it is easy to show that the evolute has a cusp for every vertex
of the curve.
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1.2. Affine Differential Geometry

All the concepts presented in Section 1.1 are just Euclidean invariant, that
is, invariant to rotations and translations. We now extend the concepts to the
affine group. For the projective group see for example [226].

A general affine transformation in the plane (R?) is defined as

X = AX + B, (1.4)

where X € R? is a vector, A € GL2+ (R) (the group of invertible real 2 x 2
matrices with positive determinant) is the affine matrix, and B € R? is a
translation vector. It is easy to show that transformations of the type of
Eq. (1.4) form a real algebraic group A, called the group of proper affine
motions. We also consider the case in which we restrict A € SL,(R) (i.e.,
the determinant of A is 1), in which case Eq. (1.4) gives us the group of
special affine motions, Asp.

Before proceeding, let us briefly recall the notion of invariant. (For more
detailed and rigorous discussions, see Refs. [S1,111, and 166] and Section
1.7 on Lie groups later in this chapter.) A quantity Q is called an invariant
of a Lie group G if whenever Q transforms into Q by any transformation G,
we obtain O = W Q, where W is a function of the transformation alone. If
W = 1 for all transformations in G, Q is called an absolute invariant [111].
What we call invariant here is sometimes referred to in the literature as
relative invariant. (We discuss more on Lie groups in Section 1.7.)

In the case of Euclidean motions (A in Eq. (1.4) being a rotation matrix),
we have already seen that the Euclidean curvature « of a given plane curve,
as defined in Section 1.1, is a differential invariant of the transformation. In
the case of general affine transformations, in order to keep the invariance
property, a new definition of curvature is necessary. In this section, this
affine curvature is presented [51, 53, 166, 374]. See also Refs. [39 and 53]
for general properties of affine differential geometry.

Let C(p): S' — R? be a simple curve with curve parameter p (where
S! denotes the unit circle). We assume throughout this section that all of
our mappings are sufficiently smooth, so that all the relevant derivatives
may be defined. A reparameterization of C(p) to a new parameter s can be
performed such that

[CS7 Css] =1, (15)

where [ X', V] stands for the determinant of the 2 x 2 matrix whose columns
are given by the vectors X', ) € R%. This is also the area of the parallelo-
gram defined by the vectors. This relation is invariant under special affine
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transformations, and the parameter s is called the affine arc length. (As
commonly done in the literature, we use s for both the Euclidean and the
affine arc lengths, and the meaning will be clear from the context.) Setting

8(p) = 1C,, Cppl'?, (1.6)
we find that the parameter s is explicitly given by
p
s = [ gtee. 17
0

This is easily obtained by means of the relation

dp dp\> , d&p
6= [0, 2.6, (%) 4o, 52)

Note that in the above standard definitions, we have assumed (of course)
that g (the affine metric) is different from zero at each point of the curve, i.e.,
the curve has no inflection points. This assumption will be made through-
out this section unless explicitly stated otherwise. In particular, the convex
curves we consider will be strictly convex, i.e., will have strictly positive (Eu-
clidean) curvature. Fortunately, inflection points, that is, points with x = 0,
are affine invariant. Therefore limiting ourself to convex curves is not a
major limitation for most image processing and computer vision problems.

It is easy to see that the following relations hold:

ds = gdp, (1.8)
- dp
T:=C, =C,—, 1.9
P ds (1.9)
- dp\*  , dp
N := Css = Cpp <$) + Cl’@ (110)

T is called the affine tangent vector and N is the affine normal vector. These
formulas help to derive the relations between the Euclidean and the affine
arc lengths, tangents, and normals. For example, considering v to be the
Euclidean arc length, we have that

ds = «'/dv, (1.11)
where ds is still the affine arc length and dv is the Euclidean arc length:
T o187,
N =«k!3N + f(k, Kp)'f',

where f is a function of the first and second derivatives of the Euclidean
curvature.
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Affine Curvature

We now follow the same procedure as in the Euclidean case in order to
obtain the affine curvature. By differentiating Eq. (1.5) we obtain

[Cn Csss] =0. (]]2)

Hence the two vectors C, and C,,, are linearly dependent, and so there exists
j such that

Equation (1.13) implies (just compare the corresponding areas and recall
that [Cy, Cs] = 1) that

M= [Css, Csss]v (114)

and p is called the affine curvature. The affine curvature is the simplest
nontrivial differential affine invariant of the curve C [53]. Note that p can
also be computed as

m = [Cmma Cv] (115)

For the exact expression of w as a function of the original parameter p, see
Ref. [53].

As pointed out in Section 1.1, in the Euclidean case constant Euclidean
curvature x is obtained for only circular arcs and straight lines. Further,
the Euclidean osculating figure of a curve C(p) at a given point is always
the circle with radius 1/« whose center lies on the normal at the given
point. In the affine case, the conics (parabola, ellipse, and hyperbola) are
the only curves with constant affine curvature £ (u = 0, # > 0,and u < 0,
respectively). Therefore the ellipse is the only closed curve with constant
affine curvature. The affine osculating conic of a curve C at a noninflexion
point is a parabola, ellipse, or hyperbola, depending on whether the affine
curvature [ is zero, positive, or negative, respectively. This conic has a
triple-point contact with the curve C at that point (same point, tangent, and
second derivative, or Euclidean curvature).

Affine Invariants

Assuming the group of special affine motions, we can easily prove the abso-
lute invariance of some of the concepts introduced above when C is obtained
from C by means of an affine transformation, that is, the affine arc length,
tangent, normal, and curvature, as well as the area, are absolute invariants for
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the group of special affine motions. In general, for A € GL; (R), we obtain

ds = [A]'3ds,
s = A[A]T'C,,
; = A[A]7Y3C,,
i=[A1"p,

area(C) = [Alarea(C).

C

v

2

Thus the affine properties remain invariant (relative) but not absolute invari-
ants. For an extended analysis about curvature like invariants, see Ref. [51].

Global Affine Differential Geometry

As in the Euclidean case, we now give a number of global properties re-
garding affine differential geometry:

1. There are at least six points with u; = O (affine vertices) in a closed
convex curve.
2. Define the affine perimeter of a closed curve as

Lzzfgdpzfds.

Then, from all closed convex curves with a constant area, the ellipse,
and only the ellipse, attains the greatest affine perimeter. In other
words, for an oval (strictly convex closed curve) the following relation
holds:

8m2area — L* > 0,
and equality holds for only the ellipse.

3. For closed convex sets (ovals), the following affine isoperimetric in-
equality holds:

L2
Zf,u,ds < —. (1.16)
area

See [246,247] for other inequalities and [147] for a related Euclidean
result.

4. In the important case of the ellipse, the relation between the affine
curvature and the area is given by

z \23
m=\— )
area

where area = mryr; is the area, and r; and r, are the ellipse radii.
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5. The greatest osculating ellipse of an elliptically curved oval (1 > 0)
contains the oval entirely, whereas the smallest osculating ellipse of
the oval is contained entirely within it.

Affine Invariant Distance

A key missing component of affine differential geometry so far it is the
definition of affine invariant distance. Fortunately this concept is well know
in the affine geometry literature [39, 195, 272]. The affine distance is now
defined and some of its basic properties are presented.

Definition 1.1. Ler X be a generic point on the plane and C(s) be a strictly
convex planar curve parameterized by the affine arc length. The affine dis-
tance between X and a point C(s) on the curve is given by

d(X, s) == [X — C(s), Cs(5)]. (1.17)

To be consistent with the Euclidean case and the geometric interpretation
of the affine arclength, d(X, s) should be defined as the 1/3 power of the
determinant above. Because this does not imply any conceptual difference,
we keep the definition above to avoid introducing further notation. In Ref.
[195] the above function d (X, s) is called the affine distance-cubed function.

From the definition of d(X, s), we note that the affine distance between
an arbitrary point X and the curve point C(s) is given by the area of the
parallelogram defined by the vector X — C(s) and the affine tangent at
C(s) (Fig. 1.1). Unfortunately, we cannot define an affine invariant distance
between two points; we need at least three points or a point and a line. This
is because area, not length, is the basic affine invariant.

Some of the basic properties of d(X, s) are now presented. When the
affine concepts are replaced with Euclidean ones, the same properties hold

C(s)

Fig. 1.1. The affine distance between an arbitrary point X’ on the plane and the curve
point C(s) is given by the area of the parallelogram defined by the vector X — C(s) and
the affine tangent at C(s), Cs.
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for the classical (squared) Euclidean invariant distance (X —C, X — C).
This shows that the definition is consistent.

Lemma 1.1. The affine distance satisfies the following properties:

1. d(X,s)isanextremum(i.e.,d; = 0)ifandonly if X — C(s) is parallel
to Cyy, Le., X lies on the affine normal to the curve at C(s).

2. For nonparabolic points (where the affine curvature is nonzero),
dy(X,s) =d(X,s) =0 if and only if X is on the affine evolute
given by the curve C + %LCSS.

3. Cisaconic and X is its center if and only if d(X, s) is constant.

4. X —C(s) = aCy(s) — d(X, s)Css(s) for some real number .

Regarding the third property, note that the center is defined as the unique
point equidistant from all the points on the curve. In both the Euclidean and
the affine cases the center is also the intersection of all the normals.

The fourth property basically tells us what happens when the point X is
not on the affine normal. The distance is basically the affine projection of
the point onto the affine normal.

1.3. Cartan Moving Frames

The basic Euclidean and affine invariants, that is, arc length and curvature,
can also be obtained from Cartan moving frames. The basic concepts are
presented now. Details can be found in Refs. [61 and 166] as well as in
some very recent contributions by Fels and Olver [140, 141]. This is a
very elegant and complete technique that, thanks to these new results, is
completely algorithmic as well.

Definition 1.2. The Cartanmatrix C 4 of a differentiable nonsingular square
matrix A(p) is given by
Ca=A A",

where A’ is the derivative of the matrix A.
From this it is easy to show the following properties:

1. CAB - CA + ACBA_].
2. If A is an orthogonal matrix, then C, is skew symmetric, that is, the
transpose of C, is equal to —Cj.

Note thatif M is anonsingular constant matrix, then C4 = C 4. This will
be critical in computing the basic differential invariants for the Euclidean
and affine groups.
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Euclidean Case

Let {X, y} indicate a fixed coordinate system on the plane (both are unit
vectors). A curve C(s) is given as [x(s), y(s)I{X, ¥}. The unit tangent 7 is
then (x’, y'){X, ¥} and the unit normal A/ is (=¥, x){X, ¥}, obtained from
the tangent by a /2 rotation. The pair {7, N} is the (Euclidean) moving
frame. We can consider this frame as a moving coordinate system, making
the curve point C(s) always at the origin and the first coordinate axes tangent
to the curve in the direction of increasing arc length. We can also relate the
moving frame to the origin O of the fixed frame (the moving frame, given
as a function of s, uniquely determines the curve up to a translation). The
moving frame is then obtaiqed from the fixed one by a rotation A(s) about
the angle 0 between x and 7 :

(T, N} = A(s){E, 3},

where the rotation matrix A(s), called the frame matrix, is given by

cosf  sinf x' Y
Als) = |:—sin0 COSG] o [—y/ x/j|'
In a similar way as the tangent (or moving frame) defines the curve up

to a translation, so does the frame matrix. If we change the fixed frame by
a rotation B,

{%, 5} = B{i, j},
the frame matrix is changed to A(s)B:
{T,N'} = A(s)B{i, j}.

The variation of the moving frame is given by
d - - - -
d—{T,N} = Cua{T, N},
s

providing the Frenet equation of planar (Euclidean) differential geometry.
Because A(s) is orthonormal, C, is skew symmetric and then of the form

0 K(S)]

Cals) = [—K(S) 0

and the Frenet equation can explicitly be computed. From the properties of
the Cartan matrix we also know that C4 is invariant to the rotation B, and
therefore «(s) is Euclidean invariant. The explicit computation of C4 from
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A(s) above gives

) do
k(s) = —,
ds

which is exactly one of the definitions for the Euclidean curvature given
before.

Affine Case
In analogy to the Euclidean case, we are searching for a moving frame
{T, N} such that

{T,N} = A(p){*, },

where this time A(p) is not a rotation matrix but a nonsingular matrix with
a unit determinant.

If we consider the general frame {C’, C"} (this is a frame as long as the two
vectors are linearly independent, meaning that the curve has no inflections),
then the frame matrix B(p) given by

{C".C"} = B(p){x, ¥}

does not necessarily have a unit determinant. If we normalize these vectors,

P
[C/’ C//]l/z

R c’

Ni=——
[C/’ C//]I/Z

then the matrix
1 x/ y/
At) = ——
( ) [C/, C//]I/Z |:x// y//:|

appearing in {’I’, 1(1} = A(p){X, y} has a unit determinant. The next step is
to compute the Cartan matrix, which is

—[c’.c" 1
2[C',C"]
Cy=
—[c”.c" c.c”
[c’.c" [c.cn

The idea is now to try to simplify, as much as possible, C4, which is
affine invariant. For example, the diagonal elements become zero if

[C/’ C///] — [C/’ C//]/ — 0’
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which means that the affine arc length is given by the condition
[C.C"1=1,

as previously shown in Section 1.2 by other methods. The remaining nonzero
coefficient of C 4 becomes [C”, C"'], which is the affine curvature, the second
fundamental affine differential invariant.

To recap for these simple cases: The moving-frame method is based on
finding an appropriate transformation, belonging to the group, from a fixed
frame to a curve-attached one and then computing the differential invariants
from the Cartan matrix corresponding to this transformation.

1.4. Space Curves

To complete the picture of differential geometry for curves, the basic Eu-
clidean (and affine) concepts for curves in three-dimensional (3D) space are
now presented.

Let us start with the Euclidean case and assume that we are given a three
times differentiable space curve C(p) = [x(p), y(p), z(p)] : R — R3. Asin
the planar case, the basic idea is to search for an Euclidean invariant arc
length s given by

p
s(p) = / IC,lIdv,
Po

where, as in Section 1.1, as ||-|| stands for the Euclidean length of a vector.
In other words, we search for a unit velocity parameterization

Gl = 1.

Therefore the unit tangent vector is given by

- dC

T=—.

ds

We can proceed as in the planar case, following the Cartan moving-frame
method, and look for a local coordinate system obtained from the fixed
Cartesian system by a 3D rotation and translation, that is, given the fixed
Cartesian system {X, y, Z}, we search for a moving (local) coordinate system

{T, N, B)(s) such that

-

T, N, B)(s) = A(s){X, 3, 2},
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where A(s) is a rotation matrix. Then
(T.N.BY(s) = Ca)T. N, B(s),

and we obtain a skew-symmetric Cartan matrix C4(s).

By analyzing the corresponding Cartan matrix, we obtain the basic in-
variant and the Frenet equations. Because this is straightforward from what
we have learned from the planar case, we just give the results and leave the
derivations as an exercise.

The tangent 7 is the first vector of the local coordinate system. The
second one, the principal normal, is given by

-

. T
N=—.
1771l

The third vector B’ the binormal, is just the unique vector perpendicular to
both the tangent and the principal normal, such that the cube spanned by
the three vectors has a volume equal to 1. With this construction, the Cartan
matrix becomes

0 k(s) 0
C=|—x(s) 0 ()
0 —t(s) O

Here «(s) is the curvature and #(s) is the tension, and they uniquely define
the curve up to a rotation and translation in three dimensions. The Frenet
equations are then given by

-

c, =17,
C.vs = Kﬁ?
Csss = _Kz,j' + KSN + Kté.

The curvature is a second-order invariant, and the tension is a third-order
one. The curvature of a 3D curve is always positive, by definition, and the
tension is zero if and only if the 3D curve can be embedded in a 3D plane.

As was done for the planar case, this process of Cartan frames can be
also used to derive the corresponding affine invariant for space curves. In
this case, the affine arc length s will be given by the condition

[Cs, C”, C”s] = 1

The reader is referred to Ref. [166] for the details.
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1.5. Three-Dimensional Differential Geometry
We now consider regular surfaces S(u, v) = [x(u, v), y(u, v), z(u, v)]:

R? — R3, which are homeomorphisms, for which each one of the coor-
dinates has continuous partial derivatives, and such that the differential map

Xy Xy
dS = Yu Yo
Zu Zy

is one to one. Later in this book we will see that we can also consider defor-
mations of surfaces that are not smooth, but classical differential geometry
does not include those surfaces. The regularity condition avoids surfaces
that have self-intersections.

A particular interesting example of surfaces are surfaces of revolution.
We obtain these by rotating a regular planar curve, the generating curve,
about an axis in the plane that does not meet the curve. Let us consider
(x, z) as the plane containing the curve and the axis z as the rotation axis.
Letx = f(v) and z = g(v), a < v < b, f(v) > 0 be the parameterization
for the curve. Considering u as the angle of rotation along the z axis, we
obtain

S(u, v) =[fW)cosu, f(v)sinu, g(v)].

This defines a regular surface.

The differential map dS evaluated at a surface point P = S(ug, vo) de-
fines the tangent plane at the point, which is, of course, independent of
the parameterization (u, v). We can consider vectors in this tangent plane
(which are vectors in R*) and define the inner product between them. The
inner product of any vector w in the tangent plane with itself defines the
first fundamental form Ip(w) of the regular surface S. Let us define

'Su = (-xzu Yus Zu)a
SU = ('xU7 yv’ ZU)'

Any vector in the tangent plane is the tangent to a parameterized curve
C(p) € S[u(p), v(p)] going through the point P (p is an arbitrary parame-
terization). Assuming that C(0) = P, it is easy to show that

Ip[C'(0)] = EW)* +2Fu'v + GW')?,
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where
E = (SuaSu>P7
F .= (Sua Sv>P7
G := (SvaSll)P-

One of the properties of the first fundamental form is that we can compute
the Euclidean arc length of C from it:

s = /P IC'|dr = /P VIC) = /P \/E(u/)2 +2Fu'v + G(v')>.
0 0 0

We also observe that the angle between S, and S, is

(Sus Sy) F
cosf = = .
1S IS VEG
If F = 0, then this angle is 90°, and the parameterization («, v) is called an
orthogonal parameterization.
In addition to length, the first fundamental form is related to area as well.
It is easy to show that the area of the surface in a region €2 is given by

f/ v EG — F?dudv.
Q

We have just worked with the tangent plane; let us now describe a few
concepts related to the surface normals. The unit normal to the surface is
given by

- S, xS
J\/Z”—”’
IS, x Syl

where (- x -) stands for the vector obtained by the exterior product of two
vectors. This is basically a map from the surface to the unit sphere S? in
R3. This map is the so-called Gauss map of the surface. (Actually, this
definition applies to only regular surfaces with an orientation, i.e., that have
a differentiable field of unit normals.) -

Let us now look at the differential map d \V mapping a vector from the
tangent plane of S at P to the tangent plane of the the unit sphere S? at
Np. This is a linear map, mapping a plane into another parallel plane. Let
us have a closer look at this map. For each parameterized curve C(p) such
that C(0) = P, we consider the curve /\C -C(p) in the sphere S?, that is,
the normals to C(p). The tangent vector N = d N'[C'(0)] is a vector in the
tangent plane at the point P, measuring the rate of change of the normal
restricted to the curve C. For curves, this is a number, the curvature. For
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surfaces it is the linear map. This map gives light to the second fundamental
form, which is given by

11p(®) = —(d N, @), ).

which is defined on the tangent plane at P.

Having now the definition of the second fundamental form, let us now
start looking at curvatures on the surface. Let C be a curve on S passing
through P, k be the curvature of C at P, cos8 = (i, N}, where 7 is the
normal to the curve, and A be, as above, the normal to the surface (both at
the point P). The number «,, := « cos 6 is called the normal curvature of C
at P. The normal curvature is basically the length of the projection of kn
over the surface normal. Let us now connect this to the second fundamental
form. Because (N, (') =0,

N, ¢y = —(N",C),
and from here and the definition of the second fundamental form,
IIP = Ky.

In other words, the value of the second fundamental form 7/, for a unit
vector v on the tangent plane at P is equal to the normal curvature of a
regular curve passing through P and with tangent v. In addition, all curves
lying on the surface and having at a given point the same tangent have the
same normal curvature.

From the results above, we can discuss the normal curvature at a given
direction. We can then consider all possible directions and obtain the maxi-
mal and the minimal normal curvatures k; and k,, respectively. These are the
principal curvatures of the surface and the corresponding directions are the
principal directions. This leads to the definition of the Gaussian curvature

K := K1K7,
and the mean curvature
K|+ K2
H:= .
2

These curvatures are actually the determinant and the negative half-trace of
the differential of the Gauss map, respectively.

The last concept we want to introduce is the concept of geodesic curva-
ture. The geodesic curvature k, at a point P of a curve C € S is given by
the projection of the vector k7 onto the tangent plane (this is the absolute
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value). That is, the absolute value of the geodesic curvature is equal to the
length of the tangential component of k7. From this, it is obvious that

2_ 2 2
K=K, +K,.

A geodesic curve is a curve on the surface with zero geodesic curvature. The
minimal path between two points on a surface is always a geodesic curve.

1.6. Discrete Differential Geometry

Shapes in the computer are commonly represented as a collection of points.
To compute curvatures in particular and differential invariants in general,
we need then to deal with this discrete representation. Many works have
addressed this issue. One possible approach is to obtain a continuous curve
or surface that fits the set of discrete points, that is, to perform surface fitting.
The most popular way is to use B-splines, described in Subsection 1.6.1, to
do this. A different approach, deeply investigated by Taubin [382], is to find
afunction such that the set of points belongs its zero level set. In other words,
the problem is reduced to the search for an implicit representation of the set
of discrete points. A third approach is to do local approximations, that is, for
every point in the set, we locally fit a continuous curve by using the neigh-
boring points and then compute the differential invariants; see Refs. [57 and
58] for an example. The problem becomes more interesting and difficult, of
course, if the set of points, especially in three dimensions, is unorganized
and the topology of the surface is unknown. The computer graphics litera-
ture has addressed this; e.g., Ref. [115]. One of the possibilities is to com-
pute a parameterization corresponding to the set of points and then perform
B-spline representation by using this parameterization. For completeness,
the basic concepts of planar B-splines are described. We refer the reader
to the mentioned references for a deeper investigation of this, still active,
research area.

1.6.1. Basic B-Spline Theory

The theory of B-spline approximations for 2D curves is now briefly de-
scribed. For details and extensions to surfaces, see, for example, Refs. [22,
43,350, and 351].

Let

C(p):la,b] > R?
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be a planar curve, with Cartesian coordinates [x(p), y(p)]. Polynomials are
computationally efficient to work with, but it is not always possible to define
a satisfactory curve C when single polynomials are used for x and y. Then,
the curve is divided in segments, each one defined by a given polynomial.
The segments are joined together to form a piecewise polynomial curve. The
joints between the polynomial segments occur at special curve points called
knots. The sequence p;, p,, ..., of knots is required to be nondecreasing.
The distance between two consecutive knots can be constant or not. Two
successive polynomial segments are joined together at a given knot p;
in such a way that the resulting piecewise polynomial has d continuous
derivatives. Of course, the order of the polynomials depends on d. In this
way, a basis is obtained, and the curve C is given by a linear combination
of it.

Formally, the curve C is a B-spline approximation of the series of points
V: = [x;, yi], 1 <1i < n, called control vertices, if it can be written as

C(p)=>_ ViBis, (1.18)

where B;; = B(-; pi, Pi+1, - - - » Pi+x) 18 the ith B-spline basis of the order
of k for the knot sequence [p;, ..., p,+]. In particular, B, ; is a piecewise
polynomial function of degree < k, with breakpoints p;, ..., p;1x. To deal
with closed curves, the series of points are periodic, that is, the indices are
computed modulo n + 1.

Several properties can be proven for the basis B; ;:

1. B,‘,k > 0.
B; = 0 outside the interval [p;, p;1«]. This property shows the lo-
cality of the approximation: Changing a given control vertex affects
only a corresponding portion of the curve.

3. The basis is normalized for all order k:

> Bi(p)=1lon[pi...pusl.

4. The support of the B-spline basis is minimal among all polynomial
splines of the order of k. This property shows that this representation
is optimal in a certain sense.

The multiplicity of the knots governs the smoothness. If a given number
T occurs r times in the knot sequence [ p;, . . ., piix], thenthe firstk —r — 1
derivatives of B; are continuous at the breakpoint 7. Therefore, without
knot multiplicity, C; € C*=2.
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Computation with B-splines is facilitated by use of the following recur-
sive formula [22,43,44]:

P — Di Pi+k — P
Bix(p) = ——Bix-1 + LBiﬂ,k—h (1.19)
Pi+k—1 — Di Pi+k — Pi+1
together with
L, pi <p < pis,
B; = 1.20
1(P) {0, otherwise. (1.20)

The basis B, is in fact the repeated convolution of a Haar function with
itself, i.e.,

By = (%) x[0, 1].

To represent a given set of point on the plane, we then must find the
control points that define a B-spline curve passing through or as close as
possible to the set. This is a simple curve-fitting task, which, in the case of
a quadratic error norm, reduces to a classical linear least-squares fitting.

1.7. Differential Invariants and Lie Group Theory

We have already presented basic differential invariants for the Euclidean and
affine group. We have also shown how to derive those invariant by using
Cartan’s theory. This was done with special consideration for the group being
analyzed. We now want to be more general, that is, to present a number of
general concepts that apply to all relevant transformation groups. The theory
developed here will be also useful for developing a general formulation for
invariant shape deformations in Chap. 2. To do this in a rigorous manner, we
first sketch some relevant facts from differential geometry and the theory
of Lie groups. The material here is based on the books by Olver [281, 283]
to which the interested reader is referred for all the details. See also the
classical work of Sophus Lie on the theory of differential invariants [233]
as well as Refs. [62, 138,281,283, and 374].

Although this section is quite detailed, a certain mathematical back-
ground is assumed, i.e., the reader should be familiar with the basic defini-
tions of “manifold” and “smooth function.” Accordingly, all the manifolds
and mappings we subsequently consider are C*. (This type of foundational
material may be found in Refs. [166, and 374].) In this section no proofs
will be given, and the results will just be stated.
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1.7.1. Vector Fields and One-Forms

Because we will be considering the theory of differential invariants, we first
review the infinitesimal (differential) structure of manifolds. Accordingly,
a tangent vector to a manifold M at a point x € M is geometrically given as
the tangent to a (smooth) curve passing through x. The collection of all such
tangent vectors gives the tangent space T M|, to M at x, which is a vector
space of the same dimension m as that of M. In local coordinates, a curve
is parameterized by x = ¢(t) = [¢'(¢), ..., ¢" ()], and has tangent vector
V= 1% + -+ Sm% at x = ¢(t), with components &' = % given by
the components of the derivative ¢'(¢). Here the tangent vectors to the coor-
dinate axes are denoted by % = d,: and form a basis for the tangent space
TM|,.If f: M — Risany smooth function, then its directional derivative
along the curve is

d < af
3 /POl =V(NIP0)] = > ¢ Ol CLOIE
i=1

which provides one motivation for using derivational notation for tangent
vectors. The tangent spaces are patched together to form the tangent bundle
TM =J,.,y TM|, of the manifold, which is an m-dimensional vector
bundle over the m-dimensional manifold M. A vector field v is a smoothly
(or analytically) varying assignment of tangent vector v|, € T M|,. In local
coordinates, a vector field has the form

.o 0
v=;s’<x>w

where the coefficients £(x) are smooth (analytic) functions.

A parameterized curve ¢ : R — M is called an integral curve of the
vector field v if its tangent vector agrees with the vector field v at each
point; this requires that x = ¢(¢) satisfy the first-order system of ordinary
differential equations:

Y g, 1<is
P , <i<m.

Standard existence and uniqueness theorems for systems of ordinary dif-
ferential equations imply that through each x € M there passes a unique,
maximal integral curve. We use the notation exp(7v)x to denote the maximal
integral curve passing through x = exp(0Ov)x att = 0, which may or may not
be defined for all . The family of (locally defined) maps exp(¢v) is called
the flow generated by the vector field v and obeys the usual exponential
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rules:

exp(tv)exp(sv)x = exp[(t + s)v]x, ¢t,s € R,
exp(Ov)x = x,
exp(—tv)x = exp(tv)*lx,
the equations holding where defined. Conversely, given a flow obeying the

latter equalities, we can reconstruct a generating vector field by differenti-
ation:

X, x eM.
=0

v

d (tv)
= — ¢X A%
ar P

X

Applying the vector field v to a function f : M — R determines the in-
finitesimal change in f under the flow induced by v:

n . 8 d
v(f) = stx)a—j; = o flexpavxl|
i=1 t=0

so that

1
flexp(tv)x] = f(x) + tv(f)(x) + Etzv[v( Ol+....

Next, given a (smooth) mapping F : M — N, we define the differential
dF : TM|X — TNlF(x) by

[(dF)YWIHOIF ()] := v(f o F)(x),

where f : N — R is a smooth function and v is a vector field.
In general, given a point x € M, a one-form at x is a real-valued linear
map on the tangent space

w:TM|, — R.
In local coordinates x = (x!, ..., x™), the differentials dx’ are character-
ized by dx'(d,/) = §; ; (the Kronecker delta), where 0,1, ..., d,» denotes the

standard basis of T M|,. Then, locally,
o= hx)dx'.
i=1

In particular, for f : M — R, we get the one-form d f given by its differ-
ential, so that

df(v) :=v(f).
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The vector space of one-forms at x is denoted by 7*M |, and is called the
cotangent space. (It can be regarded as the dual space of TM|,.) As for
the tangent bundle, the cotangent spaces can be patched together to form
the cotangent bundle 7*M over M.

1.7.2. Lie Groups

In this section, we collect together the basic necessary facts from the theory
of Lie groups that will be used in the rest of this section and in Section 2.8.
Recall first that a group is a set, together with an associative multiplication
operation. The group must also contain an identity element, denoted by e,
and each group element g has an inverse g~ ! satisfyingg - g7' = g7! - g =
e. Historically, it was Galois who made the fundamental observation that
the set of symmetries of an object forms a group (this was in his work on the
roots of polynomials). However, the groups of Galois were discrete; in this

section we study the continuous groups first investigated by Sophus Lie.

Definition 1.3. A Lie group is a group G that also carries the structure of
a smooth manifold so that the operations of group multiplication (g, h) —
g - h and inversion g — g~' are smooth maps.

Example. The basic example of a real Lie group is the general linear
group GL(R, n) consisting of all real invertible n x n matrices with matrix
multiplication as the group operation; it is an n>-dimensional manifold, the
structure arising simply because it is an open subset (namely where the
determinant is nonzero) of the space of all n x n matrices, which is itself
isomorphic to R"".

A subset H C G of a group is a subgroup if and only if it is closed under
multiplication and inversion; if G is a Lie group, then a subgroup H is a
Lie subgroup if it is also a submanifold. Most Lie groups can be realized
as Lie subgroups of GL(R, n); these are the so-called matrix Lie groups,
and, in this section, we assume that all Lie groups are of this type. We
can also define a notion of a local Lie group in the obvious way (see, e.g.,
Ref. [166]).

Example. We list here some of the key classical groups. The special lin-
ear group SL(R, n) = {A € GL(R, n) : det A = 1} is the group of volume-
preserving linear transformations. The group is connected and has dimen-
sion n? — 1. The orthogonal group O(n) = {A € GL(R,n): ATA = I} is
the group of norm-preserving linear transformations — rotations and reflec-
tions — and has two connected components. The special orthogonal group
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SO(n) = O(n) N SL(R, n) consisting of just the rotations is the component
containing the identity. This is also called the rotation group.

Transformation Groups. In many cases in vision (and physical) prob-
lems, groups are presented to us as a family of transformations acting on
a space. In the case of Lie groups, the most natural setting is as groups of
transformations acting smoothly on a manifold. More precisely, we have
the following:

Definition 1.4. Let M be a smooth manifold. A group of transformations
acting on M is given by a Lie group G and smoothmap ® : G x M — M,
denoted by ®(g, x) = g - x, which satisfies

e-x=x,g-(h-x)y=(g-h)-x, forallx e M, g € G.
We can also define in the obvious way the notion of a local Lie group action.

Example. The key example is the usual linear action of the group GL(R, n)
of n x n matrices acting by matrix multiplication on column vectors x € R".
This action includes linear actions (representations) of the subgroups of
GL(R, n) on R". Because linear transformations map lines to lines, there
is an induced action of GL(RR, n) on the projective space RP(R, n)"~!. The
diagonal matrices Al (I denotes the identity matrix) act trivially, so the
action reduces effectively to one of the projective linear groups PSL(R, n) =
GL(R, n)/{\1}. If n is odd, PSL(R, n) = SL(R, n) can be identified with
the special linear group, whereas for even n, because —/ € SL(R, n) has the
same effect as the identity, the projective group is a quotient PSL(R, n) =
SL(R, n)/{x1}.

In vision, of particular importance is the case of GL(RR, 2), so we discuss
this in some detail. The linear action of GL(R, 2) on R? is given by

(x,y) — (ax + By, yx +8y), A= [)"/‘ ’(ﬂ € GL(R, 2).

As above, we can identify the projective line RP(R, n)! with a circle S!. If
we use the projective coordinate p = x/y, the induced action is given by
the linear fractional or M6bius transformations:

ap+p
yp+38’

p— A=[°‘ ’Bj|eGL(R,2).

y 6
In this coordinate chart, the x axis {(x, 0)} in R? is identified with the point
p = oo in RP(R, n)!, and the linear fractional transformations have been
well defined to include the point at co.
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Example. Let v be a vector field on the manifold M. Then the flow exp(zv)
is a (local) action of the one-parameter group R, parameterized by the time
¢ on the manifold M.

Example. In general, if G is a Lie group that acts as a group of transfor-
mations on another Lie group H, we define the semidirect product G x; H
to be the Lie group that, as a manifold, just looks like the Cartesian
product G x H, but whose multiplication is given by (g, h)- (g, h) =
[g - &, h- (g - h)] and hence is different from the Cartesian product Lie group,
which has multiplication (g, k) - (g, h) = (g - &, h - h).

The (full) affine group A(n) is defined as the group of affine transfor-
mations x — Ax 4 a in R", parameterized by a pair (A, a) consisting of
an invertible matrix A and a vector a € R". The group multiplication law
is given by (A, a) - (B,b) = (AB,a + Ab), and hence can be identified
with the semidirect product GL(RR, n) x; R". The affine group can be real-
ized as a subgroup of GL(R, n 4 1) by identifying the pair (A, a) with the
(n+1) x (n 4+ 1) matrix

A a
1]

Let GL (R, n) denote the subgroup of GL(IR, ) with a positive determinant.
Then the group of proper affine motions of R” is the semidirect product of
GL, (R, n) and the translations. Similarly, the special affine group is given
by the semidirect product of SL(R, n) and R".

We may also define the Euclidean group E(n) as the semidirect product
of O(n) and translations in R”, and the group of Euclidean motions as the
semidirect product of the rotation group SO(n) and R”. The similarity group
in R"”, Sm(n), is generated by rotations, translations, and isotropic scalings.

In the sequel, we will usually not differentiate between the real affine
group and the group of proper affine motions, and the Euclidean group and
the group of Euclidean motions.

Example. In what follows, we consider all the above subgroups for n = 2,
i.e., acting on the the plane R>. In this case, they are all subgroups of
SL(R, 3), the so-called group of projective transformations on R?. More
precisely, SL(R, 3) acts on R? as follows: for A € SL(R, 3)

. 5) = (a”x +azy+as apx +apny+ asz)
' apx +any +ax apx +any+ay/)’

where

A = [a;jli<i <3
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Representations. Linear actions of Lie groups, that is, representations of
the group, play an essential role in applications. Formally, a representation
of a group G is defined by a group homomorphism p : G — GL(V) from
G to the space of invertible linear operators on a vector space V. This
means that p satisfies the properties p(e) = I, p(g - h) = p(g)p(h), and
p(g™) =p(e "

One important method to turn a nonlinear group action into a linear re-
presentation is to look at its induced action on functions on the manifold.
Given any action of a Lie group G on a manifold M, there is a naturally in-
duced representation of G on the space F = F (M) of real-valued functions
F : M — R, which maps the function F to F := g - F defined by

F(x)=F(g" %),
or, equivalently,

(& F)(g-x)=F(x).

The introduction of the inverse g~ in this formula ensures that the action of
G on F is a group homomorphism: g - (h - F) = (g - h) - Fforallg, h € G,
FelF.

The representation of G on the function space F will usually decompose
into a wide variety of important subrepresentations, e.g., representations on
spaces of polynomial functions, representations on spaces of smooth (C*)
functions, or L? functions, etc. In general, representations of a group con-
taining (nontrivial) subrepresentations are called reducible. An irreducible
representation, then, is a representation p : G — GL(V) that contains no
(nontrivial) subrepresentations, i.e., there are no subspaces W C V that are
invariant under the representation p(g)W C W for all g € G, other than
W = {0} and W = V. The classification of irreducible representations of
Lie groups is a major subject of research in this century.

Example. Consider the action of the group GL(R, 2) on the space R?
acting by means of matrix multiplication. This induces a representation on
the space of functions

F(x,y) = F(ax + By, yx + 8y) = F(x, y),

where

A= [;‘/‘ ’;} € GL(R, 2).
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Note that if F is ahomogeneous polynomial of degree n, F is also, so that this
representation includes the finite-dimensional irreducible representations
on.0 of GL(R, 2) on P, the space of homogeneous polynomials of degree
n. For example, on the space P of linear polynomials, the coefficients of
general linear polynomial F(x, y) = ax + by will transform according to

B g}(g):(z), A:[j f}eam,z),

so that the representation p; o(A) = A~ can be identified with the inverse
transpose representation.

Orbits and Invariant Functions. Let G be a group of transformations
acting on the manifold M. A subset S C M is called G invariant if it is
unchanged by the group transformations, meaning that g - x € S whenever
g € G and x € S (provided that g - x is defined if the action is only local).
An orbit of the transformation group is a minimal (nonempty) invariant
subset. For a global action, the orbit through a point x € M is just the set of
all images of x under arbitrary group transformations O, = {g - x : g € G}.

Clearly asubset S C M is G invariant if and only if it is the union of orbits.
If G is connected, its orbits are connected. The action is called transitive if
there is only one orbit, so that (assuming that the group acts globally), for
every x, y € M there exists at least one g € G such that g - x = y.

A group action is called semiregular if its orbits are all submanifolds
that have the same dimension. The action is called regular if, in addi-
tion, for any x € M there exist arbitrarily small neighborhoods U of x
with the property that each orbit intersects U in a pathwise-connected sub-
set. In particular, each orbit is a regular submanifold, but this condition
is not sufficient to guarantee regularity; for instance, the one-parameter
group (r, 0) — (e'(r — 1) + 1, 0 4 1), written in polar coordinates, is semi-
regular on R?\ {0} and has regular orbits, but is not regular on the unit
circle.

Example. Consider the 2D torus 7 = S! x S! with angular coordinates
@, 9),0 <6, ¢ < 2x.Leta be anonzero real number, and consider the one-
parameter group action (6, ¢) — (6 + ¢, ¢ + at)mod2m,t € R. If a/7 is
a rational number, then the orbits of this action are closed curves, diffeo-
morphic to the circle S', and the action is regular. On the other hand, if o/
is an irrational number, then the orbits of this action never close, and, in
fact, each orbit is a dense subset of T'. Therefore the action in the latter case
is semiregular, but not regular.
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The quotient space M /G is defined as the space of orbits of the group
action, endowed with a topology induced from that of M. As the irrational
flow on the torus makes clear, the quotient space can be a very complicated
topological space. However, regularity of the group action will ensure that
the quotient space is a smooth manifold.

Given a group of transformations acting on a manifold M by a canonical
form of an element x € M we just mean a distinguished, simple represen-
tative x, of the orbit containing x. Of course, there is not necessarily a
uniquely determined canonical form, and some choice, usually based on
one’s aesthetic sense of simplicity, must be used for such forms.

Now orbits and canonical forms of group actions are characterized by
the invariants, which are defined as real-valued functions whose values are
unaffected by the group transformations.

Definition 1.5. An invariant for the transformation group G is a function
I : M — R that satisfies [(g - x) = I(x) forallg € G, x € M.

Proposition 1.1. Let I : M — R be a function. Then the following three
conditions are equivalent:

1. I is a G-invariant function.
2. 1 is constant on the orbits of G.
3. The level sets {I1(x) = c} of I are G-invariant subsets of M.

For example, in the case of the orthogonal group O(n) acting on R”, the
orbits are spheres |x| = constant, and hence any orthogonal invariant is a
function of the radius I = F(r), r = |x|. Invariants are essentially classi-
fied by their quotient representatives: every invariant of the group action in-
duces a function I : M/G — R on the quotient space and conversely. The
canonical form x( of any element x € M must have the same invariants:
I(xo) = I(x); this condition is also sufficient if there are enough invariants
to distinguish the orbits, i.e., x and y lie in the same orbit if and only if
I(x) = I(y) for every invariant / that, according to the next theorem, is the
case for regular group actions.

An important problem is the determination of all the invariants of a group
of transformations. Note that if /;(x), ..., I;(x) are invariant functions and
®(yy, ..., y) is any function, then I = ®[L(x),..., L(x)] is also invari-
ant. Therefore, to classify invariants, we need determine only all different
functionally independent invariants. Many times globally defined invari-
ants are difficult to find, and so we must be satisfied with the description of
locally defined invariants of a group action.
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Theorem 1.1. Let G be a Lie group acting regularly on the m-dimensional
manifold M with r-dimensional orbits. Then, locally, near any x € M there
exist exactly m — r functionally independent invariants I, ..., I,,_, with
the property that any other invariant can be written as a function of the
fundamental invariants: I = ®(Iy, ..., I,,_,). Moreover, two points x and
y in the coordinate chart lie in the same orbit of G if and only if the invariants
all have the same value, 1,(x) =1,(y), v=1,...,m —r.

This theorem provides a complete answer to the question of local invari-
ants of group actions. Global and irregular considerations are more delicate;
for example, consider the one-parameter isotropy group (x, y) — (Ax, Ay),
A € R, Locally, away from the origin, x/y or y/x or any function thereof
(e.g., & = tan~'(y/x)) provides the only invariant. However, if we include
the origin, then there are no nonconstant invariants. On the other hand, the
scaling group

() > x,A7y), A #0,

has the global invariant xy. In general, if G acts transitively on the manifold
M, then the only invariants are constants, which are completely trivial in-
variants. More generally, if G acts transitively on a dense subset My, C M,
then the only continuous invariants are constants. For example, the only
continuous invariants of the irrational flow on the torus are the constants, as
every orbit is dense in this case. Similarly, the only continuous invariants
of the standard action of GL(RR, n) on R” are the constant functions, as the
group acts transitively on R? \ {0}. (A discontinuous invariant is provided
by the function that is 1 at the origin and O elsewhere.)

Lie Algebras. Besides invariant functions, there are other important in-
variant objects associated with a transformation group, including vector
fields, differential forms, differential operators, etc. We begin by consider-
ing the case of an invariant vector field, which will, in the particular case of
a group acting on itself by right (or left) multiplication, lead to the crucially
important concept of a Lie algebra or infinitesimal Lie group. A basic fea-
ture of (connected) Lie groups is the ability to work infinitesimally, thereby
effectively linearizing complicated invariance criteria.

Definition 1.6. Ler G act on the manifold M. A vector field v on M is
called G invariant if it is unchanged by the action of any group element:
dg(vly) = Vl|gx forallg € G, x € M.

In particular, if we consider the action of G on itself by right multi-
plication, the space of all invariant vector fields forms the Lie algebra of
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the group. Given that g € G, let R, : h — h - g denote the associated right
multiplication map. A vector field v on G is right invariant if it satisfies
dR,(v) =viorallg € G.

Definition 1.7. The Lie algebra G of a Lie group G is the space of all
right-invariant vector fields.

Every right-invariant vector field v is uniquely determined by its value
at the identity e, because v|, = dR,(v|.). Therefore we can identify G with
T G|,, the tangent space to the manifold G at the identity, and hence G is a
finite-dimensional vector space having the same dimension as G.

The Lie algebra associated with a Lie group comes equipped with a
natural multiplication, defined by the Lie bracket of vector fields given by

[v, wI(f) = v[w(f)] — wlv(f)].

By the invariance of the Lie bracket under diffeomorphisms, if both v and
w are right invariant, so is [v, w]. Note that the bracket satisfies the Jacobi
identity

[u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0.

The basic properties of the Lie bracket translate into the defining prop-
erties of an (abstract) Lie algebra.

Definition 1.8. A Lie algebra G is a vector space equipped with a bracket
operation[ -, -] : G x G — G that is bilinear, antisymmetric, and satis-
fies the Jacobi identity.

Theorem 1.2. Let G be a connected Lie group with Lie algebra G. Every
group element can be written as a product of exponentials:
g = exp(vy) exp(va) - - - exp(Vy), for vi, ..., vy € G.

Example. The Lie algebra GL, of GL(R, n) can be identified with the
space of all n x n matrices. Coordinates on GL(R, n) are given by the
matrix entries X = (x;;). The right-invariant vector field associated with a
matrix A € GL, is given by v4 = Zi,j_k a;jx jxdx«. The exponential map is
the usual matrix exponential exp(tv,) = e'4. The Lie bracket of two such
vector fields is found to be [v,4, Vg] = V¢, where C = BA — AB. Thus the
Lie bracket on GL, is identified with the negative of the matrix commutator
[A, Bl = AB — BA.

The formula det exp(t A) = exp(z tr A) proves that the Lie algebra S.L,, of
the unimodular subgroup SL(RR, n) consists of all matrices with trace 0. The
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subgroups O(n) and SO(n) have the same Lie algebra, SO(n), consisting
of all skew-symmetric n X n matrices.

Finally, we want to define the key concept of an invariant one-form. To do
this, we first have to define the pullback of a one-form. Let F : M — N be
a smooth mapping of manifolds and let  denote a one-formin T* N |,—p).
Then F*(n) € T*M|, is the one-form given by

F*(m)(v) := nldF(v)],
where v e TM|,.

Definition 1.9. Let G act on the manifold M. A one-form w on M is called
G invariant if it is unchanged by the pull-back action of any group element

g (wlg) =wl,, VgeG, xeM.

Dual to the right-invariant vector fields forming the Lie algebra of a Lie
group are the right-invariant one-forms known as the Maurer—Cartan forms.
See Refs. [281 and 374] for details.

The following result follows from the definitions:

Lemma 1.2. Let G be a transformation group acting on M :

1. If I is an invariant function, then dI is an invariant one-form.
2. If I is an invariant function and w an invariant one-form, then lw is
an invariant one-form.

Infinitesimal Group Actions. Just as a one-parameter group of transfor-
mations is generated as the flow of a vector field, so a general Lie group of
transformations G acting on the manifold M will be generated by a set of
vector fields on M, known as the infinitesimal generators of the group action,
whose flows coincide with the action of the corresponding one-parameter
subgroups of G. More precisely, if v generates the one-parameter subgroup
{exp(tv) : t € R} C G, then we identify v with the infinitesimal generator
V of the one-parameter group of transformations (or flow) x > exp(tv) - x.
Note that the infinitesimal generators of the group action are found by dif-
ferentiation of the various one-parameter subgroups:

x, xeM, veg. (1.21)
t=0

d (tv)
= — X vV
ar P

v

If ®,:G— M is given by ®.(g) =g -x (where defined), so V|, =
d®,(v],), and hence d®,(v|,) = vl ¢-x- Therefore resulting vector fields sat-
isfy the same commutation relations as the Lie algebra of G, forming a
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finite-dimensional Lie algebra of vector fields on the manifold M isomor-
phic to the Lie algebra of G. Conversely, given a finite-dimensional Lie
algebra of vector fields on a manifold M, we can reconstruct a (local) action
of the corresponding Lie group by means of the exponentiation process.

Theorem 1.3. If G is a Lie group acting on a manifold M, then its infini-
tesimal generators form a Lie algebra of vector fields on M isomorphic to
the Lie algebra G of G. Conversely, any Lie algebra of vector fields on M
that is isomorphic to G will generate a local action of the group G on M.

Consequently, for a fixed group action, the associated infinitesimal
generators will, somewhat imprecisely, be identified with the Lie algebra
g itself, so that we will not distinguish between an element v € G and the
associated infinitesimal generator of the action of G, which we also denote
as v from now on.

Given a group action of a Lie group G, the infinitesimal generators also
determine the tangent space to, and hence the dimension of, the orbits.

Proposition 1.2. Let G be a Lie group with Lie algebra G acting on a
manifold M. Then, for each x € M, the tangent space to the orbit through
x is the subspace G|, C T M|, spanned by the infinitesimal generators V|,
v € G. In particular, the dimension of the orbit equals the dimension of G|.

Infinitesimal Invariance. As alluded to above, the invariants of a con-
nected Lie group of transformations can be effectively computed with purely
infinitesimal techniques. Indeed, the practical applications of Lie groups ul-
timately rely on this basic observation.

Theorem 1.4. Let G be a connected group of transformations acting on a
manifold M. A function F : M — R is invariant under G if and only if

v[F]=0 (1.22)
for all x € M and every infinitesimal generator v € G of G.

Thus, according to Theorem 1.4, the invariants of a one-parameter group
with infinitesimal generator v = Zi E1(x)0yi satisfy the first-order, linear,
homogeneous PDE

m . aF
Y EW - =0 (1.23)
i=1

The solutions of Eq. (1.23) can be computed by the method of char-
acteristics. We replace the PDE with the characteristic system of ordinary
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differential equations
dx! B dx? o da
E'(x)  &*(x) £m(x)’
The general solution to Eq. (1.24) can be written in the form /;(x) = ¢y, .. .,
I,,_1(x) = c,_1, where the c; are the constants of integration. It is not hard
to prove that the resulting functions 1y, ..., I,,_; form a complete set of

functionally independent invariants of the one-parameter group generated
by v.

(1.24)

Example. We consider the (local) one-parameter group generated by the
vector field

d d ad
=y dx— + (1 + D) —.
v y8x+x8y+( +Z)aZ

The group transformations are

Sin8+ZCOS£>

(x,y,z7)+—> | xcose — ysing, xsine + ycose, -
cose —zsing

The characteristic system of Eq. (1.24) for this vector field is

dx dy dz

-y - x - 1+ Z2 :
The first equation reduces to a simple separable ordinary differential equa-
tion (dy/dx) = —x/y, with the general solution x> 4+ y*> = ¢, for ¢, a con-
stant of integration; therefore the cylindrical radius r = /x2 + y? is one
invariant. To solve the second characteristic equation, we replace x with
\/r? — y? and treat r as constant; the solution is tan~'z — sin™'(y/r) =
tan~!' z — tan~'(y/x) = ¢,, where ¢, is a second constant of integration.
Therefore tan~! z — tan~!(y/x) is a second invariant; we find a more con-
venient choice by taking the tangent of this invariant, and hence we deduce

thatr = \/x% + y? and w = (xz — y)/(yz + x) form a complete system of
functionally independent invariants, provided that yz + x # 0.

Invariant Equations. In addition to the classification of invariant func-
tions of group actions, it is also important to characterize invariant systems
of equations. A group G is called a symmetry group of a system of equations

Fi(x) == F(x) =0, (1.25)

defined on an m-dimensional manifold M if it maps solutions to other solu-
tions, i.e.,if x € M satisfies the system and g € G is any group element such
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that g - x is defined, then we require that g - x also be a solution to the sys-
tem. Knowledge of a symmetry group of a system of equations allows us to
construct new solutions from old ones, a fact that is particularly useful when
we apply these methods to systems of differential equations [281, 283]. Let
S# denote the subvariety defined by the functions F = {Fj, ..., F;}, mean-
ing the set of all solutions x to system (1.25). (Note that G is a symmetry
group of the system if and only if Sr is a G—invariant subset.) Recall that
the system is regular if the Jacobian matrix (g%) has constant rank » in a
neighborhood of Sz, which implies (through the implicit function theorem)
that the solution set S is a submanifold of dimension m — n. In particular,
if the rank is maximal, equaling k, on S, the system is regular.

Proposition 1.3. Let Fi(x) =--- = Fi(x) =0 be a regular system of
equations. A connected Lie group G is a symmetry group of the system
if and only if

Vv[F,(x)] =0, whenever Fi(x)=--- =F,(x)=0, 1<v <k,
for every infinitesimal generator v € G of G.

Example. The equation x> + y?> = 1 defines a circle that is rotationally
invariant. To check the infinitesimal condition, we apply the generator v =
—yd, + xd, to the defining function F(x, y) = x>+ y* — 1. We find that
v(F) = 0 everywhere (because F' is an invariant). Because dF' is nonzero
on the circle, the solution set is rotationally invariant.

1.7.3. Prolongations

In this subsection, we review the theory of jets and prolongations, to for-
malize the notion of differential invariants.

Point Transformations. We have reviewed linear actions of Lie groups
on functions. Although of great importance, such actions are not the most
general, and we will have to consider more general nonlinear group actions.
Such transformation groups figure prominently in Lie’s theory of symmetry
groups of differential equations and appear naturally in the geometrically
invariant diffusion equations of computer vision that we consider below.
The transformation groups will act on the basic space coordinatized by the
independent and dependent variables relevant to the system of differential
equations under consideration. Because we want to treat differential equa-
tions, we must be able to handle the derivatives of the dependent variables on
the same footing as the independent and dependent variables themselves. In
this subsection, we describe a suitable geometric space for this purpose — the
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so-called jet space. We then discuss how group transformations are pro-
longed so that the derivative coordinates are appropriately acted on, and, in
the case of infinitesimal generators, we state the fundamental prolongation
formula that explicitly determines the prolonged action.

A general system of (partial) differential equations involves p indepen-
dent variables x = (x', ..., x?), which we can view as local coordinates on
the space X ~ R”, and g dependent variables u = (u 1 ..., u9),coordinates
on U >~ RY. The total space will be an open subset M C X x U ~ RP*4,

A solution to the system of differential equations will be described by
a smooth function u = f(x). The graph of a function I'y = {[x, f(x)]}
is a p-dimensional submanifold of M that is transverse, meaning that it
has no vertical tangent directions. A vector field is vertical if it is tan-
gent to the vertical fiber U,, = {x¢} x U, so the transversality condition is
TT¢|,, N TU,,l,, = {0} for each zo = [xo, f(x0)] with x; in the domain of
f. Conversely, the implicit function theorem implies that any p-dimensional
submanifold I' C M that is transverse at a point zg = (xo, 4o) € I" locally
coincides with the graph of a single-valued smooth function u = f(x).

The most basic type of symmetry we will discuss is provided by a (locally
defined) smooth, invertible map on the space of independent and dependent
variables:

(X, 1) =g - (x,u) = [, u), Y(x,u)l. (1.26)

The general type of transformations defined by Eq. (1.26) are often referred
to as point transformations because they act pointwise on the independent
and dependent variables. Point transformations act on functions u = f(x)
by pointwise transforming their graphs; in other words, if I'y = {[x, f(x)]}
denotes the graph of f, then the transformed function f =g - f will have
the graph

Iy ={& f@® =g Ty ={g-xlx, f()}. (1.27)

In general, we can assert only that the transformed graph is another p-
dimensional submanifold of M, and so the transformed function will not be
well defined unless g - I'y is (at least) transverse to the vertical space at each
point. This will be guaranteed if the transformation g is sufficiently close
to the identity transformation and the domain of f is compact.

Example. Let

g - (x,u) =(xcost —usint, xsint 4+ ucost)
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be the one-parameter group of rotations acting on the space M ~ R? con-
sisting of one independent and one dependent variable. Such a rotation
transforms a function u = f(x) by rotating its graph; therefore the trans-
formed graph g, - I'y will be the graph of a well-defined function only if
the rotation angle ¢ is not too large. The equation for the transformed func-
tion f = g, - f is given in implicit form,

X =xcost — f(x)sint,
it = xsint 4+ f(x)cost, (1.28)

and it = f(X) is found when x is eliminated from these two equations. For
example, if u = ax + b is affine, then the transformed function is also affine
and given explicitly by

_ sint4acost _ b

U= —7FX -
cost —asint cost —asint
which is defined provided that cott # a, i.e., provided the graph of f has
not been rotated to be vertical.

Jets and Prolongations. Because we are interested in symmetries of dif-
ferential equations, we need to know not only how the group transformations
act on the independent and the dependent variables, but also how they act
on the derivatives of the dependent variables. In the past century, this was
done automatically, without worrying about the precise mathematical foun-
dations of the method; in modern times, geometers have defined the jet
space (or bundle) associated with the space of independent and dependent
variables, whose coordinates will represent the derivatives of the dependent
variables with respect to the independent variables. This gives a rigorous,
cleaner, and more geometric interpretation of this theory.

Given a smooth, scalar-valued function f(x, ..., x,) of p independent

variables, there are
p+k—1
Pk = X

different kth-order partial derivatives,

ok f
aj‘f(x) - Oxidxiz - 9xix’
indexed by all unordered (symmetric) multi-indices J = (ji, ..., ji), | <
Jx < p,ofthe order of k = #J. Therefore, if we have g dependent variables
(u',...,u?), we require g; = gp; different coordinates uj, 1 <a <gq,
#J = k torepresent all the kth-order derivatives u§ = 9, f“(x) of afunction
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u = f(x). For the space M = X x U >~ R? x R?, the nth jet space J" =
J'M = X x U" is the Euclidean space of dimension

p+n
pra(P00).
whose coordinates consist of the p independent variables x', the ¢ dependent
variables u“, and the derivative coordinates %, 1 < a < g, of the orders of
1 < #J < n. The points in the vertical space U™ are denoted by u™ and
consist of all the dependent variables and their derivatives up to order n;
thus a point in J” has coordinates [x, u™].

A smooth function u = f(x) from X to U has nth prolongation u™ =
pr™ £(x) (also known as the n jer), which is a function from X to U™,
given by evaluation of all the partial derivatives of f up to order n; thus
the individual coordinate functions of pr™ f are u% = 9, f*(x). Note that
the graph of the prolonged function pr™ f, namely F}m = {[x, pr™ f(x)]},
will be a p-dimensional submanifold of J". Ata point x € X, two functions
have the same nth-order prolongation and so determine the same point
of J" if and only if they have nth-order contact, meaning that they and
their first n derivatives agree at the point. (This is the same as requiring
that they have the same nth-order Taylor polynomial at the point x.) Thus
a more intrinsic way of defining the jet space J" is to consider it as the
set of equivalence classes of smooth functions by use of the equivalence
relation of nth-order contact. If g is (local) point transformation (1.26), then
g acts on functions by transforming their graphs and hence also acts on the
derivatives of the functions in a natural manner. This allows us to naturally
define an induced prolonged transformation [%, ] = pr™g - [x, u™] on
the jet space J", given directly by the chain rule. More precisely, for any
point [xo, uf)")] = [xo0, pr™ f(xo)] € J', the transformed point [%, ﬁg’)] =
pr?g - [xo, ul"] = [Xo, pr® f(%o)] is found by evaluation of the derivatives
of the transformed function f = g - f at the image point X,, defined so
that (X, ito) = [¥o, f(Xo)] = g - [0, f(xo)]. This definition assumes that f
is smooth at X, — otherwise the prolonged transformation is not defined at
[xo, ug')]. It is not hard to see that the construction does not depend on the
particular function f used to represent the point of J*; in particular, when
the identification of the points in J” with Taylor polynomials of the order
of n is used, it suffices to determine how the point transformations act on
polynomials of degree at most » in order to compute their prolongation.

Example. For the one-parameter rotation group considered above, the first
prolongation pr'”g, will act on the space coordinatized by (x, u, p) where
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p represents the derivative coordinate u,. Given a point (xg, Uy, pg), We
choose the linear polynomial u = f(x) = po(x — x¢) + uo to represent it,
so f(xo) = ug, f'(x9) = po. The transformed function is given by

sint 4+ pgcost _ ug — PoXo
- X —.
cost — pgsint cost — posint

fx =

Then, by Egs. (1.28), Xy = xocost — ugsint, so f(X) = iy = xosint +
upcost, and p, = f’()'co) = (sint + pycost)/(cost — pgsint), which is
defined provided py # cot ¢. Therefore, with the 0 subscripts dropped, the
prolonged group action is

o . . sint + pcost
pr’'g, -(x,u,p)=|xcost —usint, xsint +ucost, ———— |,

cost — psint
(1.29)

defined for p # cot ¢. Note that even though the original group action is
globally defined, the prolonged group action is only locally given.

Total Derivatives. The chain-rule computations used to compute prolon-
gations are notationally simplified if we introduce the concept of a total
derivative. We find the total derivative of a function of x, u and derivatives
of u by differentiating the function, treating the u’s as functions of the x’s.

Formally, let F[x, u'™] be a function on J". Then the total derivative D; F
of F with respect to x is the function on J”*1 defined by

IF [x, pr™ f(x)]

ox! ’
For example, in the case of one independent variable x and one dependent
variable u, the total derivative D, with respect to x has the general formula

D 0 + 0 + ) + 0 +
x — L Uy — Uxx — Uxxx 7
x ou ou x a Uxx
In general, the total derivative with respect to the i th independent variable

is the first-order differential operator

D;[x, pr"*V f(x)] =

q

9 L9
D; = @—FZXJ:MJJM’

a=1

where u§; = D;(uf) = uf ;. The latter sum is over all multi-indices J
of arbitrary order. Even though D; involves an infinite summation, when
the total derivative is applied to any function F[x, u™] defined on the nth

jet space, only finitely many terms (namely, those for #J < n) are needed.
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Higher-order total derivatives are defined in the obvious manner, with D; =
Dj -...-D;j, for any multi-index J = (ji, ..., ji), 1 < j, < p.

Prolongation of Vector Fields. Given a vector field v generating a one-
parameter group of transformations exp(tv) on M C X x U, the associated
nth order prolonged vector field pr™v is the vector field on the jet space
J" that is the infinitesimal generator of the prolonged one-parameter group
pr™ exp(tv). Thus,

)y

SERTA} (1.30)

d (1)
= —pr[exp(tv)]
t =0

pr

[x,u™]
The explicit formula for the prolonged vector field is given by the following,
very important, prolongation formula (see Ref. [281], Theorem 2.36, for the

proof).
Theorem 1.5. The nth prolongation of the vector ﬁeld

V—Zé(x u)

is given explicitly by
0
prv = Zs (v )+ Z > gile )l a3
a=1 j=#J=0 duj
with coefficients
p
05 =Ds0" + ) &u,, (132)

i=1
where the characteristics of v are given by

LA ou®
o uD] i= ¢ (x, u) — x, u)—, =1,...,q9. (1.33
0 [x,u"] := ¢*(x, u) ;wu)ax, o q. (133)

Remark: We caneasily prove [281, 283] thata functionu = f(x)isinvariant
under the group generated by v if and only if it satisfies the characteristic
equations

Q“[x,pr(l)f(x)] =0, a=1,...,q.

Example. Suppose we have just one independent and dependent variable.
Consider a general vector field v = &(x, u)d, + ¢(x, u)d, on M = R?. The
characteristic of Eq. (1.33) of v is the function

Q(xs u, ux) = @(X, M) - g(xs M)Mx.

From the above Remark, we see that a function # = f(x) is invariant under
the one-parameter group generated by v if and only if it satisfies the ordinary
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differential equation &(x, u)u, = ¢(x, u). The second prolongation v is a
vector field

d 0 ] ad
pr(Z)V — S(x, u)a 4 (p(x’ u)a + (px[x’ u(l)] T + gDxx[x’ M(Z)]%

on J2, whose coefficients ¢*, ¢** are given by

¢ =D 0+ Euy = ¢ + (0 — Euy — Euuil,
¢ =DXQ + Eu,,
= @ur + Qouu — Ec)Ux + (P — 2E00U7 — Eit)
+(Pu — 28Uy — 38Uy

For example, the second prolongation of the infinitesimal generator v =
—ud, + x9d, of the rotation group is given by

d d d
r(z)v=— — b 1 2 3 xUxx >
p ua— A+ xom o +”’“)aux+ ks

where the coefficients are computed as

0 =D, Q0+ u,é&=D.(x+uu,) —uu, =1+ ui, 7
= DiQ + uxxx%_ = Di(x Fuly) — Uy = 3Upllyy.

We can then readily recover the group transformations by integrating the
system of ordinary differential equations
dx du dp , dg
priaia il 5—1+p, E—3pq,
where we have used p and ¢ to stand for u, and u,, to avoid confusing
derivatives with jet-space coordinates. We find the second prolongation of
the rotation group to be

sint + pcost q j|

XCcost —usint, xsint + ucost, —, -
cost — psint (cost — psint)?

as could be computed directly.

1.7.4. Differential Invariants

At long last, we can precisely define the notion of differential invariant.
Indeed, recall that an invariant of a group G acting on a manifold M is just a
function I : M — R thatis not affected by the group transformations. A dif-
ferential invariant is an invariant in the standard sense for a prolonged group
of transformations acting on the jet space J". Just as the ordinary invariants
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of a group action serve to characterize invariant equations, so differen-
tial invariants will completely characterize invariant systems of differential
equations for the group as well as invariant variational principles. As such,
they form the basic building block of many physical theories, for which
we often begin by postulating the invariance of the equations or the varia-
tional principle under an underlying symmetry group. In particular, they are
essential in understanding the invariant heat-type flows presented below.

Suppose that G is a local Lie group of point transformations acting on
an open subset M C X x U of the space of independent and dependent
variables, and let pr™ G be the nth prolongation of the group action on the
nth jet space J" = J"M. A differential invariant is a real-valued function
I :J" — R that satisfies I{pr™g - [x, u™]} = I[x, u™] for all g € G and
all [x, u™] € J", where pr™g - [x, u™] is defined. Note that / may be only
locally defined.

The following gives a characterization of differential invariants:

Proposition 1.4. A function I :J* — R is a differential invariant for a
connected group G if and only if

prv(l) =0,
for all v € G where G denotes the Lie algebra of G.

A basic problem is to classify the differential invariants of a given group
action. Note first that if the prolonged group pr® G acts regularly on (an
open subset of ) J” with r,—dimensional orbits, then, locally, there are

\ +
p+q”—rn=p+q<pnn>—rn

functionally independent nth-order differential invariants. Furthermore, any
lower-order differential invariant I[x, u®], k < n, is automatically an nth
differential invariant and should be included in the preceding count. (Here
we are identifying I : J* — R and its composition I o sty with the standard
projection 7" : J* — JX.)

If O™ C J* is an orbit of pr™ G, then, for any 0 < k < n, its projection
7(O) C J" is an orbit of the kth prolongation pr'¥ G. Therefore the generic
orbit dimension r, of pr®™ G is a nondecreasing function of n bounded by r,
the dimension of G itself. This implies that the orbit dimension eventually
stabilizes, r, = r* for all n > ny. We call r* the stable orbit dimension, we
call the minimal order n, for which r,,, = r* the order of stabilization of the

group.
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Now a transformation group G acts effectively on a space M if
g-x=h-x, VxeM,
if and only if g = h. Define the global isotropy group
Gy ={g:g-x=x Vx e M}.

Then G acts effectively if and only if G, is trivial. Moreover, G acts locally
effectively if the global isotropy group G, is a discrete subgroup of G, in
which case G/ G, has the same dimension and the same Lie algebra as G.
We can now state the following remarkable result [297]:

Theorem 1.6. The transformation group G acts locally effectively if and
only if its dimension is the same as its stable orbit dimension, so that

r,=r"=dimG
for all n sufficiently large.

There are a number of important results on the stabilization dimen-
sions, maximal orbit dimensions, and their relationship to invariants; see
Refs. [282 and 283]. We will make do with the following theorem, which is
very useful for counting the number of independent differential invariants
of large order:

Theorem 1.7. Suppose that, for each k > n, the (generic) orbits of pr'™ G
have the same dimension ry =r,. Then for every k > n there are pre-
cisely g, = q(p + k -1 ) independent kth-order differential invariants that
are not given by lower-order differential invariants.

Next we note that the basic method for constructing a complete system
of differential invariants of a given transformation group is to use invari-
ant differential operators [281-283]. A differential operator is said to be G
invariant if it maps differential invariants to higher-order differential invari-
ants and thus, by iteration, produces hierarchies of differential invariants of
arbitrarily large order. For sufficiently high orders, we can guarantee the ex-
istence of sufficiently many such invariant operators in order to completely
generate all the higher-order independent differential invariants of the group
by successively differentiating lower-order differential invariants. Hence a
complete description of all the differential invariants is obtained by a set
of low-order fundamental differential invariants along with the requisite
invariant differential operators.

In our case (one independent variable), the following theorem is funda-
mental:
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Theorem 1.8. Suppose that G is a group of point transformations acting
on a space M having one independent variable and q dependent variables.
Then there exist (locally) a G-invariant one-form dr = gdx of lowest order
and q fundamental, independent differential invariants Jy, . .., J, such that
every differential invariant can be written as a function of these differential
invariants and their derivatives D" J,, where

. d 1d

Tdr gdx’
is the invariant differential operator associated with dr. The parameter r
gives an invariant parametrization of the curve and is called arc length.

Remark: A version of Theorem 1.8 is true more generally. See Refs. [282
and 283].

With this, we have completed our sketch of the theory of differential in-
variants. Once again, the reader is referred to the texts of Refs. [281-283] for
a full modern treatment of the subject, including methods for constructing
and counting differential invariants. The reader is also referred to Refs. [140
and 141] for the most modern treatment on differential invariants.

1.8. Basic Concepts of Partial Differential Equations

PDEs are commonly divided in three classes, elliptic, parabolic, and hyper-
bolic. The classical examples for each one of these groups are, respectively,

u  0’u
W#—a—yZ:f(x,y), (1.34)
a—u = 32_14 + 32_14 (1.35)
ot 9x2  9y?’ '
ve_r o
2 9x?’ '

where, in the first two cases, we considered 2D functions whereas a one-
dimensional one is considered for the hyperbolic example. The elliptic ex-
ample is the Poisson equation, which for the particular case of f(x, y) =0
becomes the Laplace equation. The parabolic equation is the classical lin-
ear heat flow or isotropic diffusion, and the hyperbolic example is the wave
equation. The parabolic and the hyperbolic equations define initial value or
Cauchy problems: Information is given on u at a certain time u, and the
equations describe how u(u(x, y, t) or u(x, t)) evolves in time. The elliptic
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equation defines a single static function u(x, y) that satisfies the Laplace
equation together with some conditions in the domain’s boundaries. This
is then a boundary-value problem. In an initial boundary problem we nor-
mally solve for a given region of interest. Therefore boundary conditions are
given as well. Examples are Dirichlet conditions, in which the values at the
boundary of the region of interest are given for all #; Newman conditions,
in which the values of the normal gradients are given at the boundary; and
outgoing-wave boundary conditions. The same type of boundary conditions
can be given for elliptic equations, although more elaborate conditions are
not uncommon.

The classification given by these simple examples can of course be gen-
eralized. Consider the following operator for an n-dimensional function:

82
8)6,‘8)(:}‘ ’

n
L := Z a;j(xX1, X2, ..., Xn)

ij=1

(1.37)

with a;; = aj;. This operator is elliptic at a given point if there exists a
positive quantity p such that at this point

> aggE =y £
i=1

i,j=1

for all n-tuples of real numbers (&1, &, ..., &,). The operator is elliptic
in a domain D, if it is elliptic in all the points in the domain, and it is
uniformly elliptic in D if p > p in the whole domain for some positive
Ho- (This elliptic operator can be transformed in a Laplacian by a linear
transformation of the coordinates.) The elliptic operator L can be further
generalized to obtain

& a
i=1 i

This operator is elliptic if L is elliptic and is uniformly elliptic if L is
uniformly elliptic. From this, an operator

Xi

"9
P::L+Z]:bia——a (1.39)

is parabolic if L is elliptic (and similarly for uniformly parabolic). Similar
extensions exist for hyperbolic operators.
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1.8.1. Maximum Principle

The maximum principle is one of the most fundamental and important
concepts in the theory of partial differential equations. In general it states
that, for a certain class of PDE’s, the maximum (minimum) of the solution
is obtained at the spatial or the temporal boundaries of the domain. This
principle helps to prove uniqueness of solutions, as well as many other
basic PDE properties. For example, if two curves are deforming according
to a certain PDE and the first curve is strictly contained inside the second
one, itis basically enough to show that the distance between the curves holds
the conditions for the maximum principle to conclude that the curves will
maintain their inclusion property. The same is true if we want to check if
the number of self-intersections of a deforming curve increases or decreases
with time or if we want to check if two images deforming under certain PDE
keep the order between them or not (assuming that originally one image
is smaller than the other at every pixel). We will see the importance of
these properties later in the next chapter when introducing curvature based
motions. In this section a number of basic maximum-principle-type results
are given to make the reader familiar with the concept. A detailed study of
this can be found in Ref. [321], an outstanding book on PDEs and highly
recommended.

Let us illustrate the basic idea behind the maximum principle with
a simple example. A continuous function u(x) : [a, b] — R takes on its
maximum at a point in the interval [a, b]. If u” is continuous and the local
maxima of u is achieved at a point ¢ € [a, b], then from elementary calculus

u'(c)=0, u"(c) <0. (1.40)
Suppose that, in the open interval (a, b), u satisfies
u' +gx)u’ >0

for a bounded function g(x). Then it is clear that relations (1.40) cannot be
satisfied in (a, b), and the maximum can be attained at only the end points
a or b. This is a case of maximum principle.

Let us now obtain a few results on the maximum principles for equations
that we will use in the rest of this book. Once again, the description if far
from being comprehensive, and it is just illustrative.

Let u(x, y) be twice differentiable and consider the Laplacian A:

a2 a2

A= —.
0x2 + dy?
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The Laplace equation is
Au=20

and functions u satisfying it in a domain D are called harmonic functions. If
u has a maximum inside D, then its first derivatives vanish and the second
derivatives are negative (or equal to zero). Therefore

Au <0
at a maximum. Therefore, if u satisfies
Au >0

at each point of the domain D, then u# cannot attain its maximum inside D.
The general result is the following theorem.

Theorem 1.9. Let Au > 0 in D. If u attains its maximum at any point of
D, then u is constant in D.

These results actually hold for general uniformly elliptic operators with
bounded coefficients. Before proceeding with other results on the maximum
principle, let us illustrate how this very simple result is already very helpful
to prove uniqueness of solutions. Given two function f(x, y) and g(s), letus
look for a function u(x, y) that is twice differentiable in a bounded interval
D, continuous in D U 9 D, and that satisfies

Au = f(x,y) in D,
with the boundary condition
u=g(s) ondD.

Assume that u; and u, are solutions of the equation, with the same f and
g. Defining u := u; — u,, it is easy to show that

Au=0

inside D and 0 on d D. According to the maximum principle, # cannot have
a maximum in the interior of D. Because u is continuous on D U 9D and
u =0ondD,u < 0. Applying the same concept to —u, we have thatu > 0.
Hence u = 0in D and u; = u, in D.

Parabolic, not elliptic, equations will be the main ones used throughout
this book. Let us now illustrate a few examples of the maximum principle for
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parabolic equations (results for hyperbolic equations exist as well). Consider
the function u(x, t) satisfying
0%u
9x2
This is simply the heat equation, where f is the rate of heat removal. Suppose
that u satisfies

L
o =10,

in a region E of the (x,t) plane. If u has a local maximum inside E,
then u,, <0 and u, = 0, thereby violating L[u] > 0. Let us formalize
and generalize this now. Assume that £ := {0 <x <a,0 <t <t} and
let S$;:={x=0,0<r<7t}, $={0<x<a,t=0}, and S5 :={x =
a,0 <t < t} be three of the four sides of E.

Theorem 1.10. Suppose that u(x, t) satisfies

>0,

in E. Then the maximum of u on E U dE must occur on one of the three
sides Sl, Sg, S3.

As in the elliptic case, these results can be generalized to uniformly parabolic
operators with bounded coefficients, and also used to prove uniqueness of
solutions. (The maximum principle results exist for nonlinear operators as
well.) We should note that this result can also be made stronger. According
to it, the maximum can also occur inside £, meaning that this is a weak max-
imum principle. The strong maximum principle shows that if the maximum
also occurs inside E, then the solution is constant for a region.

1.8.2. Hyperbolic Conservation Laws and Weak Solutions

Consider a nonlinear PDE for u(x, t) : R x [0, T) — R written in the form
u, + [F(u)l, =0, (1.41)

where F is a given function of u. Such differential equations are said to be
in conservation form. A PDE that can be written in conservation form is a
conservation law (see also [229]).

Consider, for example, the Burgers equation:

u; +uu, =0.
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If the solution u is smooth, this equation can be written in conservation form

with F(u) = Ju*:
1
u; + (§u2>x =0.

A conservation law states that the time rate of change of the total amount
of substance contained in some region is equal to the inward flux of that
substance across the boundaries of that region. The total amount of the

substance in a region [a, b] is
b
/ u(x, t)dx.
a

Letus now denote the flux by F (), having that the flux across the boundaries
of [a, b]is — F (u)|2. Thus the conservation law may be written as

d b
El u(x, )dx = —F(u)|’
or
b
/ u (x, )ydx = —Fu)|’.

Observing that

b
F(u)lfj=/ Fo(u)dx,

we find that the integral form of the conservation law becomes

b
/ [u;, + F.(u)]dx = 0. (1.42)

At every point where the derivatives exist, we obtain the differential form
of conservation law (1.41).
If we carry out the differentiation in the conservation law, we obtain

u; +a(w)u, =0, (1.43)

where a(u) := (3 F /du). If a is constant, the equation is quasi linear. Oth-
erwise, it is nonlinear.
Consider the characteristic of the conservation law given by

n =a(u).
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\'4

Converging characteristics Diverging characteristics

Fig. 1.2. Characteristic lines of a conservation law.

The left-hand side of Eq. (1.43) is the derivative of u in the characteristic
direction. The function « is then constant along the characteristic, and so is
a(u). Therefore the characteristics of a conservation law are straight lines.
Because the slopes of these straight lines depend on u, characteristics can
intersect.

Let u(x, 0) = f(x) be the initial condition for the conservation law. Let
x1 and x, be two points on the x axis at time ¢t = 0; see Fig. 1.2. The slopes
of these characteristics are a, := al[u(x;, 0)] and a, := a[u(x,, 0)]. If these
two characteristics intersect at a point (x, ), then the solution at this point
must be equal to both u(x;, 0) and u(x,, 0), and unless we have a constant
initial condition, the solution becomes multivalued at the point (x, ¢). This
means that the differential form of the conservation law is not longer valid.
We must then consider its integral form as given by Eq. (1.42).

Let us now define the operator V= (8/0¢, 8/9x) and the vector w :=
[u, F(u)]. The conservation law then becomes.

-

V-w=0.

Let ¢(x, t) be a smooth scalar function that vanishes for |x| sufficiently
large. Then

-

¢%~w=0,

and integrating over the (—oo, 0o) interval and for positive ¢’s we have

// #V - wdxdt = 0.
0 —00
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Using the divergence theorem, we obtain

/OO /Oo(%) - dxdr + /OO #(x,0) f(x)dx = 0. (1.44)
0 —00 —00

If u and F(u) are smooth, this process can be reversed to go back to
Eq. (1.41) while starting from Eq. (1.44). Any set [u, F'(u)] that satisfies
Eq. (1.44) for every smooth function ¢ that vanishes for large |x| is called
a weak solution of the conservation law. If [u, F'(u)] is smooth, it is called
a strong solution of the conservation law. The important concept is that the
weak form of conservation law (1.44) remains valid even if the set u# and
F(u) is not smooth, as w can still be integrated.

Let us now see what type of weak conditions are allowed by Eq. (1.44).
For this, let I" be a smooth curve across which u has a discontinuity (a jump);
u has well-defined limits on both sides of I' and is smooth away from T'.
Let P be any point on I' and let D be a small disk centered at P. Assume
that, inside D, the curve I is given by x = /(¢), and let D, and D, be the
components of D that are determined by I'. Let ¢ be a smooth test function.
Then,

/ / (Vo) - wdxdt = / (V) - hdxdt + / (V) - hdxdr = 0.
D D, D,

Let us select ¢ to be a smooth function that vanishes for d D, the boundary
of D. Because u is smooth in each D;, the divergence theorem gives

/ / (Vo) - wdxdt = / / V- (pw)dxdr = f P(—udx + Fdr).
D; D; dD;

The lines’ integrals are nonzero only along I'. Thus, if u; := u[x(t) — 0, t]

and u, := u[x(t) + 0, t], we have
0>

¢(—udx + Fdr) = ¢[—udx + F(u;)dt],
BD] Ql
[}
¢(—udx + Fdr) = — ¢l—u,dx + F(u,)dt],
3D2 QI

where Q; are the points where I" intersects d D. Therefore,

0= / ¢(—[uldx + [F(w)]dt),
r

where [u] := u; — u,, the jump across I', and [F(u)] := F(u;) — F(u,).
Because ¢ is arbitrary, we conclude that

s[u] = [F(u)] (1.45)
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at each point of I', where s := d¢/dt is the speed of the discontinuity. We
have then that the weak form of the conservation law implies Eq. (1.45),
which ties together u on both sides of the discontinuity. Relation (1.45) is
called the jump condition or the Rankine—Hugoniot condition.

Unfortunately, the jump condition is not enough to determine a unique
solution to Eq. (1.44). To illustrate this, consider the stationary Burger’s
equation:

(uz)x =0.

In the class of smooth solutions, # = constant, whereas in the class of weak
solutions

c O<x<p
u(x) =
—c O0<x<2p,
u(x 4+ 2p) = u(x), p > 0 (a periodic Haar-type function). We need then to
add conditions to obtain a physically relevant solution. A possible condition
is what is called the entropy condition, which adds constraints on the dis-
continuity speed s. For every u between two states u; and u,, this conditions
establishes that the relation
F(u)—F F(u) — F(u,
(u) — F(u) . (u) — F(u,) (1.46)

U —u u—r,

must hold. Weak solutions satisfying this entropy condition are unique for
given initial data. A discontinuity is called a shock if the inequality holds.
If equality holds, the discontinuity is called contact discontinuity.

By the definition of a(u),

or F — F
aGu) = Xy = tim = F)

ou u—u u—u

OF Fu) — Fu,
auy) = Ly = tim 2= Fl),

81,{ u—u, u — Mr

which means that the entropy condition can also be written as
a(u;) = s > a(u,).

Riemann Problems. A particular case of conservation laws is when the
initial condition is a step function:

u, x<0

ux,0)= f(x) = { .
v, x>0
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This problem is called a Riemann problem. Solutions to a Riemann problem
are self-similar:

u(x, t) = h(x/1),

where £ is a piecewise continuous function of one variable. Solutions to the
Riemann problem also hold the additivity property.

Solutions to the Riemann problem have the form of a wave propagating
with speed s:

u, xJ/t<s
ulx,t)= f(x —st) =

u,, x/t>s )
Suppose now that u; and u, are two states that violate the entropy condition:
a(u;) < a(u,).

Then we obtain a weak solution that violates the entropy condition. In this
case, the solution is an expansion or rarefaction wave. The solution has the
form

u, x/t < a(up)
ux,t) =wkx/t) =13 h(x/t), a() <x/t <a(u,),
u,, x/t > a(u,)

where £ is a function such that a[h(z)] = z.

Viscosity Principle. The entropy condition receives a new intuitive mean-
ing when we look at the viscosity principle as an alternative to determine
the physically correct weak solution to the weak form of the conservation
law. In this approach, we look for

M(X, t) = lime—>0,e>0ue(xa t)a
where u.(x, t) satisfies

(”e)t + [F(ue)]x = e[y(ue)(ue)x]x (147)

for y(u.) > 0. This equation admits a unique solution, and the solution
exists for all positive 7. The solutions #. converge to a weak solution u
of the conservation law. Moreover, this limit solution satisfies the entropy
condition. The goal of the viscosity is then to smooth out the shock, in such a
way that, when the viscosity vanishes, the correct weak solution is obtained.

The theory of conservation laws can be extended to systems of equations,
but we will not be dealing with these in the book. We will see the use of



Basic Mathematical Background 55

conservation laws when numerical techniques are presented to solve curve
and surface deformation problems in Chap. 2.

1.8.3. Viscosity Solutions

We have just seen how to deal with solutions of PDE that are not smooth.
This is of course fundamental in image processing, as images have sharp
edges (jumps) and curves have corners. But what happens if the PDE cannot
be written in conservative form? How can we extend the notion of unique,
physically meaningful, solutions for PDEs that are not conservation laws?
We deal with this right now, briefly introducing the concept of viscosity
solutions. A full description of the topic can be found in Ref. [105].

The basic idea in the theory of viscosity solutions is to study second-
order partial differential equations of the form F (x, u, Vu, V*u) = 0, where
u(x) : R" — R and V and V? stand for the gradient and the matrix of sec-
ond derivatives, respectively. The theory of viscosity solutions will provide
existence and uniqueness theorems even when Vu and V?u are not defined
in the classical sense. That is, the function u does not have to be differ-
entiable, discontinuities are allowed, and derivatives are considered in the
weak sense. For the theory to work, the operator F' must satisfy the mono-
tonicity condition

Fx,r,p,X) < F(x,s,p,Y)

wheneverr <sand Y < X.

Later in this book will see specific examples of PDEs with relevance for
image processing that hold this monotonicity condition. Let us now just
give a few examples that are familiar from the general PDE literature. A
simple example is the Laplace equation,

—Au + c(x)u = f(x),

which holds the condition if ¢ > 0. We can show this by noting that
F(x,r, p, X) = —trace(X) 4+ c(x)r — f(x). This can be generalized to
other linear elliptic equations.

Additional examples are first-order equations F(x, u, Vu), which hold
the property if F(x, r, p) is nondecreasing in r € R. The equations of the
type F(x, u, Vu) = 0 play an important role in the calculus of variations
(see below), and they are called Hamilton—Jacobi equations (the operator
is convex in (, p)). Many image processing problems, such as shape from
shading, have this form.
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The last example is parabolic equations of the type
u, + F(t, x,u, Vu, Vu) =0,

which will hold the monotonicity condition if the operator F holds it. (This
example will cover a large portion of the PDEs introduced in this book.)
For example, consider

. Vu
u, = |Vu|| d1v(—),
Vull

which, as we will later see, is one of the most important flows used in this
book (div indicates divergence). Carrying out the differentiation, we obtain

N 9% du du 5

—— 7 IIVul|"=0.
= axiaxj ax,- 8Xj

i,j=

F(x, p, X) = —trace [(1 — p”X”p> X:| ,
p

which holds the required condition.

Let us now proceed with the basic definitions. We assume from now on
that the monotonicity condition holds. Assume that u is twice differentiable
and satisfies

u, — Au +

Then,

Flx, u(x), Vu(x), V2u(x)] < 0.

u is said to be a subsolution of F = 0 or a classical solution of F < 0.
Suppose that there is a function ¢ that is also twice differentiable and that X
isalocal maximumofu — ¢. Then, Vu(%) = V@ (&) and VZu(x) < V2¢(X).
Therefore, from the monotonicity assumption,

F[%,u(®), V&), VZ(®)] < F[&, u(®), Vu(®), Vu(®)] < 0.

We can then define that an arbitrary function u# (not necessary derivable) is
a subsolution of F = 0 if

FI2, u(2), V(X), V2¢(@)] < 0

whenever ¢ is twice differentiable and x is a local maximum of u — ¢.

Having this, we can define that a viscosity subsolution of F = 0, or,
equivalently, a viscosity solution of F < 0 is a function u that is upper
semicontinuous and such that

Flx,u(x), p, X]1 <O.
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(See Ref. [105] for restrictions on the domain of x as well as on the pair
(p, X), which are basically required for satisfying the Taylor expansion of
u around x.) Replacing < with > and upper semicontinuous by lower semi-
continuous, we obtain the definition of viscosity supersolution. A function
u is a viscosity solution if it is both a viscosity subsolution and a viscosity
supersolution.

An intuitive way of looking at this is that we look to frame the (possibly)
discontinuous solution u of F = 0 by twice-differentiable solutions from
below and from above. We then consider the limit case in which these
solutions from below and above coincide, giving us the viscosity solution.

The majority of the equations presented later in this book have a unique
viscosity solutions. Then this framework allows us to freely discuss PDEs
even when we know that discontinuities (e.g., edges) are present in the
image and the image might not be differentiable.

1.9. Calculus of Variations and Gradient Descent Flows

A number of the PDEs used in image processing appear as means to mini-
mize a given energy functional. In this section classical results on calculus
of variations and gradient descent are described.

Given a one-dimensional function u(x) : [0, 1] — R, the basic problem
is to minimize a given energy E,

1
E(u) ::/ F(u, u')dx, (1.48)
0

with given boundary conditions #(0) = a and u(1) = b, and with F : R? —
R given by the problem.

From classical calculus, we know that the extrema of a function f(x) :
R — R are attained at the positions where f’ = 0. Similarly, the extrema
of the functional E(u) are obtained at points where E' = 0, where E' =
(0E /8u) is the first variation. We proceed now to find E'.

The best u defeats any other candidate u + v, with v(x) : [0, 1] — R and
v(0) = v(1) = 0. If both v and v’ are small, then

JOF

oF
Fu+v,u +v)=Fu,u)+v—+v_—+, ...,
ou ou’

Y 9F  3F
E(u +v) =EW) + v— 4 v dx+, ...,
0 ou ou’
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yielding the necessary extrema (weak) condition:

. Y dF  ,OF
E@) = v— 4+ v — |Jdx =0.
0 u

Integrating by parts, we obtain

, 'T oF d (dF dF

E@) = V— —v— dx +v —

0 ou dx \ ouw’ au’

Because the boundary terms vanish [v(0) = v(1) = 0] and the above relation
is true for all v with vanishing boundary conditions, we obtain that

oF d (0F\ 0

du dx \ouw' )
is the necessary (strong) condition for u to be an extremum of E(u). This
is the Euler equation for a one-dimensional problem in the calculus of

variations.
In a similar form we can obtain that, for an energy of the form

=0.
0

1
E(u) :=/ F(u,u',u")dx, (1.49)
0
the Euler equation is given by
OF d (dF & (9F
- _ = —(—)=0. 1.50
du dx <8u’> + dx? <8u”) (1.50)

The derivation for the 2D problem is completely analogous. Given a 2D
function u(x, y) : @ € R?> — R and an energy E, where

E:= // F(u, du/dx, du/dy, 3*u/dx>, 9*u/dy*)dxdy, (1.51)
Q
the Euler equation is given by

OF d (0F d8F+d2 oF +d2 oF —0
du  dx \ du, dy \ u, dx2 \ Quy, dy? \du,, )

(1.52)

Example. Let

F = p(|[Vul)),



Basic Mathematical Background 59

where p(r) : R — R is a given function and Vu stands for the gradient of
u. In detail, F is given by

SORGIN

Therefore (we omit normalization constants in each step)

, d (0F d [OF
E =— 4+ — | —
dx \ du, dy \ ou,

d , Uy d / M)'
=— | p'(IVul) + p(IVul)—=—
y

dx IVl IVl
di [ (V) ]
=div|p u .
IVl

In the particular case of p(r) = r?, that is, a quadratic penalty term, we
obtain p’ = 2r, and the Euler equation is

div(Vu) =0
or
Au =0,
where Au stands for the Laplacian of u.

Adding Constraints

In a number of cases, we are not allowed to freely search for the optimal u,
but constraints are added. For example, we might be searching for a function
u that minimizes the energy E(u) subject to a constraint on the average of

u, that is, subject to
1
—/ udx = «,
12 Jo

where « is a given constant. In this case, the constraint is added to the energy
by use of Lagrange multiplier . The new energy becomes

E = E + X - constraint.

For the example of given signal average, we have

. 1
E=E+A<—/udx—oz>,
2] Jo
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and we can use for E the same formulas we developed for E. Note that the
Lagrange multiplier A is constant, as is «.

Gradient Descent Flows

One of the fundamental questions is how to solve the Euler equation, that
is, how to solve the equation

E () =0.

Only in a very limited number of simple cases does this problem gives an
analytic and simple solution. In most image processing applications, directly
solving this problem is not possible. One general technique of looking for
a possible solution of E' = 0 is to numerically solve (see Section 1.10) the
PDE

ou

—=F 1.53

o7 (u) (1.53)
with given initial data u,. The auxiliary variable ¢ is denoted as the time-
marching parameter.

When the steady estate of this equation is achieved,

u

i

we obtain
E'(u) =0,

and a solution to the Euler equation is obtained. Therefore, to solve the Euler
equation, we start with some initial data u, and look for the steady-state
solution of Eq. (1.53). This technique is denoted as the gradient descent. A
number of questions need to be answered before this technique is used. For
example, is the solution to the PDE unique and is the solution independent
of the initial condition? In the case of nonconvex energies, of course, the
solution will be greatly dependent on the initial data u.

Let us just conclude this section with the gradient descent flow for the
example above, with p(r) = r2. In this case, the Euler equation is Au = 0,
and then the corresponding gradient descent flow is

ou(x, y,t)

= Au(x, y, t),
o (x, y,1)

which is the heat flow introduced before (a parabolic equation).
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1.10. Numerical Analysis

The goal of this section is to introduce the reader to the basic language of
numerical analysis. Only generic concepts are introduced. In next chapter
specific techniques are described that apply to some of the PDEs that are
being used in image processing. We deal with only finite-difference meth-
ods, which are the most popular for the applications presented in this book.
Finite elements have also been used in image processing and computer vi-
sion, and their description can be found, for example, in Ref. [187]. (The
material in this section is inspired by and adapted from Ref. [240].)
Let us use a simple example to illustrate the ideas. Consider the function

u(x,t): (—o0,00) x [0, 00) — R satisfying

ou ou

o1 —I—aax =0, (1.54)

with initial condition
u(x,0) = uo(x).

We discretize the (x, ) plane by choosing a mesh width # = Ax and a
time step k = At, and define the discrete mesh points (x;, #,) such that

xj=jh7 j:"--a _1, 0, 1,...,
tn:nka n=0,1,2,....

It is also useful to define
o1
Xjp1p =X +h/2= (] + 5) h.

Throughout this section, as well as the rest of this book, we assume that both
h and k are constant. Moreover, we also assume that these two parameters are
related in some way, so that specifying one of them (usually k) is enough.
The goal of numerical analysis is to compute approximations U} to the
solution u(x;, #,) at the discrete grid points. The following notatlon will be
used, throughout this section in particular and this book in general,

u7 = u(xj7 tﬂ)s
to represent the pointwise values of the true solution, and
D (u) = u”. — u?_l,

Df(u) :=uj, | —u
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to represent backward and forward derivatives respectively. For 2D prob-
lems, D} and D; will be used as well.

For conservation laws it is often desirable to have U} approximate the
cell average, defined as

1 [ri+le2
ﬁ’; = E/ u(x, t,)dx, (1.55)
xj—1/2
rather than approximate the true value at a given mesh point.
The initial value Uj(.) of the discrete problem is obtained either by sampling
or averaging of the initial value of the continuous problem (u¢(x)).
Because all the cells will have a constant value, this leads to the natural
definition of a piecewise constant function Uy(x, t):

Ur(x, 1) := U}, (x,1) € [xj-172, Xj1172) X [Tns tas1]. (1.56)

Because the computation of Eq. (1.54) cannot be done in the full
(—0o0, 00), we need to restrict the interval to some finite interval (b, ¢) and
assume boundary conditions. Possible boundary conditions are periodic
ones,

ulb,t) = u(c,t),

whereas other boundary conditions can be specified as well and incorporated
into the numerical scheme.

The basic idea, now that we have both the initial data and boundary con-
ditions, is to use a time-marching scheme, in which we compute U n+1 from
U" or, more generally, U"*! from U”, U, ..., U"~". The simplest way of
solving this problem is to replace the derivatives in the PDE with appropriate
finite-difference approximations. For example, replacing u, with a forward-
in-time approximation and u, with a central-difference approximation, we
obtain

e L S S

k 2h

Solving for U*!, we obtain

k
n+l __ n -~ n
Uit =Uj — 5-a(Uf,
This method is quite simple, defining an explicit system, but suffers from
stability problems, requiring an impractically small time step, and even
then it is not guaranteed that the result is correct. We should note that it is

—-Ui). (1.57)
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possible to define other explicit systems that do provide satisfactory results
with reasonable time steps.

One important step forward is to use an implicit scheme, in which the
central difference is also evaluated at t = n 4 1:

1 1 1
A R

=0.
k 2h
Solving for U*!, we obtain
n+1 n k n+1 n+1
Uittt =U! — —a(USH - U)). (1.58)

! 2h

Now, to solve for U"*! from U", we consider these equations as a system
of equations over all values of j. Having a bounded interval with N grid
points, we obtain an N x N discrete system.

We can observe the grid points involved in the computation of U }’*',
which define the stencil of the method. The stencils for Eqgs. (1.57) and
(1.58) are a T and an inverted T, respectively. By using other stencils, we
can obtain a wide variety of numerical methods for Eq. (1.54); see Ref. [240]
for examples. In addition, methods that look at different past times, not just
U™ but also U"™!, ..., can be devised, although they are not common for
the kind of equations described in this book. Therefore we consider only
methods that depend on U" and write

Un+1 — Hk(Un),

meaning that the solution at time n 4 1 depends on the solution at time 7.
Of course the value of U ]’f“ might depend on several components of the
vector U", and this is expressed by

Ut = H(U" ).

For the explicit method above we obtain

n M n k n n
H (U™ j) = Ul — %a(Uj_H —-Ui).

The operator H; can also be applied to functions. In particular, it can be
applied to the piecewise constant function Uy (x, t), yielding

Uk(-x7 t+ k) = Hk(Uk(X, t);'x)7

also a piecewise constant function. Finally, note that for linear discrete
approximations, the operator H; is just a matrix.
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1.10.1. Convergence

The goal of numerical implementations is of course to approximate the
solution u. We need then to analyze the error of the approximation. We can
consider both the pointwise error

no.__ n__ .n
Ej =Uj —uj

J

and the error relative to the cell average

n o.__ no__ gn
Ej = Uj .

We can actually just consider the error function
Ei(x,t) :=Ui(x,t) —u(x,t).
We say that a method is convergent if for a given metric || - || we obtain
IEc(x, DIl= k-0 0,

for given initial data u.

We then are left to define the metric to be used to measure convergence.
One possibility is to consider the L; norm, which for a given function v(x)
is defined as

el = / Gl

oo

Another possibility is to use the L., norm or the L, norm, given by

[v()lleo = sup [v(x)],

00 1/2
lv(x)|, = [/ |v(x)|2dx:| )

Note that of course the L, does not need to go to zero, and the method can
still converge in the L; sense. The L, norm is frequently used for linear
systems.

1.10.2. Local Truncation Error

The local truncation error L(x, t) is a measure of how well the difference
equation models the differential equation, locally. We define it by replacing
the approximate solution U7 in the difference equation with the true solution
u(x;, t,). How well this true solution satisfies the difference equation gives
an indication of how well the exact solution of the difference equation
satisfies the differential equation.
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Let us consider as an example the Lax—Friedrichs method, which is
similar to the method developed in Eq. (1.57), except U7 is replaced with
%(U 71+ U}). This scheme is stable provided that k/h is small enough.
Let us write the equation corresponding to this form:

1 n+1 1 n n 1 n n
. |:Uj -5 U+ UjH)] + 57Ul = UL) =0.

Let us proceed to perform the replacement:
1 1
Li(x,t):= % ulx,t+k)— E[u(x —h,t)+ulx+h,t)]

1
—|—Ea[u(x +h,t) —ulx — h,1)].

We now assume smooth solutions and then perform a Taylor series expan-
sion, obtaining (# = u(x, t))

1 1 I
Li(x, 1) = §[(u+ku,+5k2un+---) — (u+5h2um+--~>]

+1 2h +1h3 +
Zha ux 3 uxxx

1 h? )

=u;, +au, + = | kuy — —uy | + Oh”).
2 k

Because we have assumed that u is the exact solution of the differential

equation, u, + au, = 0. Using this and the fact that u,, = a’u,,, we obtain

2

k h
Li(x, 1) =3 (02 - ﬁ) Uy + O(K?) =0 OK).

Recall that we have assumed that 4/ k is constant, so that 4%/ k> is constant
as the mesh is refined. With a bit of further analysis, it can actually be shown
that

|Li(x, )| = Ck

for all k < ko and a constant C that depends on only the original data.
Generalizing this example, we have that the local truncation error is
defined as

1
Lix, 1) o= Au(x, £+ ) — Hi(u(-, 1);x)},
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and the method is said to be consistent if
ILk(, D=0 0.

The method is said to be of the order of p if for all sufficient smooth initial
data with compact support there is some constant C such that

ILk (- DIl = CkP

forallk < kgpand0O <t <T.

1.10.3. Stability

Let us rewrite the definition of local truncation error in the form of
u(x,t +k) = Hi(u(, 1);x) + kLi(x, 1).

Because the numerical solution satisfies Ui (x, t + k) = Hi(Ui(-, t); x), we
can obtain a simple recursive relation for the error in the linear case:

Ev(x,t + k) = Hi(Er(-, 1);x) — kLi(x, 1).

The error at time ¢ + k is then composed of the local error —k L, introduced
in this time step together with the cumulative error from previous steps.
Applying this relation recursively, we obtain

E( ) = HyEx(, 0) =k Y Hi ' LiCo 1),
i=1

where H; stands for the matrix representing the linear operator Hy(-, 1)
and the superscripts represent powers of this matrix. We then say that the
method is stable if for each time T there is a constant C and a value ko > 0
such that

IHel < €

for all nk < T and k < ko. The method is of course stable if |H| < 1.

We have then defined both the local in time consistency criteria and the
global stability criteria. We have also seen before the definition of conver-
gence (the error goes to zero). The Lax equivalent theorem connects these
concepts and says that for a consistent, linear method, stability is necessary
and sufficient for convergence.
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1.10.4. The CFL Condition

Courant, Friedrichs, and Lewy (CFL) wrote one of the first papers on finite-
difference methods for PDEs [103]. They used finite-difference methods for
proving the existence of solutions of certain PDEs. The idea is to define a
sequence of approximate solutions by means of finite-difference equations,
prove that they converge as the grid is refined, and then show that the limit
function must satisfy the PDE. While proving convergence of this sequence,
they realized that a necessary stability condition for any numerical method
is that the domain of dependence of the finite-difference method should
include the domain of dependence of the corresponding PDE as k, h — 0.
This condition is known as the CFL condition.

The domain of dependence D(x, t) of a PDE is the set of values x of uy(x)
on which the solution u(x, t) depends. For conservation laws, for example,
the solution u(x, ) might depend on u, at only a single point, as we have
seen, and the domain of dependence is just this point. The numerical domain
of dependence Dy (x, t) is similarly defined. It is the set of points x for which
the initial data uy(x) could possibly affect the numerical solution at (x, 7).

We will use an example to illustrate the CFL condition. Consider
the numerical implementation of Eq. (1.57) for Eq. (1.54). The value of
Ui(xj, t,) depends on the values of U at time f,_; at the points x;;,,
q = —1,0, 1. These values in turn depend on U, at time ¢,_, at the points
Xjtq» ¢ =—2,—1,0,1,2. We see that the solution at #, depends on the
initial data at x;,,, g = —n, ..., n, and so the numerical domain of depen-
dence satisfies

Dy(x;, t,) C {x : |x — x| < nh},
or, in terms of a fixed point (X, 7),
Di(x,1) C {x : |x — x| < (/k)h}.

If the domain is refined while k/ h = r is kept fixed, in the limit the domain
of dependence fills out the entire set,

Do(x,f)y={x:|x —X| <ft/r}.
The CFL condition requires that
D(x, 1) C Dy(X, ).

Because for linear systems of the form of Eq. (1.54), the domain of depen-
dence is given by the points x — Af for all A eigenvalues of the corresponding
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system matrix (or a for a scalar equation), the CFL condition gives
(X —Af) —Xx| < f{/r
or
Ak
— < ]’
n =

again for all the possible eigenvalues of the system.

The CFL condition is necessary, but not sufficient. The fact that it is
necessary is quite clear. If the domain of the equation is not included in
the numerical domain, changing the initial condition outside the numerical
domain while inside the continuous domain will change the true solution but
not the numerical one. Therefore the numerical solution will not converge
to the true one for all possible smooth initial data. For certain numerical
schemes, such as the Lax—Friedrichs scheme discussed in Subsection 1.10.2,
itis possible to show that the CFL condition is actually sufficient for stability,
but this is not true for all possible stencils.

1.10.5. Upwind Methods
Consider the one-sided method for solving Eq. (1.54):

n+1 n ak n n
vuim =Uj - f(bj —Ui).
If
0 < ak <1
[— h — b

then it can be shown that the method is stable. If a > 0, this method is
called a first-order upwind method, because the one-sided stencil points in
the upwind or upstream direction, the direction from which characteristic
information propagates. An analogous upwind method exists for a < 0.
Upwind methods will be useful for a number of PDEs presented later in
this book (see next chapter), specially for equations that have discontinuous
solutions.

1.10.6. Comments

Some of the basic concepts and language of numerical analysis have been
introduced. Unfortunately (or fortunately, if you do research in numeri-
cal analysis), the picture does not end here. It is very easy to see that the
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following Riemannian problem, already studied when hyperbolic conser-
vation laws were introduced,

u, +au, =0,
with initial condition
1, x<O
up(x) = {O, £ 0

cannot be approximated with any of the simple stencils introduced above.
This is because the solution is discontinuous, and simple finite-difference
approximations across the discontinuity will blow as # — 0. Discontinu-
ities not just appear in images (edges!), but one of the key advantages of the
use of PDE:s is that those discontinuities can be preserved. In addition to
this, the concepts above were described for only linear systems, whereas all
the important PDEs introduced later in this book are nonlinear. This intro-
duces additional difficulties into the numerical implementation. Numerical
techniques that work for nonlinear systems and are devised to preserve dis-
continuities are described later in Chapter 2. Further information can be
found, for example, in Ref. [240].

o

oo

Exercises

. Compute the Euclidean arc length ds for an ellipse.
. Compute the formula for the curvature of a curve C(p), where p is not

the Euclidean arc length. Compute this formula for the case p = x (the
curve is expressed as a function).

. Compute the curvature of a circle, an ellipse, a parabola, and a

hyperbola.

. Show that if 7 = (cos 6, sin6), then (47 /d0) = N and (dN'/d6) =

-7.

. Prove the equation for the curvature of a level curve.
. Compute the affine curvature for a curve C(p), where p is not the affine

arc length. Compute this also in the case p = x (the curve is expressed
as a function).

. Compute the affine curvature of a conic (ellipse, hyperbola, and

parabola) and verify that they are constant.

. Compute the affine curvature of a curve given in implicit representation.
. Derive the Cartan matrix for the Euclidean differential geometry of

Space curves.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Geometric Partial Differential Equations and Image Analysis

Compute the basic geometric characteristics of the Euclidean and the

affine evolutes (tangent, normal, arc length, curvature).

Compute the Euclidean arc length, curvature, and torsion of the 3D

curve given by (a cos p, a sin p, bp), where a and b are constants and

p parameterizes the curve.

Prove that surfaces of revolution are regular surfaces.

Compute the first fundamental form coefficients for a helix and a

sphere.

Show that a necessary and sufficient condition for a connected regular

curve C(p) on S to be a line of curvature (all its tangents are principal

directions) is given by N(p)||C'(p) (the variations of the normals to

the surface restricted to the curve are parallel to the tangents to the curve

at every point).

Exemplify all the concepts described in this chapter for conservation

laws for Bruger’s equation with a step initial condition.

Compute the Euler equations and solve them for the following func-

tionals:

a. Shortest path between two points (0, a) and (1, b), given by the energy
Ew) = [, 1+ W)?

b. Same data as in the previous exercise, but the path should enclose a
given area.

c. Ew)= [[11 + (u.)* + (uy)*1"/*dxdy (this is the formula for surface
area).

Numerically implement the scalar PDE u, 4 u, = 0 with smooth initial

conditions. Use the different stencils described in this chapter.

Repeat the exercise for a step function as initial condition. Show that

the methods are not stable.



CHAPTER TWO

Geometric Curve and Surface Evolution

In this chapter the theory of geometric curve and surface evolution is intro-
duced. First present the basic concepts are presented, and then a number of
examples of intrinsic evolutions are given. Chapter 3 will deal with evolu-
tions that depend not only on the intrinsic properties of the curve or surface,
but on external forces as well. We should note that the use of curve and sur-
face evolution flows goes beyond image processing and computer vision;
see, for example, Ref. [361] for a collection of applications in other fields,
as well as the reports in Ref. [290].

2.1. Basic Concepts

The basic concepts of the theory of curve and surface evolution are now
presented. We start with curve evolution; the basic concepts described now
are easily extended to surfaces.

We consider curves to be deforming in time. Let C(p, t) : S! x [0, T) —
R? denote a family of closed (embedded) curves, where ¢ parameterizes the
family and p parameterizes the curve. Assume that this family of curves
obeys the following PDE:

% = a(p. 0T (5, 1)+ B(p, DN(B, 1), @.1)
with Cy(p) as the initial conditLon. Here ./\7 stands for the inward unit normal.
Throughout this book we use AV both for the inner and the outer unit normals,
and the exact direction will be clear from the context. This equation has the
most general form and means that the curve is deforming with « velocity in
the tangential direction and § velocity in the normal direction. Note that for a

71
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general velocity V,a = (V- 7) and B = () - N). If we are just interested
in the geometry of the deformation, but not in its parameterization, this

flow can be further simplified following the result of Epstein and Gage
[123]:

Lemma 2.1. If 8 does not depend on the parameterization, meaning that is
a geometric intrinsic characteristic of the curve, then the image of C(p, t)
that satisfies Eq. (2.1) is identical to the image of the family of curves C(p, t)
that satisfies

aC(p, -
% = B(p. N (p. 1). 2.2)

In other words, the tangential velocity does not influence the geometry
of the deformation, just its parameterization.

Proof: Let p = p(p, t), with t = v and dp/dp > 0. Applying the chain
rule, we have

Cr = Cppr + Cttt = Cppr + Ct
=C,p: +aT + ,8/\7 = (sppr —}—a)’f—f—ﬂ/\?
— a7 + BN,
where we have used the fact that, for the Euclidean arc length s, C, = s p’j'.
By changing the parameterization we have then modified the tangential
velocity without altering the normal one. To show that we can make & =

0, it remains to show that the equation s, p; + a = 0 has a solution. See
Ref. [123] for this. O

This result can also be proved locally as follows: Let y(x, t) locally
represent the curve, where x and y are Cartesian coordinates. Then

~
Il

1
—— Ly,
St

- 1
N:—_x’l’
Tryxz( Yo D)

Vix
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Now, clearly

Vi = VuXt + Vi
Vi =Yt — VxXt

1
= —z(Ole‘i‘,B)—)/x 2(Ol_:3yx)

|
V14 y! 1+ y;
1
= ﬁﬁ(lﬂfﬁ =B/ 1+v2,

and we see again that the tangential component « does not affect the defor-
mation of the curve. The level-set approach described in Section 2.2 will
provide yet an additional proof.

Basically, with Eq. (2.2) we do not know exactly where each point C(p)
is moving; this depends on the parameterization. We just know how the
whole curve, as a geometric object, deforms. (We will see in the rest of this
chapter how it is not always convenient, from the analysis point of view,
to remove the tangential component of the velocity.) This is illustrated in
Fig. 2.1. The art in curve evolution then becomes the search for the function
B that solves a given problem. Finally, note that a flow of the form

aC -
— =aT
ot
will leave the curve unchanged; only the parameterization is changing.
This section concludes with a comment on surface deformations. Fol-
lowing similar arguments as for the planar curve case, the most general

|12

Fig. 2.1. Most general form of a curve evolution flow. The velocity is decomposed into
its tangential and normal components, the former not affecting the geometry of the flow,
just its parameterization.
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geometric deformation for a family of surfaces S : R? — R? is given by

S

= BN, (2.3)

where the geometric velocity is now in the direction of the 3D normal .

2.2. Level Sets and Implicit Representations

As we saw in Chap. 1, curves and surfaces can be represented in an implicit
form, as level sets of a higher-dimensional surface. In this section we discuss
the evolution of curves and surfaces given by implicit representations or level
sets. Only the basic concepts are presented here; details can be found, for
example, in Refs. [262,290, and 361].

The pioneering and fundamental work on the deformation of level sets
was introduced in Ref. [294] (see also Ref. [358], and see Ref. [274] for
an early introduction of level-set flows) to solve basic problems with the
numerical implementation of flows such as Egs. (2.2) and (2.3). A number of
problems need to be solved when we are implementing these type of flows:

1. Accuracy and stability. The numerical algorithm must approximate
the continuous flow, and it must be robust. A simple Lagrangian ap-
proximation, based on moving particles along the curve or surface,
requires an impractically small time step to achieve stability. The
basic problem is that the marker particles on the evolving shape can
come very close together or very far away during the deformation.
These can be solved by a frequent redistribution of the markers, al-
tering the motion of the curve in a nonobvious way.

2. Developments of singularities. If, for example, g = 1 in Eq. (2.2),
singularities can develop, as we will see later in this chapter, Section
2.5. The question is how to continue the evolution after the singu-
larities appear. The natural way in this case is to choose the solution
that agrees with the Hiiygens principle, which basically establishes
that if the curve is viewed as the front of a burning flame, once a
particle is burnt, it stays burnt. In the case of hyperbolic conservation
laws, this is equivalent to searching for the unique entropy solution
(see Chap. 1). In general, we need a scheme that finds the right weak
solution when singularities are present in the flow.

3. Topological changes. When a curve or surface is deforming, its topol-
ogy can change (split or merge). Tracking the possible topological
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changes with marker particles is an almost impossible task, or at least
incredibly hard to implement and time consuming to run.

All these problems lead to the development of level-set techniques, which
are presented now. The technique for 2D deforming curves is described; the
extension to higher-dimensional surfaces is straightforward.

Let, as above, C(p, t) : S' x [0, T) — R? denote a family of closed (em-
bedded) curves, where ¢ parameterizes the family and p parameterizes the
curve. Assume that this family of curves obeys the following PDE:

% =V =B, 0N (p, 1), 2.4)
with Cy(p) as the initial condition.

Let us represent this curve as the level set of an embedding function
u(x,y,1):R*x[0,T) - R:

Lo(x,y, 1) :={(x,y,1) e R? :u(x, y, 1) =c}, (2.5)

where ¢ € R is a given constant. The initial curve Cy is represented by
an initial function uy. For example, we can consider the signed distance
function d(x, y) from a point on the plane to the curve Cy (negative in the
interior and positive in the exterior of Cy), and ug = d(x, y) + ¢. We now
have to find the evolution of u such that

Cix,y,t)=L.(x,y,1),

that is, the evolution of C coincides with the evolution of the level sets of
u (we will see that all the level sets obey the same curve evolution flow,
independently of c¢). By differentiating Eq. (2.5) with respect to ¢, we have

Y
Vi) S+ a—b;(c, ) =0.

(Note that we can omit the specification of the level-set value c, as it has
been automatically eliminated from the equation above after the derivative
was taken.)

As seen in Chap. 1,

Vu Y
[Vull

’

where N is the normal to the level set £ (the sign depends on the as-
sumed convention for the direction of the normal). This equation combines
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information from the function u (left-hand side) with information from the
planar curve (right-hand side).
To have C = L, we must have

Combining the last three equations, we have

0=Vu-f/+u,=Vu~,3]\7+ut

Vu
=Vu-B|———)+tu =-BIVull +u,,
[ Vull

obtaining

o _ giv 26
E—ﬁll ull. (2.6)

Recapping, when a function is moving according to Eq. (2.6), its level
sets, all of them, are moving according to Eq. (2.4). A number of comments
are worth mentioning regarding this formulation:

1.

We see once again that this time, because of the dot product in the
derivation above, only the normal component of the velocity affects
the flow.

Related to the point above, the level-set formulation is a parame-
terization free formulation, it is written in a fixed (x, y) coordinate
system. For this reason, this is called an Eulerian formulation.

A number of questions must be asked when the above derivation above
isintroduced: (1) Is the deformation independent of the initial embed-
ding u(? (2) What happens when the curve is not smooth, and classical
derivatives cannot be computed? Fortunately, these questions have
been answered in the literature, e.g., in Refs. [90,126,127, and 372].
For alarge class of initial embeddings, the evolution is independent of
them. The classical solution of Eq. (2.6), if it exists, coincides with the
classical solution of Eq. (2.4). In addition, and of special significance
when singularities develop, when the theory of viscosity solutions is
used, the existence and uniqueness of the solutions to the level-set
flow can be proved for velocities 8 as for those used in this book. This
automatically gives a generalization of the curve flows of Eq. (2.4)
when the curve becomes singular and notions such as normal are not
well defined. This coincides with the unique entropy condition in the
case of hyperbolic conservation laws. This will be specified for the
different curve flows introduced throughout this book.
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Fig. 2.2. Embedding the curve in a higher-dimensional function automatically solves
topological problems. Although the curve can be changing topology, the surface moves
up and down on a fixed coordinate system without altering its topology. The topological
change is just discovered when the corresponding level set of the function is computed.

4. Although the curve can change its topology, the topology of u is fixed;
see Fig. 2.2. This means that there is no need to track topological
changes, the evolution of u is implemented, and the changes in topol-
ogy are discovered when the corresponding level set is computed.

2.2.1. Numerical Implementation of Level-Set Flows

To complete the picture, we need to show how to numerically implement
Eq. (2.6). This is not a straightforward case, as, for example, we have to
make sure that in the case of singularities the correct weak solution is picked
by the numerical implementation. A brief description of the basic numerical
techniques here is given here; for details see Refs. [290,294, and 361].
Before the numerical implementation of the level-set flow is presented,
note that we also need to have an algorithm to compute (zero) level sets of
discrete functions. Many ideas are available for doing this. In the 2D case,
for example, a zero level set is considered as passing through every cell
that has values of different signs in its four corners. Once those cells are
identified, zero-order or more accurate interpolations can be used to find the
exact place where the zero level set crosses the cell. The same technique is
applied for 3D cases by means of the popular marching-cubes technique.
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Most of the popular scientific software have already built in functions to
compute 2D and 3D level sets (isocurves or isosurfaces).

Implementing the Level-Set Flow. Assume now that we are not espe-
cially worried about speed, and we just want to find an accurate and robust
implementation of Eq. (2.6) in such a way that it gives the right weak so-
lution. We will later see in this Section how to accelerate these techniques.
In this section, we follow Refs. [294 and 358]. Part of their work is based
on general techniques for the numerical analysis of hyperbolic conservation
laws [228, 240, 371].

We consider flows of the form

aC -

5= BN,
where 8 is B(k), that is, a function of the Euclidean curvature. As we will
see later in this chapter, Section 2.5 and in this book in general, these are
the kinds of velocities that are important from the point of view of image
processing and computer vision. Moreover, we restrict ourself to velocities
of the form

Blk) =1+ ek,

where € is some positive real number. This velocity not only is fundamental
for image analysis, as we will later see, but it is also sufficient to show the
basic numerical problems and techniques used in curve flows.

IfC(p,t) = [x(p, 1), y(p, 1)], the above flow can be rewritten as

Yp
X = B)| ————5 |
[(x,%ﬂ,%)”z}

—X
r = () —r s
Y Bk |:(x§+y,2,)1/2:|

and the curvature can also be expressed as
_ YerXp — XppYp
- 3/2 ¢
2 2
(x5 +57)

(Recall that we are considering only closed curves.)
As explained above, we embed the curve as the level set of the function
u deforming according to

up =1+ e)[|Vull
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and implement this higher-dimensional flow. This equation looks very
much like a Hamilton—Jacobi equation with viscosity, u, = ||Vu| being
the Hamilton—Jacobi and ex the viscosity; see Chap. 1. We will use this
connection to devise an appropriate numerical scheme.

Assume now that the moving front is a curve in the plane that remains
a graph for at least some short period of time. Let f(x) be the initial graph
and both f and f’ periodic in [0, 1]. Let y be the height of the propagating
function, y(x, 0) = f(x). The normal at (x, y)is (—yx, 1), and the equation
of motion becomes (computations were explicitly done before, in Section
2.1 when showing the effect of the tangential velocity)

12
v =Be)(1+72)".

For the specific B that we are considering, and with « = {(yyy)/

[(1 + ¥2)*"*1}, we obtain

)1/2 Vxx

=(1+y3) " "+e .
Vi ( yx 1+yx2

Let us now compute the evolution of the slope ¢ = y,. Differentiating
both sides of the equation with respect to x, we obtain

o=+ e | 2]

1+ y2

Therefore the evolution of the slope ¢ of y is a hyperbolic conservation
law with viscosity (see Chap. 1), and the machinery of these kinds of flows
can then be applied. As expressed in Chap. 1, if € > 0, the parabolic part of
the flow diffuses steep gradients and enforces smooth solutions. However,
for € = 0, discontinuous solutions can arise from smooth initial data. Of all
the possible solutions of this case, we are of course interested in the one
that is the limit of the smooth solution when € — 0, or in other words, the
entropy solution. We must then construct a numerical scheme that picks up
this entropy solution from all possible weak solutions.

Let us see then how to construct the numerical scheme for a general
one-dimensional (1D) conservation law of the form

¢+ [H($)]: = 0.

Let ¢} indicate the value of ¢ at the point (pixel) i at the time . An algorithm
to approximate the solution of this equation is said to be in conservation
form if it can be written in the form

¢i”+1 = ¢>f — AI/AX(g,‘r:-l/z - 8?_1/2)’



80 Geometric Partial Differential Equations and Image Analysis

where the numerical flux function g;11/» = g(@i—p+1, . . ., Pirg+1) must be
Lipschitz and satisfy the consistency requirement g(¢, ..., ¢) = H(¢p). A
scheme is called monotone if the right-hand side of the equation above is
a nondecreasing function of all its arguments. A conservative monotone
scheme obeys the entropy condition [371], and this is then the key concept
of the numerical implementation. All that is left to do is to select the function
g. Many selections are possible, and in the particular case in which H(¢) =
h(¢?), which is of particular interest in our equations, one such possible
selections is

g(¢7 ¢111) = h[(min{g:, 0} + (max {¢7.,, 0})"].
Note that in the case of
u; = [|Vull,

for 1D signals we have

— |2
u, =/ uz,

and, considering ¢ := u, and H(-) = —/(-)?, we obtain an equation of
exactly this form.
This extends to two dimensions, and if H(-, -) = h(-?, -?) then
g = h[(min{D_ u];, o))’ + (max{D}u];, 0})®
+ (min{D;u’.’ 0})2 + (max{D;ru” O})z],

ij ij

and the 2D flow
up = [|Vull
is approximated as

u;'j“ = uf} + Atg.

The functions of the min and the max are interchanged according to
the sign of the velocity to guarantee an upwind scheme. A general upwind
method for an equation of the form u, = B||Vu|| for B||Vul| convex is
given by (see Refs. [294 and 361] for details and extensions to higher-order
schemes and nonconvex Hamiltonians)

uf'j“ = u; — At[max(—g;, 0)A* + min(—p;;, 0)A7],
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where

AT := [max(D; , 0’ + min(D, 0)* + max(Dy, 0)* + min(D}, 0)*]'2,
A~ := [max(D}, 0)° + min(D; , 0)* + max(D;, 0)* 4+ min(D; , 0)*]"/%.

y>?

‘We have then approximated the first part of the level-set flow with velocity
B = 1 4+ ex (more sophisticated conservative and monotone schemes are
developed in the literature, but this is one of the most popular ones for the
equations throughout this book). Because, as we will see later in this chapter,
Section 2.5, the curvature motion does not produce singularities (it is like the
viscosity part in the hyperbolic conservation law), all curvature-dependent
components are implemented just by central derivatives,

u Uiy —uiy;

El

0x 2Ax
2 n _ n n
Pu iy —2up tup
== )
ax2 (Ax)?
2 n n _n _n
07U Uiy T Uy T Wiy T Wiy
0xdy 4(Ax)? ’

and the same for derivatives with respect to y. (Recall the expression for
the curvature of the level sets from Chap. 1). This gives then the basic
implementation of the level-set flow.

Local Schemes and Extension Velocities. The direct implementation of
Eq. (2.6) presented above is not particularly fast. In particular, because
of the embedding, 1 order of magnitude is added to the computational
complexity of the curve evolution flow. That is, for 2D curve evolution,
we move from O(N), a linear complexity, to O(N?) (N stands for the size
of the grid). In three dimensions, we have to move a full volume, thereby
arriving at a complexity of O(N?). This problem can be solved by the
narrow band, introduced by Chopp [93] and later used and extended by
Malladi et al. [250,251] and by Adalsteinsson and Sethian [2, 361], and the
local methods developed by Osher and colleagues [262, 308]. The basic idea
is to operate on only a surrounding band around the region of interest, that
is, around the level set being tracked (e.g., the zero level set). This reduces
the complexity to O(kN) in the 2D case and O(kN?) in the 3D case, where
k stands for width of the narrow band and N is, as before, the size of the
grid in each direction. With this technique, Eq. (2.6) is solved only inside
the narrow band, and this band is updated each time the curve (surface)
approaches the border of the band.
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In the narrow-band method, the technique requires a bit more of pro-
gramming than the direct implementation because of the band-rebuilding
process, but speeds up the computations considerably. Note that if, for ex-
ample, the embedding function is a distance function (see below), a narrow
band of width € around the zero level set, which is computed on the (x, y)
(or (x, y, z) in the 3D) plane, is just given by those points on the embedding
function with an absolute value less than or equal to € [262, 308]. That is,
to perform a local computation in the level-set framework, all we need is to
maintain the embedding function as a signed distance function and update
only those points (pixels) where the embedding function is less than a certain
€. This tremendously simplifies the computation of the narrow band. There-
fore, if the narrow-band method is used, there is not an imperative need to
maintain the embedding function as a distance function, although the band
is calculated from the location of points in the domain [2]. On the other
hand, in local methods, while the embedding function is maintained as a
distance function, the local band of computations is directly computed from
the function itself [308]. This second approach is simpler, if we can in a
reliable and fast way keep the distance function.

To complete the picture, we must indicate how to keep the embedding
function as a signed distance function. This embedding function can be, for
example, computed as the steady state of (e.g., Refs. [308 and 378])

ou )

57 = Sign()(l = [|Vul), 2.7)
which gives the signed distance function at the steady-state solution [378].
Then, every few steps of the level-set flow, the embedding function u is
rebuilt with this equation.

In addition, the level-set technique can be modified to maintain the em-
bedding function as a signed distance function without the need to interleave
(Eq. 2.7) every time. This was developed in Refs. [159 and 426]. The basic
idea is (following Ref. [159]) to search for a new deformation

S=p

t

such that we add to the requirement that the velocity of the zero level set
of u must be BN, the requirement ||Vu|| = 1. This additional constraint
forces the relation Vu - VA = 0, meaning that the new velocity does not
vary along the characteristics of u. Recalling that the characteristics of a
distance function are straight lines, we find that the new velocity is given
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by
B(X) = B(X — uVu),

where X is the Cartesian coordinate of the point (pixel) in two or three
dimensions. Note that this equation means that the new velocity f for a point
X is computed from the old velocity 8 at the point X — uVu. Therefore
the equation is not necessarily, even for simple velocities 8, a PDE.

Other reinitialization techniques, as well as other techniques to rebuild
the narrow band, can be found in Ref. [361].

We conclude the discussion on the narrow band and local methods by
noting that because the CFL condition needs to be satisfied only inside the
narrow band, the algorithm might enjoy further computational speedups.

The last remark we must make is on extending 8 beyond the level set of
interest (normally the zero level set). In general, for a given problem, 8 is
given for only the deforming curve or surface and, in order to implement the
level-set flow u, = B||Vu||, we must define the values of 8 for all the space,
or at least for the narrow band around the level set of interest. Many times
there is a natural way to extend . For example, in cases such as curvature
motion the velocity is naturally extended to be the curvature also at the other
level sets. In other cases there is no natural extension, and decisions have to
be made. A number of techniques have been proposed to do this, e.g., see
Refs. [3,89,250,308,361, and 427]. One possibility is to extend 8 so that
it is constant normal to each level curve of u. In other words, VB - Vu = 0
(note the similarity of this to the condition stated above on the velocity 8
that guarantees the preservation of u as a distance function; redistancing is
equivalent to extending the velocity field perpendicular to the level sets; see
Ref. [426]). We can achieve this once again by searching for the steady-state
solution of the flow

% = sign(uo)(VB - Vuy).

Of course, all these techniques (local schemes, preservation of the dis-
tance function, extension of velocity fields) can and should be combined
[308].

Fast Techniques for Positive Velocities. It is well known in graph theory
that the optimal path (trajectory or minimal weighted distance) between two
nodes in a graph with positive edges can be found by the Dijkstra algorithm.
In the case of a positive velocity 8, the curve evolution flow

C=BN
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can also be implemented with the same complexity [O(N log N)], with
an extremely small constant, where N are the number of grid points. This
very important concept was developed by Tsitsiklis [393] whith motiva-
tions from optimal control, and independently by Helmsen et al. [180] and
Sethian [359] following upwind schemes formulations, and extended and
applied to numerous fields by Sethian in Refs. [360 and 361]. Additional de-
velopments (and connections between the above mentioned approaches) can
be found in the work of Osher and Helmsen [292], and studies on efficient
implementations appear in Ref. [317]. Extensions to triangulated surfaces
are reported in Refs. [207 and 215]. To present this technique, we follow the
elegant development in Ref. [361]. (Once again, we deal with only evolv-
ing curves, and the technique is extended in a straightforward fashion to
surfaces.)

Suppose we graph the evolving curve C above the (x, y) plane, that is,
let T(x, y) be a function representing the time at which the curve crosses
the point (x, y). Because 8 > 0, T(x, y) is indeed a function, and the curve
crosses each planar point only once (at most). T'(x, y) is called the time-of-
arrival function. Figure 2.3 illustrates this idea.

The time-of-arrival function satisfies

IVT (x, »)IIB =1, (2.8)

and the solution of this equation also solves the curve evolution flow. This
is a Hamilton—Jacobi equation, which becomes the well-known Eikonal
equation for velocities that depend on only the position (x, y). We have
then transformed the curve evolution problem into a stationary one; see also
Refs. [50,128 ,129, and 289]. Before showing how to solve this equation, let
us summarize the results so far, comparing the time-of-arrival formulation

. A Increasing t
Increasing t /

Evolving disk Txy)

Fig.2.3. Adiskevolving with unit speed, together with the corresponding time-of-arrival
function T'(x, y).
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with the level-set formulation presented above:

Level-Set Formulation Time-of-Arrival Formulation
ur = B Vull IVT(x, I =1
CO)={(x,y):ulx,y,0) =0}  C@)={(x,y): T(x,y) =1t}
p arbitrary B>0

The static Hamilton-Jacobi equation (2.8) is implemented with an up-
wind, viscosity solution approximation of the gradient, leading to

[max(D;*T, 0)° + min(D}* T, 0) + max(D;;’ T, 0)’
+min(D;T,0)"]"* = 1/82.

There are several techniques to solve this discrete equation [129, 327],
one that achieves the optimal computational complexity [360, 361, 393]. The
key idea is to observe that, in the above equation, information flows in only
one direction, from small values of T to large values (for those familiar with
Dijkstra, this is exactly the same case as in this famous graphics algorithm).
The algorithm then reads as follows [361]:

1. Initialize
a. Let alive be the set of all grid points at which the value of T is
Zero.
b. Let narrowband be the set of all grid points in the narrow band
(around the front). Set these points to \/dx? + dy?/8.
c. Let faraway be the set of all the rest of grid points. Set T; ; = oo
for these points.
2. Marching forward
a. Let (i, jmin) be the point in narrowband with the smallest T'.
b. Add the point (iyin, jmin) to alive and remove it from narrowband.
c. Tag as neighbors any points (Imin — 1, jmin)> CGmin + 1, Jmin)
(imins jmin — 1) (imin» jmin + 1) that are not alive. If the neighbor is in
faraway, remove it from that set and add it to the narrowband set.
d. Recompute the values of T at all the neighbors according to the
upwind equation above.
e. Return to 2a.

Details on the validity of the algorithm are given in the cited references.
To conclude, we must note that it is fundamental to find the smallest value
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of T in an efficient way, and this is done with the well-known min-heap
algorithm, thereby producing a total computational cost of O(N log N),
where N is the number of grid points.

2.2.2. Region Tracking on Level-Set Techniques

Let us now consider again the level-set flow for an m-dimensional closed
surface S, m > 3. Let’s represent the initial surface S(0) as the zero level set
ofu(X, 1) :R" x [0,7) = R,ie.,S0) = {X € R" : u(X, 0) = 0}. From
the level-set approach, if the surface is deforming according to

oS -
af) — BN, (2.9)

where N is the unit normal to the surface, then this deformation is rep-
resented as the zero level set of u(X, ¢) : R x [0, 7) — R deforming ac-
cording to

ou(X, )
ot

where B(X, t) is computed on the level sets of u(X, 1).

In a number of applications, it is important not just to know how the
whole surface deforms, but also how some of its regions do. Because the
parameterization (tangential velocity) is missing, this is not possible in a
straightforward level-set approach. This problem is related to the aperture
problem in optical flow computation, and it is also the reason why the level-
sets approach can deal with only parameterization-independent flows that
do not contain tangential velocities. Although, as we have seen, tangential
velocities do not affect the geometry of the deforming shape, they do affect
the point correspondence in the deformation. For example, with a straight
level-set approach, it is not possible to determine where a given point Xj €
S(0) is at certain time ¢. One way to solve this problem is to track isolated
points with a set of ordinary differential equations (ODEs), and this was
done, for example, in grid generation; see Ref. [361]. This is a possible
solution if we are just interested in tracking a number of isolated points. If
we want to track regions, for example, then using particles brings us back to
a Lagrangian formulation and some of the problems that actually motivated
the level-set approach. For example, what happens if the region splits during
the deformation? What happens if the region of interest is represented by
particles that start to come too close together in some parts of the region
and travel too far from each other in others?

= B(X, DIIVu(X, 1), (2.10)
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An alternative solution is now proposed to the problem of region track-
ing on surface deformations implemented by means of level sets [27]. The
basic idea is to represent the boundary of the region of interest R € S as the
intersection of the given surface S and an auxiliary surface S, both of them
given as zero level sets of m + 1 dimensional functions ® and ®, respec-
tively. The tracking of the region R is given by tracking the intersection of
these two surfaces, that is, by the intersection of the level sets of ® and o.
See [208, 213] for tracking curves on functions.

Note that we could also track, in theory, the boundary of R with the
Ambrosio—Soner approach for level sets in the high codimension described
below. This approach is difficult to implement numerically and in some
cases it is not fully appropriate for numerical 3D curve evolution. Then
there is a need for techniques such as the one described now. Although we
use the technique described below to track regions of interest on deforming
surfaces, with the region deformation dictated by the surface deformation,
the same general approach here presented of simultaneously deforming n
hypersurfaces (n > 2) and looking at the intersection of their level sets can
be used for the numerical implementation of generic geometric deformations
of curves and surfaces of high codimension [54].

Note also that the use of multiple level-set functions was used in the past
for problems such as the motion of junctions [260,261]. Both the problem
and its solution are different from the ones we describe now.

The Algorithm. Assume that the deformation of the surface S, given
by Eq. (2.9), is implemented with the level-set algorithm, i.e., Eq. (2.10).
Let R € S be a region we want to track during this deformation and dR
be its boundary. Define a new function #(X, 0) : R" — R such that the
intersection of its zero level set S with S defines R and then R. In other
words,

AR(0) := SO)NSO) = {X e R" : u(X, 0) = a(X, 0) = 0}.

The tracking of R is done by the simultaneous deformation of u and i.
The auxiliary function & deforms according to

on(X,t) .
T:ﬁ(?{,t)HVu(X, Ol (2.11)
and then S deforms according to
S 4o
= BNs. (2.12)

o =
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We then have to find the velocity B as a function of B. To track the re-
gion of interest, 9R must have exactly the same geometric velocity in both
Egs. (2.10) and (2.11). The Velocity in Eq. (2.10) (or Eq. (2.9)) is given
by the problem in hand and is BNs. Therefore the velocity in Eq. (2.12)
will be the projection of this velocity into the normal direction Ng (recall
that tangential components of the velocity do not affect the geometry of the
flow), that is, for (at least) OR,
B =BNs-Ns.

Outside of the region corresponding to R, the velocity 8 can be any
function that connects smoothly with the values in 3R. (To avoid the creation
of spurious intersections during the deformation of ® and ﬁD, these functions
can be reinitialized every few steps, as is frequently done in the level-set
approach.)

This technique, for the moment, requires finding the intersection of the
zero level sets of u and @i at every time step in order to compute fS. To
avoid this, we choose a particular extension of B outside of dR, and simply
define f as the projection of SN for all the values of X in the domain of
® and ®. Note that although S and S do not occupy the same regions in
the m-dimensional space, their corresponding embedding functions u and i
do have the same domain, making this velocity extension straightforward.
Therefore the auxiliary level-set flow is given by

Vu(X,t) Vi(X, 1)
IVu(X, ol [IVa(x, o

and the region of interest R(¢) is given by the portion of the zero level set
that belongs to u(X, ¢) N a(X, ¢):

IR(@) ={X e R" :u(X, 1) =a(X,t) =0}. (2.14)

0
a—i‘w, 1= [ﬂ(?(, ) ] IVa(X, o))l (2.13)

Examples and Comments. Examples of the proposed technique are now
presented. We should note the following: (1) The fast techniques described
above, such as narrow-band, fast-marching, and local methods, can also be
used with the technique proposed here to evolve each one of the surfaces;
(2) in the examples below, we compute a zero-order type of intersection be-
tween the implicit surfaces, meaning that we consider part of the intersection
as the full vortex where both surfaces go through (giving a jagged bound-
ary). More accurate intersections can be easily computed with subdivisions,
as in marching cubes.

Four examples are given in Fig. 2.4, one per row. In each example, the
first figure shows the original surface with the marked regions to be tracked
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Fig. 2.4. Examples of the region-tracking algorithm (brighter regions are the ones being
tracked). The two top rows show toy examples, demonstrating possible topological
changes on the tracked region. The next rows show unfolding the cortex and tracking
the marked regions with a curvature-based flow and a 3D morphing one, respectively.

(brighter regions), followed by different time steps of the geometric defor-
mation and region tracking.

Figure 2.4 first shows two toy examples in the first two rows. We track the
painted regions on the surfaces while they are deforming with a morphing-
type velocity [23, and 26]. (B(X, t) is simply the difference between the
current surface (X, ¢) and a desired goal surface ®(X, 00), two separate
surfaces and two merged balls, respectively, thereby morphing the initial
surface toward the desired one [26].) Note how the region of interest changes
topology (splits on the left example and merges on the next one).
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Next, Fig. 2.4 presents one of the main applications of this technique.
Both these examples first show, on the left, a portion of the human cortex
(white-matter/gray-matter boundary), obtained from magnetic resonance
imaging (MRI) and segmented with the technique in Ref. [384] and de-
scribed later in this book, Section 3.2. To visualize brain activity recording
by means functional MRI in one of the nonvisible folds (sulci), it is neces-
sary to “unfold” the surface, while tracking the color-coded regions [surface
unfolding or flattening has a number of applications in 3D medical imaging
beyond Functional MRI (fMRI) visualization; see also Ref. [182]]. In the
first of these two examples (third row), the colors simply indicate sign of
Gaussian curvature on the original surface (roughly indicating the sulci),
and two arbitrary regions are marked in the last example (one of them with a
big portion hidden inside the fold). We track each one of the colored regions
with the technique just described. In the third row,

sign(ky) + sign(x,)

BX, 1) = > min(|ky|, |«2]),

where «; and k; are the principal curvatures. In the fourth row, we use a
morphing-type velocity as before [23, and 26] (in this case, the desired des-
tination shape is a convex surface). The colors on the deforming surfaces
then indicate, respectively, the sign of the Gaussian curvature and the two
marked regions on the original surfaces. Note how the surface is unfolded,
hidden regions are made visible, and the tracking of the color-coded regions
allow us to find the matching places on the original 3D surface representing
the cortex. This also allows us, for example, to quantify, per each single
tracked region, possible area/length distortions introduced by the flattening
process. To track all the marked regions simultaneously in these two exam-
ples, we select the zero level set of ® to intersect the zero level set of ®
at all these regions. If we have regions with more than two color codes to
track, as will frequently happen in fMRI, we just use one auxiliary function
® per color (region).

The same technique can be applied to visualize lesions that occur on the
hidden parts of the cortex. After unfolding, the regions become visible, and
the region tracking allows us to find their position on the original surface.
When level-set techniques are used to deform two given shapes, one toward
the other (a 3D cortex to a canonical cortex, for example), this technique can
be used to find the region-to-region correspondence. This technique then
solves one of the basic shortcomings of the very useful level-set approach.
Other approaches for 3D MRI visualization can be found in Ref. [182].
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Level Sets in High Codimension. In the subsection above, we basically
dealt with the tracking of a curve in three dimensions. This curve is on
the surface S and is deforming with a velocity 8 intrinsic to the surface,
but not necessarily intrinsic to the curve. We can now raise the question of
how to extend the level-set technique to curves in three dimensions and, in
general, to high codimension surfaces that move with intrinsic velocities
(or, in some cases, with the combination of intrinsic and external veloci-
ties). This problem was addressed in Ref. [9]. The basic idea is to embed
the high codimension surface into a squared distance function and then
evolve this function with normal velocity equal to the m — k smallest prin-
cipal curvatures, where k is the codimension of the surface in R™. The
curve is then the zero level set of a positive-everywhere function. Am-
brosio and Soner [9] showed the existence of a unique weak solution for
the function and showed that that the level-set solution coincides with the
classical solution for the deforming hypersurface, when this exists. This
approach is difficult to implement numerically and in some cases is not
fully appropriate for numerical 3D curve evolution (Osher, personal com-
munication; Faugeras, personal communication). A modification of this
technique was used by Lorigo et al. [234] to extend the segmentation flows
presented in Chap. 3 to detect curves and tubular sections in three dimen-
sions.

2.3. Variational Level Sets

We have seen that the basic idea behind the level-set method is to represent
a curve or surface in implicit form, as the (zero) level sets or isophote of
a higher-dimensional function, and then track the deformation of the curve
or surface by means of the deformation of this embedding function. In a
number of curve and surface evolution applications, the curve/surface is
deforming in order to minimize a given energy, that is, the shape motion is a
gradient descent flow such as those described in Chap. 1. A natural question
then is whether we can represent this variational/energy formulation in an
implicit from and then use level-set techniques to numerically implement
the corresponding gradient descent flow. The key idea is to define a varia-
tional formulation on an n 4 1 dimensional function, while we are actually
interested in only minimizing the value of the energy at the n-dimensional
zero level set. This technique was developed in Refs. [426 and 427], and it
is briefly described here.
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Let us assume that we are given a variational formulation for a curve or
surface deformation problem:

Er =/L(F)ds,
r

where I stands for either the curve C or the surface S, and ds stands for
the corresponding element of length or area, that is, we formulate a given
problem as the minimization of Er. As we have seen before, in Section 1.9,
this can be done by means of gradient descent, obtaining a Lagrangian flow
for I'. We then embed I' in a higher-dimensional function u as before and
replace Er with

E, :/L(X)S(u)HVquX,
Q

where €2 is the (fixed) 2D or 3D Euclidean space, X stands for a coordi-
nate vector in this space, and §(X) is the Dirac delta function (note that
3(X)||Vu]|| is the length/area element of the zero level set of u). Then, in-
stead of computing the gradient descent of Er, we compute the gradient
descent of E, and use all the level-set machinery, obtaining an Eulerian
flow. The gradient descent flow is obtained with standard calculus of vari-
ations. Figure 2.5, courtesy of the authors of Ref. [427], gives an example
of the use of this technique to interpolate unorganized 3D data. In this case,
L depends on the distance from the given unorganized data to the surface.
The data can be points, curves, or surfaces, or a combination of them.

2.4. Continuous Mathematical Morphology

So far general techniques have been described to implement and study
curve and surface evolution flows. As stated above, once these techniques
are available, the art of curve and surface evolution is on the design of the
velocity BN to accomplish certain tasks. The first specific example, related
to the design of BN for basic morphological operations, is now presented.
We now show that, when we are considering convex structuring elements,
the continuous mathematical morphology on Euclidean space is nothing
else but a curve evolution flow with a velocity BN that depends on the
structuring element. This leads to a new definition of discrete mathematical
morphology based on the numerical implementation of the continuous flow.

Traditionally, mathematical morphology is defined in a set-theoretical
setting [173, 255, 355], and morphological operators are defined over sets



Interpolation of Two Linked Tori
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dr =1/32

Fig.2.5. Example of the use of variational level sets for the reconstruction of unorganized
points. Observe how the two tori are reconstructed, without any prior knowledge of the
connection between the points or the topology of the object. (Figure courtesy of Zhao
etal.)
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in R™. The dilation 8z : R™ — R™ and the erosion €5 : R™ — R™ of a set
X C R”™ by a structuring element B C R are the sets

ssX) = JJx+b={x+b:xeX. beB) (2.15)
beB xeX
es={Jx—b (2.16)
beB xeX

These two operations complement each other:
ep(X) = [03(XI]",

where (-)¢ stands for set complement and B is the transpose of B, B =
{b: —b € B}.
The second pair of fundamental morphological operations are opening

Op(X) = dplep(X)], (2.17)
and closing
Ep(X) == ep[8p(X)]. (2.18)

These operations are exemplified in Fig. 2.6 for an object in R?.

Because the basic morphological operations are all derived from dilation,
we will concentrate on this operation from now on.

For functions u : R” — R U {00, —oc} dilation with a multilevel struc-
turing element (commonly of finite support) g : R" — R U {co, —00} is

“ Opemng -

Closing

O

Fig. 2.6. Examples of dilation (first row), opening, and closing. (Figures courtesy of
Ronny Kimmel.)
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given by

8q(u) := sup {ulx —y) + g} (2.19)
yeR™

This is also a set operation, considering the concept of umbra.
A particular and useful case is when g = —oo outside of a finite set G
and zero inside the set (flat structuring element). Dilation then becomes

dg(u) := sup{u(x — y)}. (2.20)

yeG

One of the most interesting properties of dilation is that 65 () in Eq. (2.20)
can be obtained as a collection of binary (set) morphological operators. More
precisely, the dilation of f with a flat structuring element g is the union of
the dilation of each one of the level sets of u with a structuring element given
by G, the support of g. In other words, dilation and thresholding (level-sets
decomposition) commute. In general, operations that commute with level-
set decompositions are denoted as morphological operations, and they will
have a very significant role in this book, and will be important in this section
as well.

A second very important property of dilation is that it holds an associative
property for convex elements. If B is convex, then

8t +1)8(X) = 8, 8[81,5(x)],
5(t1+t2)g(f) = (Sllg[(slzg(x)]v
8146 (X) = 8,,6[8,,6(X)],

where r € R and B := {tx : x € B}, tg(x) = rg(x/t). For example, per-
forming the dilations with a disk of radius r is equivalent to performing r/r
consecutive dilations of radius r.

Although we can give all the above definitions for discrete Euclidean
spaces just by replacing R with Z (see Fig. 2.7), many of the nice geometric
properties of continuous morphology are missing in its discrete version.
Part of the problem is due to the difficulty in defining digital disks off all
possible radii. One possible way to address this problem is to use accurate
distance transforms [42, 108]. Another direction, which actually accurately
implements distance transforms, is to address continuous mathematical mor-
phology from the point of view of curve evolution and discrete mathemat-
ical morphology as the numerical implementation of the continuous flow.
We proceed to develop this approach now, following Ref. [343] (see also
Ref. [49]).
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Fig. 2.7. Examples of basic discrete morphological operations.

2.4.1. The Continuous Morphology Velocity

According to the results at the beginning of this chapter, all possible geo-
metric curve evolution flows are given by the equation

aC -
a P

where C is the deforming curve. Assuming that C is the boundary of a planar
set X, we need to find the velocity 8 such that the solution to the above flow
gives dp(X).

Let 0 B be the boundary of the convex structuring element B. Because
B is convex, dB can be represented by a function 7(9) : [0, 2] — R2.
Dilation can be interpreted as a generalization of the Hiiygens principle:
Each point on the boundary C of X is the source of a new local wave, whose
shape is given by the structuring element. The new wave front is obtained
by the envelopes of the local waves; see Fig. 2.8. The velocity of each point
is then given by the maximal projection of the structuring element on the

Original curve

\g Dilated curve

Fig. 2.8. Generalized Hiiygens principle.
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normal direction:

B = suplF(0) - N} 2.21)
0

This velocity can be explained as follows: Each point p in the curve
C, boundary of X, moves, according to the Hiiygens principle, toward 9 B
(centering at p) (recall that, because of the convexity of B, the dilation can
be performed at infinitesimal steps). This motion generates a set of infinite
possible velocities vectors, one for each point on 9 B, that is, 7(0). Because
the tangential component of those vectors does not affect the geometry of
the flow, we can consider only their normal components, 7(6) - N'. The
supremum of these projections is the effective velocity.

We then have that, for a convex structuring element B represented by
r(0),

% = sup{F(6) -/\7}/\7,
at 0

and, considering a level-set formulation, with u(x, y) : R*> — R, we have

M uplF©) - Vu)
o7 _sgpr u}.

Note that because all the level sets of u are moving with the velocity
corresponding to the binary dilation with B, the function u itself is dilating
(flat dilation with a function g having B as its support). This is due to the
commutativity between dilation and level-set decomposition.

It is easy to show that the following velocities are obtained for popular
structuring elements:

IVull, B = disk
sup{r - Vu} = { max{lu,|, |u,|}, B = diamond.
‘ [y | + |uyl, B = square

The equation corresponding to a disk means that the curve is moving
with constant Euclidean velocity. This flow can also be used to find the
skeleton of a shape [41]; see Section 2.5. The other equations, of course,
mean constant velocity with other metrics (here we see again the neces-
sity of convexity in order to define a metric). Examples are given in Fig.
2.9.



Fig.2.9. Examples of continuous morphology by means of curve evolution. The erosion
of a curve is shown in the first row. Steps of image erosion (with a disk) are shown in the
second row and steps of image dilation in the third. Note of course that when the bright
objects are eroded, the dark objects (background) are dilated, and vice versa. Also note
that several objects are eroded/dilated at the same time, as the process is performed on the
gray-valued image, which is equivalent to the level-set process (binary erosion/dilation).
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2.5. Euclidean and Affine Curve Evolution and Shape Analysis

2.5.1. Constant-Velocity Flow

We have already seen the basic Euclidean invariant flow,

—

C, =N, (2.22)
or, in level-set form,
u, = |Vull, (2.23)

which moves the curve with constant inward velocity and is equivalent to
the erosion of the enclosed shape with a disk. Inverting the direction of
the flow, we obtain a morphological dilation. As we have seen, this flow
can create singularities and change the topology of the evolving curve; see
Fig. 2.9 (recall that erosion with a disk is equivalent to constant Euclidean
motion). Moreover, the singularities created by this flow define the skeleton
of the shape [41, 204, 216, 239, 364, 365, 422]. The skeleton, introduced
by Blum [41], is the center of bitangent disks inside the shape. In other
words, it is the center of disks that have a common point and tangent with at
least two points of the shape, with the condition that the disk be completely
inside the shape. Figure 2.10 is an example. Considering the outward flow,
we can obtain the bitangent disks that are completely outside the shape. The
constant-velocity flow is then implementing Blum’s prerifire transform: If
fire is turned on the boundary of the shape and this fire is allowed to travel
inward with constant velocity, the skeleton is given by the places where the
fire fronts collide.
It is easy to show that, e.g. [205], as expected, the normal and tangent to
the evolving curve does not change direction with this flow, that is,
0T _ N _
dt a
The curvature changes according to (examples of how to perform these
computations are given later when presenting the affine heat flow)

ok 5
ar
whose solution is
«(p, 0)
k(p, 1) = ————,
I —«(p,0)

which is singular already at t = 1/«(p, 0). Note that, as is well known
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Fig. 2.10. Examples of the skeleton constructed with the constant-velocity curve flow.
The first row shows the original binary shape and its curvature (for both inner and outer
contours). The second row shows a discrete computation (left) and the curve evolution
one (right). (Figure courtesy of Ronny Kimmel.)

from the skeleton theory, the first singularity corresponds to the maxima
curvature, and it happens exactly at the corresponding center of curvature.

‘We now have a flow and, as we will later see in Section 2.8, the simplest
one, which produces shocks. The next step is to find the simplest flow that
smooths any simple planar curve without producing singularities (we will
later also discuss the constant-affine-velocity flows). This is presented now.

2.5.2. Geometric Heat Flows

We consider, again planar simple curves C(p, 1) = [x(p, t), y(p, t)] that are
deforming in time, where p now stands for an arbitrary parameterization and
t parameterizes the family. (For work on polygons see [52].) The simplest
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way to smooth the curve is to apply to each one of its coordinates the linear
heat flow
aC  9*%C
—=— (2.24)
ot dp?
with a given initial curve C(p, 0). This flow, which is equivalent to smoothing
each one of the coordinate curves with a Gaussian filter

1 2
g(p,r>:=,/mexp{4—’;}
[

Vi B Ypp ’

was the first equation introduced to define a scale space for planar curves.
The basic idea behind the concept of scale space is to have multiple represen-
tations of the shape, starting from the original shape C(p, 0), going toward
coarser and coarser representations C(p, t) when #, the scale parameter, in-
creases [218, 413]. It is a crucial requirement in the scale-space theory that
the information in C(p, ) is more than the information in C(p, f) whenever
t1 < t,. Another important requirement is that C(p, t,) can be obtained from
C(p, 1) without requiring or even knowing C(p, 0). This is the semigroup
or causality property.

The Gaussian filtering or, equivalently, the linear heat flow is the only
linear filter that defines a scale space [18, 423] (information is considered
to be given by the number of zero crossings of the signal or, equivalently,
the number of local extrema). It can also be derived from basic principles
from physics [142,218-221, 324]. This leads to the acceptance of this filter
and its wide use for shape analysis; see, e.g., Refs. [263 ,264, and 324].

In spite of these very attractive properties, the linear heat flow (or Gaus-
sian filtering) has a number of fundamental problems. First, we note that
if the curve is parameterized by a different parameterization w = w(p, t),
(dw/3dp) > 0, then, in spite of the fact that geometrically C(p, 0) and C(w, 0)
are identical, the solution to the linear heat flow gives different results, that
is, C(p, t) # C(w, 1) for t > 0, and two different implementations will get
two different scale-space representations (the flow is not intrinsic to the
curve, but depends on its parameterization).

A possible attempt to solve this is to parameterize the original curve with
the Euclidean arc-length parameterization v such that ||[(3C/dv)|| =1 or
the affine arc length, if an affine invariant flow is required. (In this chapter

or
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we use v for the Euclidean arc length and s for the affine one.) This will
make the flow intrinsic, but will violate the semigroup property, as the arc
length is a time-dependent parameterization, and then a reparameterization
will be required. In addition, order is not preserved, and if two initial curves
are one inside the other, this is not necessarily the case after this arc-length
parameterization technique is used. This is especially problematic for shapes
with holes, for example. Problems with the numerical implementation of the
heat flow were found as well [242], mainly that the corresponding discrete
flow violates the basic causality principle. We need therefore to look for a
different way to obtain an intrinsic geometric scale space.

In spite of its problems, Gaussian filtering leaves very important mes-
sages. Not only does it introduce the concept of scale space, but it also hints
at the possible solution to all its problems. As pointed out by Hummel [191],
other PDE formulations, not just the linear heat flow equivalent to Gaussian
filtering, can lead to scale spaces. All that we need to request is that the PDE
holds the maximum principle discussed in Chap. 1. This will guarantee that
information is decreasing when ¢ increases. We are then in the search for a
PDE that holds the maximum principle and does not suffer from the prob-
lems above, and we do this from the theory of curve evolution, that is, we
search for the appropriate velocity BN for the curve deformation flow

C, = BN.

We start with a brief presentation of the Euclidean case, moving then
to a more detailed description of the affine case. Other groups, such as the
projective one, are discussed in Refs. [131,132,134, 135,284, and 286] and
results are very briefly described at the end of this chapter.

A natural choice to obtain an intrinsic Euclidean invariant scale space is
to consider 8 = k (we later actually show that this is the simplest possible
selection), leading to the Euclidean geometric heat flow:

aC =

T kN, (2.25)

with the original closed curve as the initial condition.
Because C,, = kN, the Euclidean heat flow can be written as
aC  3°C
a2’
which looks very much like the linear heat flow, with the important

difference that v is a time-dependent parameterization, making the equation
nonlinear (and interesting!).

(2.26)
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This flow is very well studied in the literature, also for nonsimple curves
and for spatial curves, and has a number of amazing properties. Any non-
convex curve becomes convex in finite time, enclosing a finite area [162],
and then it converges into a round point [150], that is, a point that, when
dilated, is a disk (a convex curve remains convex under this flow). Moreover,
the total curvature, given by

f |xc|dv,

decreases. The number of vertices and the number of local maxima of «
and y (when we are considering a local Cartesian system) decrease, and
the local minima increase. The number of inflection points also decreases.
Last, the order of curves enclosing is preserved. All these properties clearly
show that this is a perfect candidate for a geometric, Euclidean invariant
scale space. Figure 2.11 shows examples.

The evolution of the main geometric characteristics of the curve when it
evolves according to Eq. (2.25) is given by

,]; = _KSN9
N, = «,T,
area, = —2m,

length, = — f K*ds,

L 4 - d

Fig.2.11. Steps of the Euclidean geometric heat flow. Note how the objects are becoming
smoother.
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and

K = Ky — K.
The Euclidean heat flow can of course be combined with the constant
velocity flow to yield

C = +e)N.

As we have seen before, this is the flow introduced by Osher and Sethian to
study the numerical analysis of curve evolution theory. It was introduced to
the computer vision community in Refs. [204 and 206], in which its impor-
tance for shape analysis was studied. Note that in the level-set formulation,
this flow is

u, = (I +e)[Vul,
where, as we have seen before, the curvature of the level set is given by

u”uf — QU Uy Uy + Uy u?
(IVull)?

This level-set flow is well defined and well posed also for nonsmooth
curves, based on the theory of viscosity solutions [5]. This also means that
the geometric heat flow is well defined also for nonsmooth curves. We do
this by embedding the curve in the level-set framework and considering
the unique viscosity solution. Recall that, for a large class of embedding
functions, the evolution is independent of the exact form of the embedding.
Therefore the theory of viscosity solutions not only formalizes the level-set
framework but also allows for extensions of flows such as the heat flow to
nonsmooth curves. This will be true for all the curve and surface evolution
flows studied in this book.

Let us conclude the discussion of the Euclidean geometric heat flow with
a property that not only makes it very important in physics but that makes the
flow a star in shape segmentation as well. The flow is the gradient descent
flow of the Euclidean length

L= '(]4 dv,

and for this reason it is also called the Euclidean shortening flow.

K =

Affine Geometric Heat Flow

Itis time now to extend the Euclidean geometric heat flow to the affine group.
In other words, we want a flow that has the same smoothing characteristics
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of the Euclidean geometric heat flow, but that is invariant to affine transfor-
mations as well. We restrict ourself to the special affine group and follow the
developments in Refs. [15 and 346-348] (a completely different approach
for affine invariant scale spaces is given in Ref. [338, 341] whereas the basic
affine flow and its uniqueness, from the point of view of the viscosity theory
of PDEs, was also derived in the seminal paper of Ref. [5]). See also [11].
Following Eq. (2.26), we can obtain an affine invariant flow by means of

aC  9*C

o = 352 (2.27)
derivatives being taken now with respect to the affine arc length as introduced
in Chap. 1. Because the tangential component of the velocity does not affect
the flow, and

- _ _ 1/3 — _ KU =
N=C, =«'°N 3cn L
the affine invariant flow of Eq. (2.27) is geometrically equivalent to
aC -
= = k' PN (2.28)

Note that because affine differential geometry is not defined for nonconvex
curves the flow of Eq. (2.27), the affine geometric heat flow, is not defined
for nonconvex curves, whereas Eq. (2.28), which is geometrically affine
invariant, is defined for all planar curves. Therefore, by projecting the affine
velocity into the Euclidean normal, we have made the flow well defined.
Moreover, in spite of the fact that the flow is now also affine invariant, it has
the same complexity (same number of derivatives) as the Euclidean heat
flow. If we want to have a flow that is not just geometrically invariant, but is
invariant with respect to the parameterization as well, we need to keep the
tangential component and consider

aC "2—§ noninflection points
—{M fection ponts. (2.29)

atr |0, inflection points

A number of properties of the affine heat flow are presented below, show-
ing that it indeed defines a scale space. In Ref. [5] it is proved that this is
the unique affine flow that holds all the key properties of a scale space for
planar curves. This is also derived from the results at the end of this chapter,
which also show that this is the simplest possible affine invariant curve flow.
Note that this contrasts with the Euclidean case, in which the simplest flow,
constant velocity, did not define a scale space and created singularities.
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As in the Euclidean case, the affine geometric heat flow deforms any
simple nonconvex curve into a convex one and from there into an elliptic
point. All the deformation is smooth, without creating singularities or self-
intersections. The same basic properties, such as reducing the total curvature
and reducing the number of inflections, hold for this flow as well. All this
means that this flow defines a geometric affine invariant scale space. In the
rest of this section details are given on the flow for convex curves, that is,
on Eq. (2.27). The nonconvex case requires deeper knowledge of PDEs, not
provided in this book. Details can be found in Ref. [15]. Full details on the
convex case can be found in Refs. [346-348].

Basic Evolution of Geometric Characteristics. Evolution equations are
now presented for both affine and Euclidean invariants when the curve is
deforming according to the affine heat flow. With

g :=1C,. Cppl""°

as the affine metric, the following change in the order of derivation will be

useful later:
a0 913
atds 9t \gap

& 0 19 0 g 0 a0

g2dp  gatdp  gds  dsot

‘We now compute the affine metric evolution. We first note that

9g> [aC, aC,p
o= [?Cw} + [Cp’ ETH

aC, 0%C
=|—=,Cp | +|Cp, —|.
ap ap?
However,

aC; 9Cs;s
o] =[50
= [gcsss’ Cpp] = g[csssv gzcss - gchpss]

= _g3 [Cssv Csss] + g[csssv _gchpss]

= _gSIU“ + g[csssv _g3cxpm] = _gS,uv
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9°C,  9°C, 9 (9C,
ap>  ap*  dp \ dp

9 0
= %(gcm) = gg(gcsss)

= gZCSSSS —"_ ggSCSSS'

Further,
02C
|:Cp7 W;} = [gcs’ gzcssss + ggscsss]-

=—g'u.
Therefore

383 3

20 9,1

Y g

g 2

= = _—Zopu, 2.30

o 38H (2.30)

which gives the required evolution of the affine metric.
We can compute in a similar form the affine tangent evolution and affine
normal evolution:

Mg (2.31)
ar 3t ‘
AN 1 - 1 =
— = —uN- —pu,T. 2.32
ar  3H T3k (2.32)
Similarly

N, I

S — uN, — —p,,T. 2.33
5 M FH (2.33)

We now come to a crucial computation, namely the affine curvature
evolution. First note that

o 9 0Cs 0o
E = E[Cssa Csss] - [W? Csssi| + |:CSS’ at :| ‘

Consequently, by using the formulas above, we see that the affine curvature
evolves according to the following reaction-diffusion equation:

ow 4 , 1
g 234
ar —3M TRt (2.34)

Proposition 2.1. If u(p, 0) > 0, then u(p,t) > O.
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Proof: The proof of this proposition is a straightforward application of
the maximum principle described in Chap. 1. Let pp,(2) := inf{u(p, 1)}
Suppose that at some ¢ > 0, ppin(f) = 5,0 < B < min(0). Letzy := inf{z :
Umin(t) = B}. Then, B is achieved for the first time at w(py, tp). We have
that u, <0, u,p, >0, up, =0,and u = B > 0. Further,

Mss = Mpp(ps)2 + WUpDss = 0.

Then we have that the left-hand side of Eq. (2.34) is negative, whereas the
right-hand side is positive, which is not possible. This proves that iy, (?) is
a nondecreasing function. Therefore p(p, t) > Umin(f) > Umin(0) > 0. O

Remark: Using the strong maximum principle [150, 321, 328] we can prove
that segments of the initial curve C(p, 0) such that u(p, 0) = 0 disappear
immediately as the curve evolves, and the succeeding curves are strictly
elliptically curved (1 > 0).

Because C(¢) is a convex curve (see Theorem 2.1), we can express the
affine curvature evolution equation (2.34) by using the parameter 6, where
¢ is the angle between the affine tangent vector T and the x axis (ie.,
T = (cos 9, sin0)||T||). If we change the time parameter from ¢ to t, we
obtain

ou  du n ou 06
at It 90 ar’
Because
oT 1 7
or — 3"

6 does not change with time, i.e.,

30
Z=o.
ot

Therefore
oL ou
FI
and we can replace t with 7. Also,

Moo 8o
Mss = — = M9_3
8 8

where g is the affine metric for the parameter 6, i.e., g = [Cy, Coy]"/? = k=23
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(« is the Euclidean curvature). Then we obtain

dp 1 43 49
— = —u. 2.35
a7 = 3 Moo ¥ 9K Preops + FH (2.35)

We next compute the evolution of the affine perimeter L := 55 ds =
§ gdp. Indeed, noting that

9L ?{d
ot atgp P

we see from Eq. (2.30) that

oL 2 2
—=-= dp = —= ¢ uds, 2.36
a7 3?§gup 3y§ﬂ«s (2.36)

and in Ref. [348] it was proved that this expression is negative, meaning
that the affine geometric heat flow is an affine length-shortening process.

We now write an expression for the Euclidean curvature evolution. Let
k be the Euclidean curvature and p := 1/« be the Euclidean radius of cur-
vature. Therefore

(Cp. Co)** (G, gCy)*?

P, c T &
Then
p=1{C0.CY =T, (2.37)
LetC = (x, y)'. Then
p= (24",
?,—’j = %(xf +37)""” (sz aa);“ + 2y, aayt )

I L. 1.
= 3ITI(T, T,) = 3| TI(T, —3uT)

= —u| T, T) = —u| T

Hence
ap
o = (2.38)
ok 1 9p
ot p2ar’
aa_;; - % = k. (2.39)
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This equation was also used to numerically compute the affine curvature
w [136].

Theorem 2.1. The curve C(t) remains convex as it evolves according to the
affine heat flow.

Proof: In the case in which ©«(0) > 0, u(¢) > 0 (¢ > 0) immediately. Then
from the evolution equation of the Euclidean curvature (2.39), we see that
k(t) is a nondecreasing function, and because «(0) > 0 (C(0) is convex),
the curve remains convex.

If £(0) is negative on some segments, by using the maximum principle,
we can easily show that pus(?) is @ nondecreasing function (f4min(?) is de-
fined as in Proposition 2.1). More precisely, define fi(t) := u(t) — min(0).
Then f1(0) > 0, and, with the same argument as that in the proof of Proposi-
tion 2.1, fimin(?) is a nondecreasing function, and thus so is i, (#). There-
fore, in the worst case (see Eq. (2.39)), k(¢) decreases exponentially as
Kk (0) exp[tmin(0) t], never becoming zero (k(0) > 0). O

We now examine the Euclidean perimeter evolution. (See also Refs.
[12,13,150,162, and 204].) First, the Euclidean perimeter is defined as

1/2
L= % (x> +7) Pdp. (2.40)
Let
h=(xp+57)" = g2+ 30"
Then
h - oo e
o = &l T+ gl T T, T,
= 2Tl = e T T
= 38,“ 3g n
= —gulT|| = —ph,
at
= =¢ —d
5 = o Phdr= 7§ p-
Therefore

oL -
o= f il Tldp. (2.41)
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Remark: If p is nonnegative, we see immediately from Eq. (2.41) that the
Euclidean curve perimeter decreases as a function of time. If i is somewhere
negative, with the curve parameter p taken as the Euclidean arc length, the
affine curvature can be expressed as a function of the Euclidean curvature:

5 1
=K — §K—8/3(Kp)2 + gK_prp-

Using this formula in the integral in Eq. (2.41) and integrating by parts, we
find

f gulTlldp

is positive. Therefore the Euclidean perimeter decreases with time, even if
[ is somewhere negative.

Define the Euclidean curvature metric Y as Y := «h [203]. Then we
have the following elementary result:

Lemma 2.2. The quantity Y is conserved in the affine curve evolution.

Proof: Left as an exercise. [J

We now discuss the evolution of the area A®. First,

AP = % f [C,C,1dp, (2.42)

9A" 1

d 1 1

f[ct, Cp]dp = %[st’ gcs]dp = - f gdp =—L.

Then
gic.coap = gic.coap = fic. oy
= %[Cv gcwf]dp = f[c’ Csss]ds = f(xymx - yxsm)ds

= (xyss - yxss)|(15 - %(xsyss - ysxss)ds

= — f[CX,CN]ds = —%ds =—L.
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Consequently,

IAD
- =—L. (2.43)

Remark: If we take p (the curve parameter) as equal to v (the Euclidean arc
length), we obtain g = «'/3. Then,

L= %Klﬂdv.

Because the curve is convex (and remains convex in the affine curve evolu-
tion process), L is positive and the area decreases as a function of time.

We now turn to the affine isoperimetric ratio evolution. More precisely,
from the affine isoperimetric inequality introduced in Chap. 1, we have the
following result about the affine isoperimetric ratio:

Theorem 2.2. For ovals, the affine isoperimetric ratio
L)
AD(1)

is a nondecreasing function of time.

Proof: First note that

9 [ L] 3L°L,AY — L*A]
at | A [A]2

at
L? LAY

Then we have to prove that

LAY
3L = Gl
or
LAY

From Egs. (2.36) and (2.43) above, we obtain

=3L, = 2% uds,

LAY L2

A T A0
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Hence we must show that

L2
2¢‘Md5 < A0’

which is precisely the affine isoperimetric inequality presented in Chap. 1.
O

Remark: The above inequality is strictly negative if the curve is not an
ellipse [348]. Therefore the isoperimetric ratio increases when C(¢) is not
an ellipse.

Remark: If u(p, tg) = constant for some t, > 0, i.e., C(p, to) is an ellipse,
then
L2
2\% pLdS = m,

a L’
—|=1=0
ot | A®

This means that for all ¢ > #,, C(p, t) remains an ellipse:

L) L)

= = 872
A1) AO@)

Some of the above ideas are illustrated by the following example.

Example. An explicit example of affine curve evolution. Let C(p, 0) =
Co(p) (the initial curve) be an ellipse with affine curvature u(p, 0) = g
(constant) and Euclidean curvature «(p, 0). In our discussion below we will
sometimes set () = u(-, t), when the curve parameter is understood. Cy
is given by (see Ref. [53]):

Co— |:a cos(u'/%s)

. abu? =1, a,b>0.
b sin(ul/zs)j| avn “

From the last Remark, we know that the curve remains an ellipse as it
evolves. Then u,(f) = () = 0, and the evolution for the affine curvature
is given by Eq. (2.34):

— 4 2
we(t) = §M ().
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In this case, u(t) can be explicitly calculated to be

u(t) = M—f

1-— §M0[

We see from this equation that the curve exists for all ¢ € [0, %).
Next the Euclidean curvature evolution is given by Eq. (2.39):

Mo
= UK = ———K.
1 — ot
Then
K Ho
N 1— —,LL()I
()], = —v—,
1— —,LL()t
finGe)l, = —> |1 <1—‘—t t>
n(k)], = 4 n 3ﬂ0 t,
3 4
In[k(p, )] — In[k(p, 0)] = —Z|:ln <1 - §u0t> - 1n(1)j|,
and so
,0
k(p. 1) = L)W. (2.44)
(1= 3m0t)

Similarly, we may compute that
4 1/2
g(p.1) =g(p,0) (1 - 5#01) :

. 4 1/4
T(p, 1) =T(p,0) <1 - gllol) ,
N(p,0)

N(p.1) =
PO T )™

3
L(t)—L(O)( - —Mot) ,

A® 4 v
(1= 3/20) ()( —§M0l> )

where all the initial values can be expressed as functions of 1y and Cy.

From the above (see Eq. (2.44)), we see that Cy and C(¢) are related
by a similarity motion [51], i.e., a homothetic expansion with ratio «(t) =
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(1 — %po1)**, and perhaps a rotation. Symmetry considerations show that
rotation is not possible. Therefore the ellipse evolves in a homothetic man-
ner. The radii r;(z) and r,(r) of the ellipse C(¢) are given by

ri(t) = a(t)a,
() = a(t)b.

If, instead of looking at the curves C(z), we look at their normalized versions
c(t) [such that c¢(¢) encloses area ], which are defined as

[ T
C(t) = A(r—)(t)C(t)’

we see (as expected) that c(¢) = ¢(0) for all ¢ € [0, &).

Curve Convergence. In this section, we show that the family of convex
curves C(t), evolving according to the affine heat flow, converges to an
elliptical point in the Hausdorff metric. (This means that a certain associated
family of dilated curves converges to an ellipse. See below for the precise
details.) The technique we use is similar to that of Gage [148], who shows
that Euclidean curve shortening makes convex curves circular. Instead of
dealing with the convergence of the family of curves, we deal with the
convergence of the laminae enclosed by them. The term ellipse is used for
both the curve and its corresponding lamina. We assume throughout this
section that our curves are regarded as mappings S' — R? are C* and are
closed (i.e., the mappings are periodic). Once again, when the context is
clear, we set C(t) = C(-, ).

First, the definition of the Hausdorff metric is reviewed and the Blaschke
selection theorem is stated for completeness. See Ref. [227] for a complete
discussion.

Definition 2.1. Let S be a nonempty convex subset of R>. Then for given
8 > 0, the parallel body S;s is defined to be

Sy := U K(s, )

ses

where K(s,8) = {x :d(x,s) <38}, and d(-,-) is the ordinary Euclidean
plane distance.

Definition 2.2. Let S and R be nonempty compact convex subsets of R.
Then the Hausdorff distance between S and R is defined as

D(S,R):=inf{6 : S C Rsand R C S;}
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We see from the definition that if S C R, then D(S, R) =inf{§: R C
Ss}, 1.e., is the infimum of the values of § such that the boundary 9 R is
included in the annulus (S5\S) U 9§ (\ denotes complement).

We now list the following standard definitions.

Definition 2.3.

1. A sequence {S;} of compact convex subsets of R? is said to converge
(in the Hausdorff metric) to the set S if
lim D(S;, S) =0.

11— 00

2. Let C be the collection of nonempty compact subsets of R*. A sub-
collection M of C is uniformly bounded if there exists a circle in R?
that contains all the members of M.

3. A collection of subsets {S;} is decreasing if S, C S; forallt > t. In
the case of curve evolution, the collection of laminae H(t) associated
with the curves C(t) is called decreasing if H(t) € H(t) forallt > t.

We state the following well-known theorem (see Ref. [227] for a proof).

Theorem 2.3 (Blaschke Selection Theorem). Let M be a uniformly
bounded infinite subcollection of C. Then M contains a sequence that con-
verges to a member of C.

Next we list several elementary results for future use.

Lemma 2.3. A decreasing infinite collection of compact subsets in R* con-
verges in the Hausdorff metric to a set in R>.

Proof: Because a decreasing infinite collection S, C R? is uniformly
bounded, we see from the Blaschke selection theorem that the collection
contains a sequence S; that converges to So, C R? in the Hausdorff metric
(Seo C S; forall i, and Sy = [0y S)-

We have to prove now that all the collection converges to S, i.e., that
for all § > O there exists 7y(6) such that D(S,, S,) < & for all ¢ > 1,(5).
Because the sequence {S;} converges, for all § > O there exists iy(6) such
that D(S;, Soo) > 6 for all i > iy(8). From the decreasing property of the
collection, we have S;,; C S, C §; forall ¢ € [i, i + 1]. Then, if we choose
1(8) = ip(5), we obtain D(S;, Sy,) < 6 for all t > £,(5). O

Corollary 2.1. If a decreasing infinite collection of compact subsets in R>
has a sequence that converges to a set S, then all the collection converges
to S.
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Using these results, we proceed to prove the convergence of the family
of convex plane curves C(t) that satisfies the affine heat flow. We prove both
the convergence of the affine isoperimetric ratio to the value of an ellipse
(87?) and the convergence (in the Hausdorff metric) of the laminae enclosed
by the C(¢) to an ellipse. We assume that the family C() of closed C? curves
satisfying the affine heat flow is defined for the time interval [0, T').

Lemma 2.4. For convex laminae and their associated convex boundary
curves, as above, L (affine perimeter), A" (area), | (affine curvature), ry
(inradius), and R (circumradius), are continuous functionals with respect
to the topology induced by the Hausdorf{f distance.

Proof: The result is a direct consequence of properties of the Hausdorff
metric together with the bounded variation of smooth convex curves. O

Lemma 2.5. If lim,_,; A”(t) = 0 [where A")(t) denotes the area enclosed
by C(1)), then

. L?
;ILH} sup {L(t) |:2 f wuds — m(r):“ (2.45)
Proof: From the evolution equations developed above [see Egs. (2.36), and
(2.43)], we have

L’ L?
(4] Bfif- Eo]on

Suppose that in a neighborhood of T

L?
L(t) [Zf,uds 0 (t)]

for some € > 0. Then

L? L(t
= We _ _etinay,
A A(r)(,)
By integrating the latter inequality we obtain

3 3

oz 5t +eln [A”(1)] — el [AV(1)]. (2.46)
The left-hand side of inequality (2.46) < 872 by the affine isoperimetric
inequality, but the right-hand side goes to infinity (positive) as A“)(¢) goes
to zero. This contradiction proves the lemma. O
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For the next result, we need to define a certain functional on the space of
closed convex C? curves. We consider the closed convex sets defined by C
and —C;, and use an extension of the isoperimetric inequality presented in
Chap. 1 [348], which follows from the Minkowsky inequality for areas:

1 2
L?>>2A" f wds + Z( f Mds) (Ry — ro)*. (2.47)

Here ry and R, are the inradius and the circumradius, respectively. (The
inradius of a set Sy with respect to a second set S; is the largest real number
1o such that a translate of 7S] is inside Sy, and this holds similarly for the
circumradius.) Equality holds if and only if C is an ellipse. Equivalently,

L? > 24" f wds [1 + ﬁ( ?g uds)(Ro — r0)2i| ) (2.48)

Because u, A”, ry, and Ry are all functions of C, we can define the non-
negative functional

FC) = — ds (R 2 2.49
()'_SA(’) pds J(Ro — ro)”. (2.49)
Note that we can express relation (2.48) as
L2
2[1 + F(O)] f uds < yCh (2.50)

Finally, if F(C) = 0, then ry = Ry, and so C is an ellipse [348] (C and Cj;
are homothetic). Conversely, if C is an ellipse, then certainly F(C) = 0.
We now have the following lemma.

Lemma 2.6. The notation is the same as that used above. Let C; (i > 0) be
a sequence of closed convex curves such that
lim F(C;) = 0.

11— 00
Let H; be the lamina enclosed by C; for each i > 0. If the H; form a de-
creasing sequence, then the sequence {H;} converges to an ellipse in the
Hausdorff metric.

Proof: Because the H; form a decreasing sequence, the entire sequence
{H;} lies in a bounded region of the plane. Then the Blaschke selection
theorem ensures that a subsequence {H, } converges to a limit H.,. But
from Lemma 2.4, A®, 1, ry, and Ry are all continuous functionals of convex
sets. Hence the functional F is also continuous and F(H,) = lim(H;,) = 0.
Therefore H, is an ellipse. Because the sequence H; is decreasing, the entire
sequence { H;} converges to the ellipse in the Hausdorff metric. O
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Theorem 2.4. The family of convex closed curves C(t) that satisfies the
affine heat flow for t € [0, T) and with lim,_.; A" (t) = 0 satisfies
3
. = _ 2
zlgrrl 10 (t) = 8x~.
Moreover, C(t) converges in Hausdorff metric to an elliptical point as A"(t)
goes to zero (t — T).

Proof: From relation (2.50) we have

L2
Zy{uds—mf—ZFﬁuds.

L2
L(Zf,u,ds—x> < —ZFfds%pLds <0. (2.51)

From Lemma 2.5, there exists a subsequence C(¢;) of curves for which the
left-hand side of inequality (2.51) is greater than or equal to zero when
A")(t) goes to zero. Therefore F[C(t;)] tends to zero.

We have seen that the affine curve evolution process shrinks the curves
as time progresses. Therefore, if H(¢) is the lamina enclosed by C(z),
H(t) C H(t)ift > t. Thus the collection { H(t)} is decreasing and in par-
ticular the sequence { H(¢;)}. From Lemma 2.6, it follows that the sequence
of laminae H (t;) enclosed by the curves C(t;) converges to an ellipse Hy, in
the Hausdorff metric. From the continuity of L and A", the isoperimetric
ratio L3/A™) converges to 872 for this sequence. Because L¥/A® is a nonde-
creasing function of time in the affine evolution process [and is increasing
for nonelliptical C(1)], the ratio L>/A" converges to 872 (the value for an
ellipse) for the whole collection {C(¢)}.

To complete the proof, we have to show that the family H (¢) [the laminae
enclosed by the C(¢)] converges to H,, ast — T. This follows from the fact
that the collection { H(¢)} is decreasing. O

Then

Instead of dealing with the convergence of the family of curves {C(#)} and
their associated laminae {H (¢)}, we can consider the family of normalized
curves

c(t) = %C(z)

and their associated laminae A (¢) (with area i) (this was done by Gage in
Ref. [148] for the Euclidean case). This will allow us to make precise the
notion of an elliptical point.
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Definition 2.4. Two curves a and b in the plane (or their associated lam-
inae) are equivalent under the group of motions G (denoted by a = gb) if
there exists G € G such that a = Gb.

‘We assume that all the curves are centered around the origin of the Cartesian
axes, so we do not need to add a translation vector to the motion.

Examples.

1. G is the group of rotations. A given disk is equivalent only to itself.
Then the equivalence class of the disk contains only one member. Let
D denote the set of disks with area 7t (only one member, namely the
unit disk).

2. @ is the group of similarities [51]. All disks are in the same equiva-
lence class.

3. G isthe group SL,(R). All ellipses with the same area are in the same
equivalence class. Let £ denote the set of ellipses with area 7. [All
elements of £ are equivalent under SL,(R).]

Definition 2.5. A collection {S,} of compact convex sets in R? converges
in the Hausdorff metric to a collection of sets S, if {S,} is composed of
subsequences {S;, }, each one converging in the Hausdorff metric to an
element of S.

Because the function F(-) defined in Eq. (2.49) is an affine invariant, if
we have that lim;_, ., F(C;) = 0, then lim;_, ,, F(c;) = 0. Using the same
arguments as those given in Theorem 2.4 and assuming that {/;} is bounded
(instead of assuming that {H;} is decreasing), we can easily prove that the
sequence {h;} is composed of subsequences {#;, }, each one converging to
an ellipse of area w (F(c») = 0 if and only if c;o is an ellipse). Therefore
{h;} converges to elements of £.

Note that, in the Euclidean case, Gage [148] proves that the sequence of
normalized laminae converges to the unit disk, i.e., to the unique element of
D (see Lemma 2 in Ref. [148]). In the affine case, all the ellipses in the set £
are equivalent, and so convergence to £ in the affine evolution is analogous
to convergence to D in the Euclidean evolution.

More precisely, we check now the convergence of the normalized curves
{c(t)} when {C(¢)} satisfies the affine heat flow. Because H(t) C H(t) if
t > t, we can choose one of the points in the set

() H®
0<t<T

as the origin of the homothetic expansion [148] and obtain from {C(¢)} a
family {c(¢)} of bounded and normalized curves.
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Using similar arguments as those given in the proof of Theorem 2.4 and
the above discussion, we find that the affine isoperimetric ratio L3/A") con-
verges to 872, i.e., the value for an ellipse. We see therefore that {A(z)}
converges to the set &, i.e., it is composed of subsequences, each one con-
verging to an element of £. Because all the members of the set £ are equiv-
alent under SL,(R) (i.e., from the point of view of affine geometry), in this
sense {h(t)} converges to an ellipse, and the family of curves C(¢) converges
to an elliptical point.

Affine Evolution Existence. This section deals with the existence and the
smoothness of solutions of the affine heat flow. The methodology is similar
to that used for proving the existence of solutions of the Euclidean curve-
shortening process (see Refs. [149, 150, 162 , 163, and 204]). Once more,
when the context is clear, we will set C(¢) = C(-, t) and u(t) = u(-, t).

Lemma 2.7. If i is bounded in the interval [0, T'), then
"
as"

is also bounded in the interval.

, n>0,

Proof: From the affine curvature evolution equation (2.34),

o 4, 1
E—gﬂ +§/’Lss

and the relation between time and affine arc-length derivatives,
a0 2 9 a9
aros 3" Tasor
we obtain
d [ou

_2, .8 ]
9: \ s —3ﬂﬂs 3MM5 3Msss

_ 1o (o), 18 (on
=3 %) T3 \as )

This equation bounds the rate of growth of i, to exponential. Therefore
is bounded for finite time.

In general,

a (3" 8+ 2n " 192 [0"u

— = —— | — bounded t .
ot (aw) 3 “(w) T 3952 \ g ) T POURded terms

Thus 0" /ds" does not grow faster than exponentially, and so it is bounded
for finite time. O
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Lemma2.8. Ifisboundedfort € [0, T), 3"k /ds" (n > 0)isalso bounded
in the interval.

Proof: The proof is as in Lemma 2.7 by use of the Euclidean curvature
evolution equation (2.39). O

The evolution of wu(t) (Eq. (2.34)) is governed by a reaction-diffusion
equation [369]. If we take the initial condition

1(0) = po,

where o is bounded and smooth, then standard results in the theory of
reaction-diffusion equations guarantee short-term existence, boundedness,
uniqueness, and smoothness of the solutions of Eq. (2.34) [369]. Short-term
existence of the solution of Eq. (2.34) may also be obtained from standard
results on parabolic equations [181, 321]. We will use these results about
reaction-diffusion equations in what follows; the interested reader is referred
to any of the aforementioned references for the details.
We now state and prove the following:

Theorem 2.5 (Short-Term Existence). Ler C(-, 0) be a smooth, convex,
embedded closed curve in the plane R>. Then there exists an € > 0, and a
(classical) solution C : S' x [0, €) — R? for the affine heat flow.

Proof: The result follows directly from the short-term existence results
presented in Refs. [12, 94, 149, 150, 162 , 163, and 204]. (In some cases,
e.g., in Refs. [94, 150, and 162], long-term existence is also proved, but
short-term existence is enough for our purposes.)

More precisely, if v denotes the Euclidean arc length, then from Eq.
(1.10) we obtain

Cow 1, 8u(V)
g g
Note that if 7 and N\ denote the Euclidean unit tangent and normal, respec-

tively, then C, =7, C,, = kN, and g = «'/3. Therefore the affine curve
evolution equation can be expressed as follows:

C‘v s =

_ 13 Ky
C,=«'"PN — eV 7. (2.52)

As we have already seen before, in Lemma 2.1 the tangential component of
the velocity vector affects only the parameterization of the family of curves
in the evolution, not their shape [1, 149]. So the existence of the family of
curves is determined by the normal component of the velocity (k'3 \).



Geometric Curve and Surface Evolution 123

For equations of the form of Eq. (2.52) short-term existence may be
derived immediately from the results of Refs. [12,94, and 204]. For exam-
ple, Chow [94] proves, by using the same technique as that in Ref. [150],
short-term existence, uniqueness, and smoothness of the solution of a sys-
tem defined by convex hypersurfaces deforming by means of an exponential
function of their Gaussian curvature (see Theorem 2.1 in Ref. [94]). Theo-
rem 2.5 may be obtained as a special case of this result for 1D curves and
an exponent equal to §. [

Theorem 2.6. There exists a time T such thatfort € [0, T), the affine curve
evolution process,

aC

3 Css

, (2.53)
C(0) = Cy, Cy smooth and closed

is equivalent to looking for a solution of the following PDE problem:

we C3+rx,l+a(Sl X [0’ T))
w(0) = w(Cy) = o (bounded, smooth, and periodic).

Proof: Let €| be the time given in Theorem 2.5 and ¢, be the one given by
the short-term solution of PDE problem (2.54). Define T := min{e,, €,},
and consider the time interval [0, 7). From the affine curvature evolution
equation (2.34), if a curve C(¢) satisfies the affine curve evolution (2.53),
the corresponding affine curvature w(¢) satisfies PDE problem (2.54).

Let n*(¢r) be a solution of PDE problem (2.54). From the preceding
results on reaction-diffusion equations, this solution exists and is unique in
[0, T'). The affine curvature w*(¢) defines, up to an affine transformation,
unique curve X *(¢) [53]. Therefore the family of solutions p*(¢), ¢ € [0, T)
determines a unique family of curves X*(¢), 7 € [0, T'). Because p*(¢) is also
the affine curvature of C(¢), which satisfies the affine curve evolution process
given by Eqgs. (2.53), C(¢) and X*(¢) are equal (up to an affine motion) for
allt € [0, 7). O

We proceed now to prove that w(¢), which satisfies PDE problem (2.54)
in the interval [0, T), is bounded as long as the area A (¢) enclosed by
the correspondent curve C(r), which satisfies the affine evolution process,
is bounded away from zero. A result similar to the following lemma was
proved by Grayson in Ref. [162] for the Euclidean curve evolution process.
We prove it now for the affine evolution process.
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Lemma 2.9. If u(t) satisfies affine curvature evolution equation (2.34) for

[0, T), and
%,u(t)ds

F(5)

is also bounded in the interval.

is bounded, then

Proof: Using affine curvature evolution equation (2.34) and the relation
between the derivatives by time and affine arc length, we obtain

3 )\’ du\ 0 (9 )\’
Zh( ds:%Z—M——M—i-&—M ds
at as as ) dt \ 0s g \ ds
au\ 9 (9 )\’
:%2 el WY e W (A T N
as ) ds \ ot g \ os
au\ 0 [(op\ 2 [oum\’
=¢p2(=) = (=) +Zu(=) ds
% (8s>8s(8t>+3'u<8s> y
Integrating by parts and using Eq. (2.34), we obtain
9 '\’ an\ [\ 2 (o)’
—d(=)ds=¢2(—=)(==)+Zu(=)d
a1 <8s> S 7§ (8t>(8s2 HELA T A
4 1021\ (92w 2 [op)’
=¢ 2=+ ) (== )+Zu(=) d
7§ <3“+3as2>(as2>+3“(as> S

—?g 2( )’ 82 +2 (145)7d.
= —SWMss) — 5 5 > s S
31 FHH S Hu

2
_ f 2 0a0? + 61 s,

Because 95 wnds is bounded by hypothesis, we can find U such that

1
/ uds < —,
us=U 9L

where L is the initial affine perimeter. The part of the curve with . < U is
bounded as

/ 6u(ps)’ds < 6U f (145)°ds.
n<U
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Where u > U, we have

2
/ 614(11,)ds < 6 sup(u,)’ / jds < —-sup(js,)
u>U u>U 3L

The supremum of a differentiable function that is somewhere zero is less
than or equal to the integral of the absolute value of its derivative. It is well
known (see, e.g., Ref. [53]) that an oval has at least six sextactic points, i.e.,
points where u; = 0. Hence,

2
sup()? < [f |uss|ds] < L®) f (s s < L(0) f (e,
Then
fwws)z <6U f (e Yds + % f (e ds

9 an\’ '\’
— el ds < 6U¢ el ds.
dt as as

Therefore the growth of ¢ (i—‘;)z ds is at most exponential in 6U. O

and

We will also need the following:

Lemma 2.10. If f w(t)ds is bounded and u(t) satisfies affine curvature
evolution equation (2.34) fort € [0, T), then u(t) is bounded in the interval.

Proof: Because § pds is bounded, for every § > 0 we can find a constant
M (65) such that © < M, except on intervals [a, b] of length less than §. On
such an interval, we obtain

* 9
w() = (@) + / ay
. O

<M++35 V (2—’:>zds}l/2

< M + /3B,

where B is the bound given by Lemma 2.9. O

Lemma 2.11. If u(t) satisfies PDE problem (2.54) in the time interval [0, T')
and the area A"(t) enclosed by the corresponding curve C(t) is bounded
away from zero for all t € [0, T), then the affine curvature u(t) is bounded
in the interval [0, T).
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Proof: We use the affine isoperimetric inequality. Indeed, because L(t) <
L(0) and A”(¢) is bounded away from zero, i.e., AV(t) > A"”) > 0, we

obtain
L*(0)
puss <o

Therefore, from Lemma 2.10, we see that w(¢) is bounded in the interval.
O

We are now ready to prove the following:

Theorem 2.7. The solution to PDE problem (2.54) (and so to the affine
curve evolution process) continues until the areas A" (t) enclosed by the
curves C(t) go to zero.

Proof: As long as the area is bounded away from zero, p is bounded
(Lemma 2.11), and bounds on all its derivatives 9" /ds" can be obtained
by means of Lemma 2.7. By using Eq. (2.34), we can also obtain bounds
on the time derivatives. Suppose the solution exists for ¢ € [0, T') (this as-
sumption is valid from the short-term results; for example, choose T as
in Theorem 2.6). Assume that lim,_,;7 A”(¢) > 0. Then, u(¢) has a limit
as t — T, and the limiting curve, say C(T), is also smooth (see also
Ref. [369]).

From the short-term time results (Theorems 2.5 and 2.6), the solutions
wu(t) and the corresponding C(r) exist also for some interval [T, T + €),
€ > 0. This process can be continued until the area A" () goes to zero. [

Convergence of Elliptically Curved Ovals. Bounds on the convergence
time of elliptically curved curves are now presented. Assume that u(p, 0),
the affine curvature of the initial curve C(p, 0), is positive everywhere, i.e.,
u(p,0) > 0 forall p. From Proposition 2.1, we know that also u(p, t) > 0
fort > 0.

Let w,, and wy be the minimal and the maximal affine curvature of
C(p, 0), respectively (i.e., the minimal and the maximal values of the func-
tion u(p,0)). u, determines the greatest osculating ellipse of C(p, 0),
E.(p, 0), which entirely contains the curve. ), determines the smallest os-
culating ellipse of C(p, 0), Ey(p, 0), which is contained entirely in the curve.
In particular, £y (p, 0) C C(p, 0) C &,.(p, 0). If these three initial curves
evolve according to the affine evolution equation, it is easy to show that
also Ey(p, 1) CC(p, 1) C EL(p, 1) [328, 4111 (Ey(p,t) and &, (p, 1) are
not necessarily the smallest and the greatest osculating ellipses of C(p, t)).
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Then the convergence time of C(p, 0) is bounded by the convergence times
of Ey(p,0) and E,,(p, 0).

The convergence time of an ellipse with affine curvature 1y was found
to be equal to [3/(4uo)]. Therefore the convergence times of £(p, 0) and
En(p,0) are [3/(4up)] and [3/(4ie.,)], respectively. If Te stands for the
convergence time of C(p, 0), we conclude that

Remark: If u(p, 0) = 0 on some intervals, then u(p, t) (fort > 0) becomes
strictly positive immediately. Thus the bounds presented above are also valid
for initial curves with nonnegative affine curvature.

Comments and Affine Level-Set Motion. This concludes the analysis of
the affine heat flow for the convex case. The full analysis of the nonconvex
case, extending the results in Ref. [162], is presented in Ref. [15]. Once
again, when dealing with the nonconvex case we use the projected flow

C, =«'"PN,

which in level set form is

1/3 2 o 1/3
u, = k3| Vu| = (u”uy — 2uxuyuxyuyyux) ,

which is again well defined from the theory of viscosity solutions. Note also
that, in comparison with the corresponding Euclidean flow, the denominator
is gone, making the numerical implementation of this flow more stable.

2.5.3. Length- and Area Preserving Flows

When we are smoothing a planar shape or computing a multiscale repre-
sentation of it, we do not want its area, length, or other basic geometric
properties to change; we just want the noise and the details removed. The
problem of smoothing without shrinkage was addressed in the literature
as well [185, 244, 275]. This problem has been addressed for Gaussian
filtering, and it tends to reduce the shrinkage but not totally eliminate it.
In many cases also, the solution violates the semigroup property of scale
spaces or it works only for convex curves. We now show how to preserve
the length or area for the geometric heat flows while keeping the scale-space
characteristics of the flow.
When a curve evolves with the flow

Ct=ﬂ-/\7,
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the area A changes according to

A, =—‘¢.,8dv.

In the case of the Euclidean heat flow then,
A, = —2m,
that is,
A(t) = Ay — 2mt,

where Ay is the area enclosed by the original curve. The basic idea to
preserve the area of the evolving curve is to compute a new curve

C(x) == Y ()C),

where v/ (1) stands for a normalization factor. Let us select ¥2(¢) = (37 /0t).
The new time scale T must be chosen to obtain a fixed area, that is, A, = 0.
Then, having T = Ay /2w, let

t(t) = —T In(T —1).

Because the ratio between the areas of C and C is ¥(t) = (dt/0dt), we obtain
the desired result of constant area with this selection. We need now to find
the evolution for the dilated curve, which is easily obtained:

C~r = trét = wiz(wrc + '(//C,)
= Y2 C 4 vicN) = 3y, C + ' N

Because tangential velocities do not affect the geometry of the flow, we
obtain

=

Co=v U (C NN +&
Considering the support function

P = _(C7-/C/‘>7

1
Azifpdv.

it is easy to show that
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Applying the last three equations to the general area change formula for C,
together with the condition A, = 0, we obtain

aC o\ -

=k = _’0 N ,

daT A()

as the area-preserving geometric scale-space (Euclidean invariant).
In the affine case, we have that

A = —flcmdv.

0T
ot

In this case we consider

Y =

s

and, repeating the calculations above, we find that the area-preserving affine
geometric scale space is given by

aé = 1/3 o
o (x5 _ s’ N.
ot 2A0

We can repeat the computations to obtain flows that preserve the Eu-
clidean perimeter. From the relations

where P stands for the Euclidean perimeter, it is easy to show that the
corresponding perimeter-preserving flows are given by

oC _ <5 ~ fﬂ;z@ﬁ) i

at P,

2.6. Euclidean and Affine Surface Evolution

We want now to extend the basic concepts described above for curves to
surfaces, at least to surfaces S in three dimensions. Unfortunately, as we
will see, this is not straightforward and not always possible. For details
see [20,116,117, 156,164, 188-190,277-280,373,395-397].
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Of course, the constant-velocity flow is straightforward to extend, and
this is just
S -
5= N,
where A is the inner normal to the surface. This gives 3D erosion, and
when the sign is reversed it will produce the dilation of S. As in the 2D
case, these flows produce shocks (singularities) and can change the topology
of the evolving surface.
Having the constant-velocity flow, the next step if to find an analogous
of the Euclidean and affine geometric heat flows. Here is where problems
begin. A general geometric surface flow has the form

IS

==
that is, the velocity is a function of the mean and Gaussian curvatures (or
just a function of the principal curvatures). For example, in analogy to
minimizing length (C; = ), we want to minimize surface area

ff

obtaining the gradient descent flow

3 _un,

ot
mean curvature motion. In contrast with the Euclidean geometric heat flow,
this surface deformation can create singularities. Indeed, it deforms a convex
surface into a round point (sphere) [94], but nonconvex surfaces can split be-
fore becoming convex. Examples of topological changes for the mean curva-
ture flow in three dimensions can be found in the literature, being the classi-
cal example the deformation of a dumbbell. Flows deforming as functions of
the Gaussian curvature suffer from the same problems. In particular, the flow

IS (KA

5 = KD N,
where K* := max{K, 0}, which is the simplest affine invariant surface
flow (see below and Refs. [5, 74, and 286]), behaves better than the mean
curvature flow, but still can create singularities and topological changes
for generic 3D shapes. (All these flows, when embedded in the level-set
function u : R* — R, do have a unique viscosity solution.)

So, can we do better? Indeed we can, but we need either to limit the class

of surfaces or increase the complexity of the flows. To obtain a flow that
smooths a generic 3D surface, we need to go to more complex flows. For

BH, K)N,
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example, in Ref. [316], Polden studies the flow that minimizes

// K’da,

that is, the tension of the surface (the analogous flows were studied in two
dimensions as well, [ k2ds). This energy, which is in general normalized to
keep a constant volume, has a high-order-corresponding gradient descent
flow (second derivative of the mean and the Gaussian curvatures, a fourth-
order flow then) and deforms the surface into a sphere [316].

We can also obtain positive smoothing results with just second-order
flows if we limit the surface, for example, to be a function; see, e.g., Ref.
[116]. This is not very useful for generic 3D shapes, but it is important for
smoothing images; see Chap. 5.

2.7. Area- and Volume-Preserving 3D Flows

We now repeat the computations on shrinkage-free curve flows for surface
deformations [349]. When a closed surface S evolves according to

S -
== BN, (2.55)

it is easy to prove that the enclosed volume V evolves according to

v
5= / Bda (2.56)

and the surface area A evolves according to

BA— Hd 2.57
E__/:/\:B a, ( )

where da is the element of area. As we have seen for the curve flows, one of
the advantages of performing operations such as smoothing with geometric
flows of the form of Eq. (2.55) is exactly that the change of geometric
characteristics can be computed a priori. These evolution equations, together
with the simple relations

V=%//(SJ\7)<1M,

A= %//ms,/\?}du,

will help in the construction of geometric flows that preserve V or A, that is,
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nonshrinking flows. The possibility of doing this was already pointed out,
for example, in Ref. [188].

As in the curve flows, the normalization process is given by a change of
the time scale, from ¢ to t, such that a new surface is obtained by means of

S() := Y1) S@), (2.58)

where 1/ (¢) represents the normalization factor (time scaling) and is given by

iy = 2.59
v = o (2.59)
The exponent n is such that 1/ "' 8 = . One of the advantages of this kind
of normalization is that the behavior of S(7) is the same as that of S(7), that
is, both surfaces have the same geometric properties. This means that the
basic geometric characteristics of the flow of Eq. (2.55) hold for S(z)as well.

The new time scale 7 must be chosen to obtain V, = 0 or A, = 0. The
evolution of S is obtained from the evolution of S and the time scaling
given by Eq. (2.59). Taking partial derivatives in Eq. (2.58) we have

S 9t dS
—=——=vy"WS S
57 — 37 1 VWS + ¥ S)
= l[’_nl/ftS + 1/’_n+]/3-/\[ = 1/f_n\/ftS + lgN = ‘/f_n_l‘//ts + 5N
Because the geometry of the evolution is affected by only the normal com-
ponent of the velocity, the flow above is geometrically equivalent to

aS

o =V S NN+ BN (2.60)
Define again the support function p as
P = _<S’ -/\_}/‘>7
obtaining
S -~
P Wb+ PN, 2.61)

Therefore the rate of change of volume V of S is given by

V,=- //(W_"_ll/fzﬁ +/§)dﬂ'

If we require that V, = 0, then

vy, // pdji = —/ Bdp.
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Therefore, because

- 1
V() =V() = 5// pd,

we obtain
—n—1 _ff lgdﬂ
w wt - 3V0 )
and
08 _(; Bl Ban
o = (ﬂ 3V, )N , (2.62)

gives the volume-preserving alternative to Eq. (2.55). In the same way, the
area-preserving flow is given by

0§ _(, B[ PHARY -
¥_<,3— A )N. (2.63)

The table in Fig. 2.12 gives the corresponding nonshrinking flows for a
number of velocities 8 frequently used in the literature.

Note that the volume-preserving flow for the Gaussian velocity is local
because the rate of volume changing is constant. The last flow is the unique
affine invariant well-posed flow for 3D surfaces; see below. Figure 2.13,
produced in collaboration with R. Malladi, shows an example of volume-
preserving smoothing by means of curvature flows.

[ B |  Volume-Preserving Flow | Area-Preserving flow |
A\ o Hdp\ o
I s=(1-&5)N s =(1- LN
- 2 -
H S = (M- 2L ) & S = (H- 2L N
4\ o KHdp\
K S5 =(K-52) N S = (K- 2Lppe) i
KA | s = (K1/4 -~ pflefdﬂ)'A*/— S = (K1/4 _ pffK]fHdu)/\*/
+ = + 3Vo t = + 2A¢

Fig. 2.12. Area- and volume-preserving flows for a number of 3D geometric evolution
equations frequently used.
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Fig. 2.13. Geometric smoothing with a volume-preserving flow.

2.8. Classification of Invariant Geometric Flows

We have seen two Euclidean invariant flows for planar curves (constant
velocity and geometric heat flow) and one affine invariant flow (affine geo-
metric heat flow). We have also seen corresponding flows for hypersurfaces.
We can now ask the following questions: (1) Are these the simplest flows that
achieve the desired properties? and (2) for another group, how can we find the
corresponding geometric heat flow and make sure that it is the simplest pos-
sible flow for the group. These questions were answered in Refs. [284-286]
based on Lie group theory. The main results are presented now.

In the same way as we have a Euclidean and an affine arc length, for
every transformation group we have a parameterization that is intrinsically
an invariant to the action of the group. This is the group arc length, dr, which
is a nontrivial invariant one-form of minimal order. From it, the group metric
g is defined by the equality

dr = gdp

for any parameterization p.

With this in mind, we are ready to generalize the Euclidean and the affine
geometric heat flows. Recall that C(p,t): S' x [0, T) — R? is a family
of smooth curves, where p parameterizes the curve and ¢ is the family.
(In this case, we take p to be independent of 7.) Assume that this family
evolves according to the following evolution equation, denoted as invariant
geometric heat flow:

aC(p.1) _ 9*C(p.1)
ar  oar2

C(p,0) = Co(p).

(2.64)
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If the group acts linearly, it is easy to see that because dr is an invariant
of the group, so is C,,. C,, is called the group normal. For nonlinear actions,
the flow of Eqs. (2.64) is still invariant, because, as pointed out in Chap. 1,
d/dr is the invariant derivative.

We have just formulated the invariant geometric heat flow in terms of
concepts intrinsic to the curve and group itself, i.e., based on the group arc
length. Recall that only the normal component of C,, affects the geometry
of the flow. If v stands for the Euclidean arc length, then,

2 2
9C_19C 2 € (2.65)
orz  g2ov: g3 ov
where g is the group metric defined above. (In this case, g is a function of
v.) Now, using the relations

Cow=«N, C, =T,
we obtain

K
B =, (2.66)

where o and S are the tangential and the normal velocities, respectively.
In general, g(v) in Egs. (2.66) is written as well as a function of « and its
derivatives

Formulations (2.64) give a very intuitive formulation of the invariant
geometric heat flow. The flow is nonlinear because the group arc length r is
a function of time. This flow gives the invariant geometric-heat-type flow
of the group and provides the invariant direction of the deformation. For
subgroups of the full projective group SL(R, 3), we show below that the
most general invariant evolutions are obtained if the group curvature x and
its derivatives (with respect to arc length) are incorporated into the flow:

0C(p.1) _ \y( dx anx) 92C(p, 1)

PUEEEEEREY 5 2.67
ot or ar” or? ( )

C(p,0) = Co(p),

where W(-) is a given function. Because the group arc length and the group
curvature are the basic invariants of the group transformations, it is natural
to formulate Eqs. (2.67) as the most general geometric invariant flow.
Because we can expressed the flow of Egs. (2.64) in terms of Euclidean
properties, we can do the same for the general flow of Egs. (2.67). All we
do we have to do is to express x as a function of x and it derivatives. We
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do this by expressing the curve components x(p) and y(p) as functions of
« and then computing .

Let us first note that, as before, locally we may express a solution of Egs.
(2.64) as the graph of a function y = y(x, 1).

Lemma 2.12. Locally, the evolution of Egs. (2.64) is equivalent to

dy 1%

ar g% ox?’
where g is the G—invariant metric (g = dr/dx).
Proof: Indeed, locally the equation

Ct = Crr’
becomes
Xt = Xpers Yt = Yrr-
Now y(r, t) = y[x(r, t), t], so that
Ve = WVuXe T Vis Yor = yxxxrz + ViXrr.

Thus

Vi =Yt — VxXt = Yrr — VaXpr = xfyxx-

Therefore evolution equations (2.64) reduce to

y),‘ = g_zyXX3
asdr = gdx. O

We can now state the following fundamental result:

Theorem 2.8. Let G be a subgroup of the projective group SL(R, 3). Let
dr = gdp denote the G-invariant arc-length and x denote the G-invariant
curvature. Then

1. every differential invariant of G is a function

dy d’x dry
IN\x,— —, ..., —
dr ' dr? drn

of x and its derivatives with respect to arc length and

2. every G-invariant evolution equation has the form
ou 1 0%u
— =, (2.68)
or g2 ox?
where I is a differential invariant for G.
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We are particularly interested in the following subgroups of the full projec-
tive group: Euclidean, similarity, special affine, affine, full projective. (See
the discussion below for the precise results.)

Corollary 2.2. Let G denote the similarity, special affine, affine, or full
projective group (see remark on the Euclidean group below). Then there is,
up to a constant factor, a unique G-invariant evolution equation of lowest
order, namely

du ¢ 9%u
ar g2 ox?’
where ¢ is a constant.

Part 1 of Theorem 2.8 (suitably interpreted) does not require G to be
a subgroup of the projective group; however, for part 2 and the corollary
this is essential (see surfaces section below for an extension). We can, of
course, classify the differential invariants, invariant arc lengths, invariant
evolution equations, etc., for any group of transformations in the plane, but
the interconnections are more complicated. See Lie [233] and Olver [283]
for the details of the complete classification of all groups in the plane and
their differential invariants.

As explained before, the uniqueness of the Euclidean and affine flows was
also proven in Ref. [5], in which a completely different approach was used.
In contrast with the results here presented, the ones in Ref. [5] were proven
independently for each group, and when a new group was considered, a new
analysis had to be carried out.

Proof of Theorem 2.8: Part 1 follows immediately from the results on Lie
groups in Chap. 1, and the definitions of dr and x. (Note for a subgroup of
SL(R, 3) acting on R?, we have that each differential invariant of the order
of k is in fact unique.)

As for part 2, let

v =§&(x,u)ox + @(x, u)d,

be an infinitesimal generator of G, and let pr v denote its prolongation to
the jet space. Because dr is (by definition) an invariant one-form, we have

v(dr) = [pr v(g) + g D:& Jdx,
which vanishes if and only if

pr V(g) = _ngg = _g(é:x + ux%-u)- (269)
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Applying pr v to evolution equation (2.68) and using condition (2.69), we
have (because £ and ¢ do not depend on ¢)

pr V[ut - gizuxxl] = (% - ux%-u)ut - 2872(‘5;:)( + uxéu)uxxl
— g pr V[uy ) — g Punpr v[I1.  (2.70)

If G is to be a symmetry group, this must vanish on solutions of the equation;
thus, in the first term, we replace u, with g~2u,,I. Now, because G was
assumed to be a subgroup of the projective group, which is the symmetry
group of the second-order ODE u,, = 0, we have that pr v[u,,] is a multiple
of u,,; in fact, inspection of the general prolongation formula for pr v (see
Chap. 1) shows that in this case

pr V[uxx] = (% - 2SA - 3§uux)uxx- (271)

(The terms in pr v[u,,] that do not depend on u,, must add up to zero,
owing to our assumption on v.) Substituting Eq. (2.71) into Eq. (2.70) and
combining terms, we find

prviu, — g 2u 11 = g 2u,prvil],

which vanishes if and only if pr v[/] = 0, a condition that must hold for
each infinitesimal generator of G. But this is just the infinitesimal condition
that I be a differential invariant of G, and the theorem follows. O

The Corollary follows from the fact that, for the listed subgroups, the
invariant arc length » depends on lower-order derivatives of u than those of
the invariant curvature y. (This fact holds for most (but not all) subgroups
of the projective group; one exception is the group consisting of translations
in x, u and isotropic scalings (x, u) — (Ax, Au).) For the Euclidean group,
itis interesting to note that the simplest nontrivial flow is given by (constant

motion)
u, =cy/1+u2,

where c is a constant. (Here g = /1 + u2.) In this case the curvature (the
ordinary planar curvature «) has order 2. This equation is obtained for
the invariant function / = 1/«. The Euclidean geometric heat equation is
indeed given by the flow in the Corollary. The orders are indicated in the
following table:
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Group Arc Length  Curvature
Euclidean 1 2
Similarity 2 3
Special affine 2 4
Affine 4 5
Projective 5 7

The explicit formulas are given in the following table:

Group Arc Length Curvature
Euclidean m dx W

imilari Uy dx (2t —3ucu?,
Similarity ) e

Special affine (uxx)l/de

_ Py
(ue)¥3

/P
Affine T\'A dx (Pfﬁ
3
Projective (GO .

Uxx (P5)3/3

Here

2
Py = 3uxxuxxxx — Su

XXX

3

xXxx’

P5 == 9”!/%): Uxxxxx — 45uxxuxxxuxxxx + 40”
1

P, = guﬁx [6PsD2Ps — 7(D, P5)*] + 2ttt Ps Dy Ps
—(9u”u,(”)c — 7uixx) P52.

This concludes the general results on invariant curve flows. The Eu-
clidean and affine heat flows were described in detail before in Section 2.5.
The projective flow is studied by Faugeras and Keriven [134, 135], and the
similarity flow is be presented at the end this section. However, before that,
the extension of the above results to surfaces is presented.

We can write the general form that any G—invariant evolution is n inde-
pendent and must have one dependent variable. Thus, for n = 1, we get the
family of all possible invariant curve evolutions in the plane under a given
transformation group G and, for n = 2, the family of all possible invariant
surface evolutions under a given transformation group G.
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We let
w=gdx" A . Adx"

denote a G—invariant n—form with respect to the transformation group G act-
ingon R". Let E(g) denote the variational derivative of g. We consider forms
only such that E(g) # 0. We call such a g a G—invariant volume function.

Theorem 2.9. Notation as above. Then every G—invariant evolution equa-

tion has the form

-
E(g)

where 1 is a differential invariant.

u; 1, (2.72)

Theorem 2.10. Suppose G is a connected transformation group, and gdx
a G-invariant n-form such that E(g) # 0. Then E(g) is invariant if and only
if G is volume preserving.

It is now trivial to give the simplest possible invariant surface evolution.
This gives for example the surface version of the affine shortening flow for
curves. This equation was also derived with completely different methods
by Alvarez et al. [5].

We define the (special) affine group on R as the group of transformations
generated by SL3(IR) (the group of 3 x 3 matrices with determinant 1) and
translations.

Let S be a smooth strictly convex surface in R?, which we write locally
as the graph (x, y, u). Then we can compute that the Gaussian curvature is
given by

2
xy

(1 +u? +u2)*

Ugxlyy — U

From Ref. [39], the affine invariant metric is given by

g =K 1 +u?+ul,

g = K1/4,/detg,-j,

where g;; are the coefficients of the first fundamental form.)
We now have the following Corollary.

(We can also write

Corollary 2.3. Notation as above. Then

up = K" 1+ u? + u, 2.73)
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(for c, a constant) is the simplest affine invariant surface flow. This corres-
ponds to the global evolution

S, = cK'*N, (2.74)

where /\7 denotes the inward normal.
We call the evolution
S, = K'/N, (2.75)

the affine surface flow. Note that it is the surface analog of the affine heat
equation.

2.8.1. Similarity Heat Flow

Let us conclude this chapter with an example of these results, computing the
geometric heat flow for the similarity group (Euclidean group plus dilation),
considering only convex planar curves. It is easy to see that the angle 0
between the tangent and the fixed coordinate system is a similarity invariant
parameterization and then the similarity arc length. The heat flow is then

aC  9%C
o 902
By using the relation (df/dv) = k and projecting this velocity into the
Euclidean normal, we obtain the geometrically equivalent flow
aC 1 -
Instead of looking at this flow, which can develop singularities, we invert
it and look at

(2.76)

aC 1 -
&N,
ot K
For this flow we obtain the following evolution equations:
,f; = _K_EN7
K
N,=%T,
K

1
A, = @ —dv,
K
1
Ke = — | — — K,
K v
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Itis also easy to prove that the convex curve remains convex and smoothly

deforms toward a disk [345].

11.

Exercises

. Compute the Euclidean tangent, normal, and curvature of a planar graph

y=yk,1).

. Repeat the exercise above for the affine tangent, normal, and curvature.
. Prove all the evolution equations for the tangent, normal, and curvature

evolutions for the Euclidean and the similarity heat flows.

. Show that the gradient descent flow of the surface-area-minimization

problem is given by mean curvature motion.

. Using the level-set approach, implement the Euclidean and the affine

geometric heat flows and the Euclidean constant velocity flow. (When
the Matlab, Maple, or Mathematica programming languages and their
level-set-finding capabilities are used, a simple implementation can be
quickly obtained).

. Show that the Euclidean geometric heat flow is the gradient descent of

the Euclidean length.

. Prove the formulas for the perimeter-preserving flows.
. Which geometric flows have corresponding perimeter-preserving flows

that are local?

. Implement the 3D surface flows introduced in this chapter.
10.

For the curve flow with constant Euclidean velocity, implement the
fast-marching method and the narrow-band method and compare their
speeds with the direct level-set implementation.

Consider a graph from R? to R, for example, an image, and apply to
it mean and Gaussian curvature flows. Note of course that, in order to
keep the graph characteristic of the shape, the normal velocity must be
projected onto the vertical (z) direction.



CHAPTER THREE

Geodesic Curves and Minimal Surfaces

In this chapter we show how a number of problems in image processing
and computer vision can be formulated as the computation of paths or
surfaces of minimal energy. We start with the basic formulation, connecting
classical work on segmentation with the computation of geodesic curves in
two dimensions. We then extend this work to three dimensions and show the
application of this framework to object tracking and stereo. The geodesic or
minimal surface is computed by means of geometric PDEs, obtained from
gradient descent flows. These flows are driven by intrinsic curvatures as
well as forces that are derived from the image (data). From this point of
view, with this chapter we move one step forward in the theory of curve
evolution and PDEs: from equations that included only intrinsic velocities
to equations that combine intrinsic with external velocities.

3.1. Basic Two-Dimensional Derivation

Since the original pioneering work by Kass et al. [198], extensive research
has been done on “snakes” or active-contour models for boundary detection.
The classical approach is based on deforming an initial contour Cy toward
the boundary of the object to be detected. We obtain the deformation by
trying to minimize a functional designed so that its (local) minimum is
obtained at the boundary of the object. These active contours are examples
of the general technique of matching deformable models to image data by
means of energy minimization [38, 387]. The energy functional is basically
composed of two components; one controls the smoothness of the curve
and the other attracts the curve toward the boundary. This energy model is
not capable of handling changes in the topology of the evolving contour
when direct implementations are performed. Therefore the topology of the
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final curve will be as the one of Cy (the initial curve), unless special proce-
dures are implemented for detecting possible splitting and merging [238,
256, 379]. This is a problem when an unknown number of objects must be
simultaneously detected. This approach is also nonintrinsic, as the energy
depends on the parameterization of the curve and is not directly related to
the object geometry.

As we show in this chapter, a kind of reinterpretation of this model
solves these problems and presents a new paradigm in image processing: the
formulation of image processing problems as the search for geodesic curves
or minimal surfaces. A particular case of the classical energy snake model
is proved to be equivalent to finding a geodesic curve in a Riemannian space
with a metric derived from the image content. This means that, in a certain
framework, boundary detection can be considered equivalent to finding a
curve of minimal weighted length. This interpretation gives a new approach
for boundary detection by means of active contours, based on geodesic or
local minimal-distance computations. We also show that the solution to the
geodesic flow exists in the viscosity framework and is unique and stable.
Consistency of the model is presented as well, showing that the geodesic
curve converges to the right solution in the case of ideal objects (the proof
is left for when we deal with the 3D case in Section 3.2). A number of
examples of real images, showing the above properties, are presented.

3.1.1. Geodesic Active Contours

In this section we discuss the connection between energy-based active con-
tours (snakes) and the computation of geodesics or minimal-distance curves
in a Riemannian space derived from the image. From this geodesic model
for object detection, we derive a novel geometric PDE for active contours
that improves on previous curve evolution models.

Energy-Based Active Contours. Let us briefly describe the classical
energy-based snakes. Let C(p) : [0, 1] — R? be a parameterized planar
curve and let I : [0, a] x [0, b] — R™ be a given image in which we want
to detect the object’s boundaries. The classical snake approach [198] asso-
ciates the curve C with an energy given by

1 1 1
EC)=a / IC'(p)I*dp + B f IC"(p)I*dg — A f IVIIC(p)lldp,
0 0 0
3.1)

where o, 8, and X are real positive constants. The first two terms control the
smoothness of the contours to be detected (internal energy), and the third
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term is responsible for attracting the contour toward the object in the image
(external energy). Solving the problem of snakes amounts to finding, for a
given set of constants «, B, and A, the curve C that minimizes E. Note that
when considering more than one object in the image, for instance for an
initial prediction of C surrounding all of them, it is not possible to detect all
the objects. Special topology-handling procedures must be added. Actually,
the solution without those special procedures will be in most cases a curve
that approaches a convex-hull-type figure of the objects in the image. In
other words, the classical (energy) approach of snakes cannot directly deal
with changes in topology. The topology of the initial curve will be the same
as the one of the, possibly wrong, final curve. The model derived below, as
well as the curve evolution models in Refs. [63 and 250-252], overcomes
this problem.

Another possible problem of the energy-based models is the need to
select the parameters that control the trade-off between smoothness and
proximity to the object. Let us consider a particular class of snake models
in which the rigidity coefficient is set to zero, that is, 8 = 0. Two main
reasons motivate this selection, which at least mathematically restricts the
general model of Eq. (3.1): First, this selection will allow us to derive the
relation between these energy-based active contours and geometric curve
evolution ones, which is one of the goals of this chapter. This will be done in
Subsection 3.1.1 through the presentation of the proposed geodesic active
contours. Second, the regularization effect on the geodesic active contours
comes from curvature-based curve flows, obtained only from the other terms
in Eq. (3.1) (see Eq. (3.16) and its interpretation after it). This will allow
us to achieve smooth curves in the proposed approach without having the
high-order smoothness given by 8 # 0 in energy-based approaches. More-
over, the second-order smoothness component in Eq. (3.1), assuming an
arc-length parameterization, appears in order to minimize the total squared
curvature (curve known as elastica). It is easy to prove that the curvature
flow used in the new approach and presented below decreases the total
curvature [12]. The use of the curvature-driven curve motions introduced
in Chap. 2 as smoothing terms was proved to be very efficient in previ-
ous literature [5, 63, 206, 250-252, 269, 348], and is also supported by
the experiments in Subsection 3.1.3 and subsequent chapters in this book.
Therefore curve smoothing will be obtained also with 8 = 0, having only
the first regularization term. Assuming this, we can reduce Eq. (3.1) to

1 1
EC)=a / IC'(p)Pdp — 2 / IVIIC(p)]Idp. (3.2)
0 0
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Observe that, by minimizing functional (3.2), we are trying to locate the
curve at the points of maxima |V /| (acting as edge detector) while keeping
a certain smoothness in the curve (object boundary). This is actually the goal
in general formulation (3.1) as well. The trade-off between edge proximity
and edge smoothness is played by the free parameters in the above equations.

We can extend Eq. (3.2), generalizing the edge detector part in the follow-
ing way: Let g : [0, +0o[— R™ be a strictly decreasing function such that
g(r) — 0asr — oo. Hence we can replace —|VI| with g(| V1), obtaining
a general energy functional given by

1 1
EC) =« / C(p)IPdp + A / SIVIIC(IPdp
0 0

1
- / (EnlC(P)] + EalC(p)1} dp. (33)
0

The goal now is to minimize E in Eq. (3.3) for C in a certain allowed space
of curves. (To simplify the notation, we sometimes write g(/) or g(X)
(X € R?) instead of g(|VI|).) Note that in the above energy functional,
only the ratio A/« counts. The geodesic active contours will be derived
from Eq. (3.3).

The functional in Eq. (3.3) is not intrinsic as it depends on the param-
eterization ¢ that until now was arbitrary. This is an undesirable property,
as parameterizations are not related to the geometry of the curve (or object
boundary), but only to the velocity they are traveled. Therefore it is not
natural for an object-detection problem to depend on the parameterization
of the representation. Actually, if we define a new parameterization of the
curve by means of p = ¢(r), ¢ : [c,d] — [0, 1], ¢’ > 0, we obtain

1 d
/ IC'(p)|*dp = / 1€ 0 ) (r)*[¢' (]~ "dr,
0 c

1 d
/ glIVIIC(p)l}dg = / g{IVIIC o ¢(r)]|}¢'(r)dr,
0 c

and the energies can change in any arbitrary form. One of our goals will be to
present a possible solution to this problem by choosing a parameterization
that is intrinsic to the curve (geometric).

The Geodesic Curve Flow. We now proceed and show that the solution of
the particular energy snake model of Eq. (3.3) is given by a geodesic curve
in a Riemannian space induced from the image /. (A geodesic curve is a
(local) minimal distance path between given points.) To show this, we use
the classical Maupertuis’ principle [113] from dynamical systems. Giving
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all the background on this principle is beyond the scope of this book, so the
presentation is restricted to essential points and geometric interpretation.
Let us define

UEC) == —rg(IVIO)’

and write o« = m /2. Therefore

1
£ = [ cicmp.

0

where L is the Lagrangian given by
L) = %C’P —UO©).

The Hamiltonian [113] is then given by

7
H=—+U(),
2m
where g := mC'. To show the relation between energy-minimization prob-
lem (3.3) and geodesic computations, we will need the following Theo-

rem [113].

Theorem 3.1 (Maupertuis’ Principle). Curves C(p) in Euclidean space
that are extremal, corresponding to the Hamiltonian H = (g*/2m) + U(C),
and have a fixed energy level Eq (law of conservation of energy), are
geodesics, with a nonnatural parameter with respect to the new metric

(i,j=1,2)
gij =2m[Ey —U(C)15;;.

This classical Theorem explains, among other things, when an energy-
minimization problem is equivalent to finding a geodesic curve in a Rieman-
nian space; that means when the solution to the energy problem is given by a
curve of minimal weighted distance between given points. Distance is mea-
sured in the given Riemannian space with the first fundamental form g;; (the
first fundamental form defines the metric or distance measurement in the
space). See the mentioned references (especially Section 3.3 in Ref. [113])
for details on the theorem and the corresponding background on Riemannian
geometry. According to the above result, minimizing E(C) as in Eq. (3.3)
with H = E (conservation of energy) is equivalent to minimizing

1
/ ,/gijC/iC’_,-dp, (34)
0
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(i,j=1,2)or

1
/ \/guc/% +2g12C"1C’, + 2,C75 dp, (3.5)
0

where (C, C;) = C (components of C) and g;; = 2m[Ey, — U(C)]5;;.

We have just transformed the minimization of Eq. (3.3) into the energy of
expression (3.5). As we see from the definition of g;;, expression (3.5) has a
free parameter, E,. We deal now with this energy. From Fermat’s principle,
we motivate the selection of the value of E,. We then present an intuitive
approach that brings us to the same selection. In Appendix A, we extend
the formulation without a priori fixing Ej.

Fixing the ratio A/«, we may consider the search for path-minimizing
equation (3.3) as a search for a path in the (x, y, p) space, indicating the
nonintrinsic nature of this minimization problem. The Maupertuis principle
of least action used to derive expression (3.5) presents a purely geometric
principle describing the orbits of the minimizing paths [45]. In other words,
itis possible to use the above theorem to find the projection of the minimizing
path of Eq. (3.3) in the (x, y, p) space onto the (x, y) plane by solving an
intrinsic problem. Observe that the parameterization along the path is yet to
be determined after its orbit is tracked. The intrinsic problem of finding the
projection of the minimizing path depends on a single free parameter E that
incorporates the parameterization as well as A and @ (Ey = Ejyy — Eexe =
alC'(p)I> = AglC(p)IP).

The question to be asked is whether the problem in hand should be
regarded as the behavior of springs and mass points leading to the non-
intrinsic model of Eq. (3.3). We take this one step further, moving from
springs to light rays, and use the following result from optics to motivate
the proposed model [45, 113]:

Theorem 3.2 (Fermat’s Principle). In anisotropic medium the paths taken
by light rays in passing from a point A to a point B are extrema correspond-
ing to the traversal time (as action). Such paths are geodesics with respect
to the new metric (i, j = 1, 2)

1
= 5.
8 J CZ(X) J
In the above equation ¢(X') corresponds to the speed of light at X'. Fermat’s
principle defines the Riemannian metric for light waves. We define ¢(X) =

1/g(X), where high speed of light corresponds to the presence of an edge,
whereas low speed of light corresponds to a nonedge area. The result is
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equivalent then to minimizing the intrinsic problem

1
/0 g{IVIIC(MI}IC (p)ldp, (3.6)

which is the same formulation as that of expression (3.5), with Ey = 0.

We return for a while to the energy model of Eq. (3.3) to further explain
the selection of Ey = 0 from the point of view of object detection. As was
explained above, in order to have a completely closed form for boundary
detection by means of expression (3.5), we have to select Ey. It was shown
that selecting E is equivalent to fixing the free parameters in Eq. (3.3) (i.e.,
the parameterization and A /«). Note that, by Theorem 3.1, the interpretation
of the snake model of Eq. (3.3) for object detection as a geodesic computa-
tion is valid for any value of E,. The value of E| is selected to be zero from
now on, which means that E;; = E., in Eq. (3.3). This selection simplifies
the notation (see Appendix A in this chapter) and clarifies the relation of
Theorem 3.1 and energy snakes with (geometric) curve evolution active
contours that result from Theorems 3.1 and 3.2. At an ideal edge, E.y
in Eq. (3.3) is expected to be zero, because |VI| = oo and g(r) — 0 as
r — oo. Then the ideal goal is to send the edges to the zeros of g. Ideally
we should try as well to send the internal energy to zero. Because images
are not formed by ideal edges, we choose to make equal contributions of
both energy components. This choice, which coincides with the one ob-
tained from Fermat’s principle and, as stated above, allows us to show the
connection with curve evolution active contours, is also consistent with the
fact that when we are looking for an edge, we may travel along the curve
with arbitrarily slow velocity (given by the parameterization q; see equa-
tions obtained with the above change of parameterization). More comments
on different selections of Ey, as well as formulas corresponding to E, # 0,
are given in Appendix A in this chapter.

Therefore, with £y = 0 and g;; = 2ng[|VI(C)|]28ij, expression (3.4)
becomes

1
min / V2ma g{IVIIC(PI}IC (p)ldp. (3.7
0

Because the parameters above are constants, without loss of generality we
can set now 2Am = 1 to obtain

1
min / glIVIIC(PI}C (p)ldp. (3.8)
0
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We have transformed the problem of minimizing Eq. (3.3) into a problem
of geodesic computation in a Riemannian space, according to a new metric.

Let us, based on the above theory, give the above expression a fur-
ther geodesic curve interpretation from a slightly different perspective. The
Euclidean length of the curve C is given by

L:= f IC'(p)|dp = fds, (3.9)

where ds is the Euclidean arc length (or Euclidean metric). As we have seen
before in Section 2.5, the flow

C =N, (3.10)

where again « is the Euclidean curvature, gives the fastest way to reduce L,
that is, it moves the curve in the direction of the gradient of the functional
L. Looking now at expression (3.8), we find that a new length definition in
a different Riemannian space is given:

1
Lei= / SUVIIC(MINIC ()Idp. G.11)
0

Because |C'(p)|dp = ds, we obtain

L(©C)
Lg:= / g{IVI[C(s)]]}ds. (3.12)
0

Comparing this with the classical length definition as given in Eq. (3.9), we
observe that we obtain the new length by weighting the Euclidean element
of length ds by g{|VI[C(s)]|}, which contains information regarding the
boundary of the object. Therefore, when trying to detect an object, we are
not just interested in finding the path of minimal classical length (§ ds) but
we are also interested in finding the one that minimizes a new length defini-
tion that takes into account image characteristics. Note that expression (3.8)
is general; besides being a positive decreasing function, no assumptions on
g were made. Therefore the theory of boundary detection based on geodesic
computations given above can be applied to any general edge-detector func-
tions g. Recall that expression (3.8) was obtained from the particular case of
energy-based snakes of Eq. (3.3) with Maupertuis’ principle, which helps
to identify variational approaches that are equivalent to computing paths of
minimal length in a new metric space.

To minimize expression (3.8) (or Ly), we search for the gradient de-
scent direction of expression (3.8), which is a way of minimizing Ly by
means of the steepest-descent method. Therefore we need to compute the
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Euler-Lagrange of expression (3.8). Details on this computation are given in
Appendix B in this chapter. Thus, according to the steepest-descent method,
to deform the initial curve C(0) = C, toward a (local) minima of Lz, we
should follow the curve evolution equation (compare with Eq. (3.10)):

% — o() kN — (Vg - NN, (3.13)

where « is the Euclidean curvature, /\7 is the unit inward normal, and the
right-hand side of the equation is given by the Euler—Lagrange of expression
(3.8) as derived in Appendix B. This equation shows how each point in
the active contour C should move in order to decrease the length L. The
detected object is then given by the steady-state solution of Eq. (3.13), that
is,C, = 0.

To summarize, Eq. (3.13) presents a curve evolution flow that minimizes
the weighted length L, which was derived from the classical snake case
of Eq. (3.3) by means of Maupertuis’ principle of least action. This is the
basic geodesic curve flow proposed for object detection (the full model is
presented below). In the following section we embed this flow in a level-set
formulation to complete the model and show its connection with previous
curve evolution active contours. This embedding will also help to present
theoretical results regarding the existence of the solution of Eq. (3.13), as we
doin Subsection 3.1.2. We note that minimization of a normalized version of
Eq. (3.12) was proposed in Ref. [145] from a different perspective, leading
to a different geometric method.

The Level-Set Geodesic Flow: Derivation. To find the geodesic curve,
we compute the corresponding steepest-descent flow of expression (3.8),
Eq. (3.13). Equation (3.13) is represented with the level-set approach.

Assume that the curve C is a level set of a function u : [0, a] x [0, b] —
R, that is, C coincides with the set of points u = constant (e.g., u = 0).
Therefore u is an implicit representation of the curve C. Recall that this
representation is parameter free, then intrinsic. As we have discussed before,
in Section 2.2, the representation is also topology free because different
topologies of the zero level set do not imply different topologies of u. We
have shown that if a curve C evolves according to

Ct:ﬂN’7

for a given function 8, then the embedding function # should deform ac-
cording to

U, = 18|VM|7
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where § is computed on the level sets. Recall that, by embedding the evo-
lution of C in that of u, topological changes of C(t) are handled automat-
ically and accuracy and stability are achieved with the proper numerical
algorithm [294]. This level-set representation was formally analyzed in
Refs. [90, 126, and 372], proving for example that, in the viscosity frame-
work, the solution is independent of the embedding function u for a number
of velocities 8 (see Subsection 3.1.2 as well as Theorems 5.6 and 7.1 in
Ref. [90]). In our case u is initiated to be the signed distance function. There-
fore, from expression (3.8) and embedding Eq. (3.13) in u, we obtain that
solving the geodesic problem is equivalent to searching for the steady-state
solution (du/dr) = 0 of the following evolution equation (u(0, C) = uy(C)):

du Vuldi |:(I)Vuj|
o1 = |Vuldiv| g Val
! < Vu )
=gDIVuldiv| —— ) +Vg() - Vu
[Vl
= gD)|Vulk +-Vg() - Vu, (3.14)

where the right-hand side of the flow is the Euler—Lagrange of expression
(3.8) with C represented by a level set of u, and the curvature « is computed
on the level sets of . This means that Eq. (3.14) is obtained by embedding
Eq. (3.13) into u for B = g(I)x — Vg - N. On the equation above we made

use of the fact that
Vv
o =div [ — ).
[Vul

Equation (3.14) is the main part of the proposed active-contour model.

The Level-Set Geodesic Flow: Boundary Detection. Let us proceed and
explore the geometric interpretation of geodesic active-contour equation
(3.14) from the point of view of object segmentation as well as its re-
lation to other geometric curve evolution approaches to active contours.
In Refs. [63 and 250-252], the authors proposed the following model for
boundary detection:

M o) Vuldiv () 4 cg(1)|Vul
_— = uldiv| —— C u
ar ¢ V| g

= g(I)(c +K©)[Vul, (3.15)

where c is a positive real constant. Following Refs. [63 and 250-252], we
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can interpret Eq. (3.15) as follows: First, the flow
u, = (c +«)|Vul|

means that each one of the level sets C of u is evolving according to
C,=(c+ K)J\7 ,

where A is the inward normal to the curve. This equation, as we have seen
in Chap. 2, was first proposed in Refs. [294 and 358], in which extensive
numerical research was performed on it and then studied in Ref. [206] for
shape analysis. The previously presented Euclidean shortening flow

C =N, (3.16)

denoted also as Euclidean heat flow, is well known for its very satisfac-
tory geometric smoothing properties [12, 150, 162]; see Chap. 2. The flow
decreases the total curvature as well as the number of zero crossings and
the value of maxima/minima curvature. Recall that this flow also moves the
curve in the gradient direction of its length functional. Therefore it has the
properties of shortening as well as smoothing. This shows that having only
the first regularization component in Eq. (3.1), @ # 0 and 8 = 0, is enough
to obtain smooth active contours, as argued in Subgection 3.1.1 when the
selection B = 0 was done. The constant velocity ¢/, which as we saw in
Chap. 2 is related to classical mathematical morphology [343] and shape
offsetting in computer-aided design [209], is similar to the balloon force
introduced in Ref. [96]. Actually this velocity pushes the curve inward
(or outward) and it is crucial in the above model to allow convex initial
curves to capture nonconvex shapes, that is, to detect nonconvex objects.
Of course, the ¢ parameter must be specified a priori in order to make the
object-detection algorithm automatic. This is not a trivial issue, as pointed
out in Ref. [63], in which possible ways of estimating this parameter are
considered. Estimates of this parameter are presented when we deal with
the 3D case. To summarize the force (¢ + k) acts as the internal force in
the classical energy-based snake model, smoothness being provided by the
curvature part of the flow. The Euclidean heat flow C; = « N is exactly the
regularization curvature flow that replaces the high-order smoothness term
in Eq. (3.1), as discussed in Section 3.1.1.

The external-image-dependent force is given by the stopping function
g(I). The main goal of g(7) is actually to stop the evolving curve when it
arrives at the object’s boundaries. In Refs. [63 and 250-252], the authors
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chose

1

- = '1
1+ |ViP G-17)

8

where [ is a smoothed version of [ and p = 1 or 2. I was computed by
Gaussian filtering, but more effective geometric smoothers, such as those
in introduced in Chap. 4, can be used as well. Note that other decreasing
functions of the gradient may be selected as well. For an ideal edge, vi=3s,
g = 0, and the curve stops (¢, = 0). The boundary is then given by the set
u=0.

In contrast with classical energy models of snakes, the curve evolution
model given by Eq. (3.15) is topology independent, that is, there is no need
to know a priori the topology of the solution. This allows it to detect any
number of objects in the image, without knowing their exact number. This
is achieved with the help of the mentioned level-set numerical algorithm.

Let us return to the full model. Comparing Eq. (3.14) with Eq. (3.15), we
see that the term Vg - Vu, naturally incorporated by means of the geodesic
framework, is missing in the old model. This term attracts the curve to the
boundaries of the objects (Vg points toward the middle of the boundaries);
Fig. 3.1

Note that in the old model, the curve stops when g = 0. This happens
at only an ideal edge. In cases in which there are different gradient values
along the edge, as often happens in real images, g gets different values at
different locations along the boundaries. It is necessary to restrict the g
values, as well as possible gaps in the boundary, so that the propagating
curve is guaranteed to stop. This makes the geometric model of Eq. (3.15)

3 3

A
Fig. 3.1. Geometric interpretation of the new term in the proposed deformable model.
The gradient vectors are all directed toward the middle of the boundary. Those vectors
direct the propagating curve into the valley of the g function.
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inappropriate for the detection of boundaries with (unknown) high variations
of the gradients. In the proposed model, the curve is attracted toward the
boundary by the new gradient term. Observe in Fig. 3.1 the way the gradient
vectors are all directed toward the middle of the boundary. Those vectors
direct the propagating curve into the valley of the g function. In the 2D
case, Vg - \V is effective in case the gradient vectors coincide with normal
direction of the propagating curve. Otherwise, it will lead the propagating
curve into the boundary and eventually force it to stay there. To summarize,
this new force increases the attraction of the deforming contour toward the
boundary, being of special help when this boundary has high variations on
its gradient values. Thereby it is also possible to detect boundaries with
high differences in their gradient values, as well as small gaps. The second
advantage of this new term is that we partially remove the necessity of the
constant velocity given by c. This constant velocity, which mainly allows
the detection of nonconvex objects, introduces an extra parameter to the
model that, in most cases, is an undesirable property. In the full model,
the new term will allow the detection of nonconvex objects as well. This
constant-motion term may help us to avoid certain local minima (as the
balloon force) and is also of importance when we start from curves inside
the object, as we will see in Subsection 3.1.3. In case we wish to add this
constant velocity, for example to increase the speed of convergence, we can
consider the term cg(/)|Vu| as an area constraint to geodesic problem (3.8)
(c being the Lagrange multiplier), obtaining

ou ) |: Vu i|

— = |Vu|div| g(I)—— | + cg(I)|Vul|. (3.18)

ot [Vul

Before proceeding, we note that constant velocity is derived from an
energy that involves area, that is, C = ¢/ minimizes the area enclosed
by C. Therefore, adding constant velocity is like solving Lz + ¢ area(C)
[67, 125, 366].
Equation (3.18) is of course equivalent to

a
a_b; = g(c+K)|Vu| + Vu - Vg (3.19)
and means that the level sets move according to
C = g()(c+ N — (Vg - NN (3.20)

Equation (3.18), which is the level-set representation of the modified solu-
tion of geodesic problem (3.8) derived from the energy of Eq. (3.3), consti-
tutes the general geodesic active-contour model we propose. The solution to
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the object detection problem is then given by the zero level set of the steady
state (#, = 0) of this flow. As described in Subsection 3.1.3, it is possible
to choose ¢ = 0 (no constant velocity), and the model still converges (in a
slower motion). The advantage is that we have obtained a model with fewer
parameters.

An important issue of the proposed model is the selection of the stop-
ping function g in the model. According to the results in Ref. [63] and in
Subsection 3.1.2, in the case of ideal edges the described approach of object
detection by means of geodesic computation is independent of the choice
of g, as long as g is a positive strictly decreasing function and g(r) — 0
as r — oo. Because real images do not contain ideal edges, g must be
specified. In the following experimental results we use g as used in Refs.
[63 and 250-252], given by Eq. (3.17). This is a very simple edge detec-
tor, similar to the ones used in the preceding active-contours models, both
curve evolution and energy-based ones, and suffers from the well-known
problems of gradient-based edge detectors. In spite of this, and as we can
appreciate from the following examples, accurate results are obtained with
this simple function. The use of better edge detectors, such as for example
energy ones [143, 311], will immediately improve the results. The use of
different metrics to define edges can be further investigated, and these met-
rics can be incorporated in the geodesic model. As pointed out before, the
results here described and the described approach of object segmentation
by means of geodesic computation are independent of the specific selection
of g.

Remark: In the derivations above we have followed the formulations in
Refs. [64 and 65]. The obtained geodesic equation, as well as its 3D ex-
tension (see next section), was independently proposed by Kichenassamy
et al. [201,202,417,418] and Shah [363], based on a different initial ap-
proaches. In the case of Ref. [363], g is obtained from an elaborated segmen-
tation procedure obtained from the approach of Mumford and Shah [265].
In Ref. [202] Kichenassamy et al. give a number of important theoretical
results as well. The formal mathematical connections between energy mod-
els and curve evolution models was done in Ref. [65]; before this work
the two approaches were considered independent. 3D examples are given
in Ref. [410], in which equations similar to those presented in Subsection
3.1.2 are proposed. We obtain the equations in Subsection 3.1.2 by extend-
ing the flows in Refs. [63 and 250]. In Ref. [383], Tek and Kimia extend
the models in Refs. [63 and 250], motivated by work reported in Refs. [204
and 206]. One of the key ideas, motivated by the shape theory of shocks
developed by Kimia et al., is to perform multiple initializations while using
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the same equations as those in Refs. [63 and 250]. The possible advantages
of this are reported in Ref. [406], which uses the same equations as those
in Refs. [63 and 250] and not the new ones described in this chapter (and
in Refs. [201 and 202]), also without showing its connection with classical
snakes. A normalized version of expression (3.8) was derived in Ref. [145]
from a different point of view, giving as well different flows for 2D active
contours. See also [306] for a related curve evolution technique.

3.1.2. Existence, Uniqueness, Stability, and Consistency
of the Geodesic Model

Before the experimental results are given, results are presented regarding the
existence and uniqueness of the solution to Eq. (3.18). Based on the theory
of viscosity solutions [105], the Euclidean heat flow and the geometric
model of Eq. (3.15) are well defined for nonsmooth images as well [63,
90, 126]. Similar results are now presented for our model of Eq. (3.18).
Note that, besides the work in Ref. [63], there is not much formal analysis
for active-contour approaches in the literature. The results presented in
this subsection, together with the results on numerical analysis of viscosity
solutions, ensure the existence and the uniqueness of the solution of the
geodesic active contours model.

Let us first recall from Chap. 1 the notion of viscosity solutions for this
specific equation; see Ref. [105] for details. We rewrite Eq. (3.18) in the
form

ou

o g(X)a;j(Vu)ojju — Vg - Vu — cg(X)|Vu| =0
[£, X) € [0, 0) x R?

u(0, X) = uo(X),

(3.21)

where a;;(q) = &; — [(pi, pj)/|p|2] if p # 0. We used in Egs. (3.21) and
we use below the usual notations 9; = (9/0x;) and 0;; = [82/(8x,-8xj)],
together with the classical Einstein summation convention. The terms g(X)
and Vg are assumed to be continuous.

Equation (3.21) should be solvedin D = [0, 1]*> with Neumann boundary
conditions. To simplify the notation and as is usual in the literature, we
extend the images by reflection to R? and we look for solutions verifying
u(X 4 2h) = u(X) for all X € R? and h € Z?*. The initial condition u,
as well as the data g(X) are taken to be extended to R? with the same
periodicity.

Letu € C([0, T] x R?) for some T €]0, oo[. We say that u is a viscosity
subsolution of Eq. (3.21) if for any function ¢ € C(R x R?) and any local
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maxima (5, Xy) €10, T] x R? of u — ¢ we have if V(ty, X;) # 0, then

d
a—(f(lo, Xo) — g(Xo)ai; [Vé(to, X0)10;;¢(to, Xo)

— Vg(&Xp) - Vo(ty, Xp) — cg(Xp)|Vo(ty, Xp)| <0,
and if V@(ty, Xp) = 0, then

¢ )
E(fo, Xo) — g(Ap) ;1_{% sup a;;(q)0;;p(ty, Xp) <0,

u(0, X) < up(X).

In the same way, we define a viscosity supersolution by changing in the
expressions above “local maxima” to “local minima”, “<” to “>", and “lim
sup” to “lim inf.” A viscosity solution is a function that is both a viscosity
subsolution and a viscosity supersolution. The viscosity solution is one of
the most popular frameworks for the analysis of nonsmooth solutions of
PDEs, having physical relevance as well. The viscosity solution coincides
with the classical one if this exists.

With the notion of viscosity solutions, we can now present the following
result regarding the geodesic model:

Theorem 3.3. Let W' denote the space of bounded Lipschitz func-
tions in R%. Assume that g > 0 is such that sup g |Dg"/*(X)| < oo and
SUP y 2 |D?g(X)| < oo. Let ug € BUC(R?) N W*(R?). (In the experi-
mental results, the initial function ug will be the distance function, with
uog = 0 at the boundary of the image.) Then

1. Equation (3.21) admits a unique viscosity solution
u € C([0, 00) x R?) N L™[0, T; W"*(R?)]
forall T < oco. Moreover, u satisfies
infug < u(t, X) < supuy.
2. Letv € C([0, 00) x R?) be the viscosity solution of Eq. (3.21) corre-
sponding to the initial data vy € C(R*) N W'°(R?). Then
llu(z, ) — (@, llco=<llto — vollo
forallt > 0. This shows that the unique solution is stable.
The assumptions of Theorem 3.3 above are just technical. They imply that
the smoothness of the coefficients of Eq. (3.21) is required for proving the
result with the method in Refs. [6 and 63]. In particular, Lipschitz continuity

in X is required. This implies a well-defined trajectory of the flow &, =
Vg(X), going to every point X, € R?, which is reasonable in our context.
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The proof of this theorem follows the same steps of the corresponding proofs
for the model of Eq. (3.15); see Ref. [63], Theorem 3.1, and we shall omit
the details (see also Ref. [6]).

In Theorem 3.4, we recall results of the independence of the generalized
evolution with respect to the embedding function u,. Let 'y be the initial
active contour, oriented such that it contains the object. In this case the
initial condition u is selected to be the signed distance function, such that
it is negative in the interior of I'y and positive in the exterior. Then we have
the following

Theorem 3.4 (Theorem 7.1 of Ref. [90]). Letuy, € W'*(R?) N BUC(R?).
Let u(t,x) be the solution of the proposed geodesic evolution equa-
tion as in Theorem 3.3. Let T'(t) :={X : u(t, X) =0} and D(t) := {X :
u(t, X) <0}. Then [T'(¢t), D(t)] are uniquely determined by [I"(0), D(0)].

This Theorem is adapted from Ref. [90], in which a slightly different
formulation is given. The techniques there can be applied to the present
model.

Let us make some further remarks on the proposed geodesic flows of Eqgs.
(3.14) and (3.18), as well as the previous geometric model of Eq. (3.15).
First, note that these equations are invariant under increasing rearrangements
of contrast (morphology invariant [5]). This means that ®(u) is a viscosity
solution of the flow if # is and ® : R — R is an increasing function. On
the other hand, although Eq. (3.14) is also contrast invariant, i.e., invariant
to the transformation u <— —u (remember that « is the embedding function
used by the level-set approach), Egs. (3.15) and (3.18) are not due to the
presence of the constant-velocity component cg(/)|Vu|. This has a double
effect. First, for Eq. (3.14), it can be shown that the generalized evolution of
the level sets I'(#) depends on only I'y (see Ref. [126], Theorem 2.8), whereas
for Eq. (3.18), the result in Theorem 3.3 is given. Second, for Eq. (3.14) we
can show that if a smooth classical solution of the curve flow of Eq. (3.13)
exists and is unique, then it coincides with the generalized solution obtained
by means of the level-set representation of Eq. (3.14) during the lifetime of
the classical solution (see Ref. [126], Theorem 6.1). The same result can
then be proved for the general curve flow of Eq. (3.20) and its level-set
representation in Eq. (3.18), although a more delicate proof, on the lines of
Corollary 11.2 in Ref. [372], is required.

We have just presented results concerning the existence, uniqueness, and
stability of the solution of the geodesic active contours. Moreover, we have
observed that the evolution of the curve is independent of the embedding
function, at least as long as we are precise in giving its interior and exterior
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regions. These results are presented within the viscosity framework. To
conclude this section, in the case of a smooth ideal edge I", we can prove
that the generalized motion I'(¢) converges to [ as 1 — oo, making the
proposed approach consistent.

Theorem 3.5. Let I = {X € R? : g(X) = 0} be a simple Jordan curve of
class C* and Dg(X) = 0in [". Furthermore, assume that uy € W*(R?) N
BUC(R?) is of class C* and such that the set {X € R? : uo(X) < 0} con-
tains T and its interior. Let u(t, X) be the solution of Eq. (3.18) and
(1) = {X € R? : u(t, X) = 0}. Then, if ¢, the constant component of the

velocity, is sufficiently large, T'(t) — I ast — oo in the Hausdorff distance.

This theorem is proved below for the extension of the geodesic model for
3D object segmentation. In this theorem, we assumed c to be sufficiently
large. A similar result can be proved for the basic geodesic model, that is,
for ¢ = 0, assuming that the maximal distance between [" and the initial
curve I'(0) is given and bounded (to avoid local minima).

3.1.3. Experimental Results

Some examples are presented of the proposed geodesic active-contour
model of Eq. (3.18). In the numerical implementation of Eq. (3.18) we
choose the central-difference approximation in space and the forward-
difference approximation in time. This simple selection is possible because
of the stable nature of the equation; however, when the coefficient c is taken
to be of high value, more sophisticated approximations are required [294].
See the mentioned references for details on the numerics.

In the following figures, the original image is presented on the left and the
one with the deforming contours is presented on the right. The deforming
contour (# = 0) is represented by a green contour and the final one (the
geodesic) by a red one. In the case of inward motion, the original curve
surrounds all the objects. In the case of outward motion, it is any given
curve in the interior of the object.

Figure 3.2 presents two wrenches with inward flow. Note that this is
a difficult image, not only for the existence of two objects, separated by
only a few pixels, but also for the existence of many artifacts, such as
the shadows, which can lead the edge detection to a wrong solution. The
geodesic model of Eq. (3.18) was applied to the image and, indeed, both
objects are detected. The original connected curve splits in order to detect
both objects. The geodesic contours also managed not to be stopped by the
shadows (false contours), because of the stronger attraction force provided
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Fig. 3.2. Detecting two wrenches with the geodesic flow moving inward.

by the term Vg - Vu toward the real boundaries. Observe that the process
of preferring the real edge over the shadow edge starts at their connection
points, and the contour is pulled to the real edge, “like closing a zipper.”
The model was also run with ¢ = 0, and practically the same results were
obtained, with slower convergence.

Figure 3.3 presents an outward flow. The original curves are the two
small circles, one inside each of the objects. Note that both curves deform
simultaneously and independently. In the case of energy approaches, disjoint
curves must be tracked to ensure that they contribute to different energy
functionals. This tracking is not necessary in the model; it is not necessary
to know how many disjoint deforming contours there are in the image. Note
also here that the interior and the exterior boundaries are both detected. The

250 a50

50 1an 150 200 250

Fig. 3.3. Detecting two wrenches with the geodesic flow moving outward.



162 Geometric Partial Differential Equations and Image Analysis

Fig. 3.4. Inward geodesic flow for tumor detection.

initial curves manage to split and detect all the contours in both objects.
This splitting is automatic. We can also appreciate, in the lower left-hand
corner, that the geodesic active contours split in a very narrow band (only a
few pixels’ width), managing to enter in very small regions.

Figure 3.4 presents another example of a medical image. The tumor in the
image is an acoustics neurinoma and includes the triangular-shaped portion
in the top left part. For this image, an inward deforming contour was used.
The results are presented on the right, where the tumor portion is shown
after zoom out for better presentation. Note that, because of the intrinsic
subpixel accuracy of the algorithm, very accurate measurements, such as of
the tumor area, can be computed. For comparison, the same image was also
applied to the model without the new gradient term (Vg - Vu), that is, the
geometric models developed by Caselles et al. [63] and Malladi et al. [250].
It was observed that, because of the large variation of the gradient along the
object boundaries and the high noise in the image, the curve did not stop at
the correct position and the tumor was not detected. The result was a curve
that shrunk to a point instead of detecting the tumor. This can be probably
solved by additional, more complicated stopping conditions that incorporate
a priori knowledge of the image quality for example. In the case presented
here, on the other hand, the stopping is obtained automatically without the
necessity of introducing new parameters. Exactly the same algorithm can
be used for completely different types of images, such as the wrenches and
the medical one.

‘We continue the geodesic experiments with an ultrasound image to show
the flexibility of the approach. This is shown in Fig. 3.5, in which a human
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Fig. 3.5. Inward geodesic flow for ultrasound detection.

fetus is detected. In this case, the image was smoothed with a Gaussian-type
kernel (two-three iterations of a 3 x 3 window filter are usually applied)
before the detection was performed. This avoids possible local minima,
and, together with the attraction force provided by the new term, allowed
the detection of an object with gaps in its boundary. In general, gaps in
the boundary (flat gradient) can be detected if they are of the order of
magnitude of 1/(2¢) (after smoothing). Note also that the initial curve is
closer to the object to be detected to avoid further possible detection of false
contours (local minima). Although this problem is significantly reduced
by the new term incorporated into the geodesic model, is not completely
solved. In many applications, such as interactive segmentation of medical
data, this is not a problem, as the user can provide a rough initial contour
like the one in Fig. 3.5 (or remove false contours). This problem might
be automatically solved if better stopping function g is used, as explained
in the previous sections, or by higher values of ¢, the constant velocity,
imitating the balloon force of Cohen et al. [96]. Another classical technique
for avoiding some local minima is to solve the geodesic flow in a multiscale
fashion. Starting from a contour surrounding the entire image, and a low
resolution of it, the algorithm is applied. Then, its result (steady state) is
used as the initial contour for the next-higher resolution, and the process
continues up to the original resolution. Multiresolution can help as well to
reduce the computational complexity [151].

Figure 3.6 shows results for the segmentation of skin lesions. Three
examples are given in the first row. The second row shows the combina-
tion of the geodesic active contours with the continuous-scale morphology
introduced in Chap. 2. The hairy image on the left is first preprocessed with
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Fig. 3.6. Geodesic flow for skin lesion segmentation. Three examples are given in the
first row; the second row shows (from left to right) the original hairy image, the result
of hair removal by means of continuous-scale morphological PDEs, and the segmented
lesion.

a directional morphology PDE to remove the hairs (middle figure), and the
segmentation is performed on this filtered image, right.

3.1.4. Intermezzo

A geodesic formulation for active contours was presented. It was shown that
a particular case of the classical energy snake or active-contour approach
for boundary detection leads to finding a geodesic curve in a Riemannian
space derived from the image content. This proposes a scheme for ob-
ject boundary detection based on geodesic or minimal-path computations.
This approach also gives possible connections between classical energy-
based deformable contours and geometric curve evolution ones, improving
over both of them. The result is an active-contour approach that is intrinsic
(geometric) and topology independent. Results were also presented regard-
ing existence, uniqueness, stability, and consistency of the solution obtained
by the proposed active contours.

Experiments for different kinds of images were presented. These experi-
ments demonstrate the ability to detect several objects, as well as the ability
to detect interior and exterior boundaries at the same time. The subpixel ac-
curacy intrinsic to the algorithm allows performing accurate measurements
after the object has been detected [342].

Beyond the particular result of object detection, we have just formulated a
fundamental problem in image processing as the computation of a geodesic
curve. In the rest of this chapter we will see how this geometric approach
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is useful in addressing additional image processing and computer vision
problems.

3.2. Three-Dimensional Derivation

In this section we extend the results for 2D geodesic active contours to
3D object detection. The obtained geometric flow is based on geometric de-
formable surfaces. We show that the desired boundary is given by a minimal
surface in a space defined by the image. Therefore segmentation is achieved
by means of the computation of surfaces of minimal area, in which the area
is defined in an image-dependent space. The obtained flow has the same
advantages over other 3D deformable models such as the advantages of
the geodesic active contours over previous 2D approaches. Although the
formal mathematical connection between the classical 3D snakes and the
novel minimal-area ones (both models are given below) cannot be obtained
by following the same technique we used for the 2D case, the two models are
deeply connected, being almost equivalent as well, as shown by G. Aubert
and colleagues.

3.2.1. Classical Three-Dimensional Formulations

Itis clear that the classical 2D snake energy-based method can be generalized
to 3D data images, for which the boundaries of the objects are surfaces. This
extension is known as the deformable surface model and was introduced by
Terzopoulos et al. [387] for a 3D representation of objects and extended and
used for a 3D segmentation by many others (see, for example, Refs. [96-98
and 238]). In the 3D case, a parameterized surface

S(r,s) = [x(r, s), y(r, ), z(r,5)], (r,s) €[0,1] x [0, 1]

is considered, and the energy functional is given by

S| S |? 328 |?
E(v) = = 220 2wy || |drd
(U) /S;|:a)10 ar + wq 3s + 2w 9rds ras
*S |’ S|
+/ Wy |—| +we|—| + Plv(r,s)] |drds, (3.22)
Q or? 0s2

where P := — ||VI||? or any related decreasing function of the gradient. As
in the 2D case, the algorithm starts with an initial surface Sy, generally near
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the desired 3D boundary O, and tries to move S, toward a local minimum
of E.

The model of Eq. (3.15) can easily be extended to 3D object detection
as well. Let us consider for each ¢ > 0 a 3D function u(z, .) : R> — R and
denote by S its level sets (3D surfaces). Then the 3D geometric deformable
model is given by

M e Vuldiv
— = 1w | ——
or SV gy

= g()(v + H)|Vul,

> + vg(D)|Vul (3.23)

where now H is the sum of the two principal curvatures of the level sets S,
that is, twice its mean curvature. This model has the same concepts as those
of the 2D one, and is composed of the following three elements:

1. A smoothing term. In the case of Eq. (3.23), this smoothing term
H is twice the mean curvature, but other more efficient smoothing
velocities as those proposed in Refs. [5, 74, and 286] can be used.
(Recall that although curvature flows smooth curves in two dimen-
sions, in order to find a similar flow in three dimensions, we must
go to higher-order flows, including second-order derivatives of the
Gaussian and mean curvatures.)

2. A constant balloon-type force (v|Vu|).

3. A stopping factor [g(/)]. This is a function of the gradient or other
3D edge detectors [430].

3.2.2. Three-Dimensional Deformable Models
as Minimal Surfaces

In Subsection 3.2.1 a model for 2D object detection was presented based
on the computation of geodesics in a given Riemannian space. This means
that we are computing paths or curves of minimal (weighted) length. This
is extended to 3D surfaces by the computation of surfaces of minimal area,
where area is defined in an image-dependent space. In the 2D case, length
is given by Eq. (3.9) and the new length that allows us to perform object
detection is given by Eq. (3.11). In the case of surfaces, Eq. (3.9) is replaced

with area
A= // da, (3.24)
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and Eq. (3.11) is replaced with weighted area

A = // g(l)da, (3.25)

where da is the (Euclidean) element of area. The weighted area Ay is
a natural 3D extension to the weighted 2D arc length Ly and is thereby
the natural analog to the nonintrinsic energy minimization (3.22). Surfaces
minimizing Eq. (3.24) are denoted as minimal surfaces [296]. In the same
way, we denote as minimal surfaces those surfaces that minimize Eq. (3.25).
The difference between A and Ay, is like the difference between L and L.
In A, the element of area is given by the classical element da in Euclidean
space, whereas in Ag, the area element da, is given by g(/)da. The basic
element of the deformable model is given by minimizing Eq. (3.25) by
means of an evolution equation obtained from its Euler-Lagrange. Given
the definition of Ay above, the computations are straightforward and are a
direct extension of the geodesic active-contour computation as presented in
Subsection 3.2.1 and in Ref. [65]. Only the basic characteristics of this flow
are pointed out below.

The Euler-Lagrange of A is given by the mean curvature H, and we
obtain a curvature flow

S

i HWN, (3.26)

where S is the 3D surface and N is its inner unit normal. In level-set
notation, if for each ¢ > 0, the evolving surface S is the zero level set of a
function u(z, .) : R* — R, which we take as negative inside S and positive
outside, we obtain

) Vu
u; = |Vuldiv|{ — | = H|Vu]. 3.27)
|Vu|

Therefore the mean curvature motion provides a flow that computes (local)
minimal surfaces [93].
Computing now the Euler—Lagrange of Ag, we get

S, = (gH—Vg-NN. (3.28)

This is the basic weighted minimal-surface flow. Taking a level-set rep-
resentation in analogy with Eq. (3.14), we find that the steepest-descent
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method to minimize Eq. (3.25) gives

u —vuldi I Vu
E = |Vu] 1V|:g( )|VM|]
. Vu
= g(I)|Vuldiv (—> + Vg(l)-Vu. (3.29)
|Vu|

However, now u is a four-dimensional (4D) function with S as its 3D zero
level set. We note again that, compared with previous surface evolution
approaches for 3D object detection, the minimal-surface model includes a
new term, Vg - Vu.

As in the 2D case, we can add a constant force to the minimization
problem (it is easy to show that this force minimizes the enclosed weighted
volume | gdxdydz), obtaining the general minimal-surface model for object
detection:

ou . Vu
— = |Vu|div |:g(1)—] +vg(I)|Vul. (3.30)
at [Vul

This is the flow we will further analyze and use for 3D object detection. It
has the same properties and geometric characteristics as the geodesic active
contours, leading to accurate numerical implementations and topology-free
object segmentation.

Estimation of the Constant Velocity v. One of the critical issues of the
model presented above is to estimate v (see Subsection 3.2.3 for the related
theoretical results). A possible way of doing this is now presented. (Another
technique for estimating v can be obtained from the results in Ref. [428].)

In Ref. [100] it was shown that the maximum curvature magnitude along
the geodesics that minimize L is given by

IVgIC()]- N
glco |

max{|«|} = sup
7€[0,1]
This result is obtained directly from Euler-Lagrange equation (3.11). It
leads to an upper bound over the maximum curvature magnitude along the
geodesics, given by

k| <

b { IVglI(p)]l }
petalxioe | LR ]°
which does not require the geodesic itself for limiting the curvature values.

In Ref. [100] this bound helped in the construction of different potential
functions.
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A straightforward generalization of this result to the 3D model yields the
bound over the mean curvature H. From the equations above, it is clear that
for a steady state (i.e., S; = 0) the mean curvature along the surface S is
given by

We readily obtain the following upper bound for the mean curvature mag-
nitude along the final surface

Vgl
|[H| < sup T + [v|,

where the sup operation is taken over all the 3D domain. The above bound
gives an estimation of the allowed gaps in the edges of the object to be
detected as a function of v. A pure gap is defined as a part of the object
boundary at which, for some reason, g =constantz 0 at a large enough
neighborhood. At these locations |H| = |v|. Therefore pure gaps of radius
larger than 1/v will cause the propagating surface to penetrate into the
segmented object. It is also clear that v = 0 allows the detection of gaps
of any given size, and the boundary at such places will be detected as the
minimal surface gluing the gaps’ boundaries.

3.2.3. Existence and Uniqueness Results for the

Minimal-Surface Model
As shown in Subsection 3.2.2, the 3D object-detection model is given by
. Vu 3
u, = g(I)|Vu| | div ﬁ 4+v|+ Vg -Vu (t,x) € [0,00) x R,
u

(3.31)

with initial condition u(0, x) = uy(x), and (a specific g function is selected
for the analysis, whereas, as explained before, the model is general)

1
1+|VG, x 12

where v > 0 represents a constant force in the normal direction to the level
sets of u, I is the original image where we are looking for the boundary
of an object O, and G, * I is the regularized version of it by convolution
with a Gaussian G, of variance o (once again, the Gaussian is just an
example of smoothing operator used for the analysis). The initial condition

gl) =
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is ug(x), which is usually taken as a regularized version of 1 — x¢, where
Xc 1s the characteristic function of a set C containing O in the case of
outer deforming models (surfaces evolving toward the objects’ boundary
d O from the exterior of O) or a regularized version of yc where C is a
set in the interior of O in the case of inner deforming models (surfaces
evolving toward 9 O, starting from the inner side of O). Although only 2D
outer snakes were considered in Ref. [63], here we also consider the inner
snakes, as it seems natural for some applications [65].

Model (3.31) should be solved in R = [0, 1]* with Neumann boundary
conditions. To simplify the presentation and as is usually done in the liter-
ature, we extend the images by reflection to R* and we look for solutions
of model (3.31) that are periodic, i.e., that satisfy u(t, x + 2h) = u(z, x) for
all x € R? and i € Z. The initial condition u,(x) and g(x) are extended to
R? with the same periodicity as u.

We can prove existence and uniqueness results for Eq. (3.31) by using
once again the theory of viscosity solutions. First we rewrite Eq. (3.31) in
the form

0
3—1: — g(x)a;;(Vu)d;ju — vg(x)|Vu| — Vg - Vu =0,

(t, x) € [0, 00) x R?, (3.32)

where a;;(p) = §;; — [(pipj)/lplz] if p # 0. We use the usual notations
oiu = (0u/ax;), 0;ju = [azu/(axiax‘,-)], and the classical Einstein summa-
tion convention in Eq. (3.32) and in all that follows.

Let us recall the definition of viscosity solutions. Letu € C([0, T] x R?)
for some T € (0, 0o). We say that u is a viscosity subsolution of Eq. (3.31)
if for any function ¢ € C>(R x R*) and any local maximum (ty, x,) €
0, T] xR} of u — ¢ we have the following: if V(%,, x¢) # 0, then

0
a—d;(fo, X0) — g(xo)a;;[Vp(to, x0)10;j¢(fo, x0) — vg(x)|V(ty, x0)l
— Vg(xo) - Vo(to, x0) <0

and if Vo (19, x9) = 0, then
d¢ .
E(fo, Xo) — g(xo) lim sup a;;(p)d;;¢(to, x0) < 0
p—0
and u(0, x) < uy(x) for all x € R3. In the same way we define the notion

of the viscosity supersolution’s changing “local maximum” to “local mini-
mum”, “< 0”to “> 0” and “lim sup” to “lim inf” in the expressions above. A
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viscosity solution is a function that is a viscosity subsolution and a viscosity
supersolution.

The existence result in Refs. [63 and 65] can be easily adapted to the 3D
case and we recall them without proof.

Theorem 3.6. Let W' denote the space of bounded Lipschitz func-
tions in R3. Assume that g > 0 is such that sup{|[Vg:(x)| : x € R3} <
oo and sup{|9;;g(x)| : x € R%i, j = {1,2,3}} < o0. Let ug, v € C(R*) N
WLo(R3). Then

1. Equation (3.31) admits a unique viscosity solution u € C([0, co) X
RN L®0, T; Wh(R?)) for all T < oo. Moreover, it satisfies
infug < u(t, x) < sup up.
R3 R3
2. Letv € C([0, 00) x R?) be the viscosity solution of (3.31) with initial
data vy. Then for all T € [0, 00) we have
sup lu(t, x) — v(t, X) [ zo@) =< uo(x) — vo(x) | L3,
0<t<T
which means that the solution is stable.

The assumptions of Theorem 3.6 are just technical. They imply the
smoothness of the coefficients of Eq. (3.32) required for proving the re-
sult with the method given in Refs. [6 and 63]. In particular, Lipschitz
continuity in x is required. This implies a well-defined trajectory of the
flow X, = Vg(X), passing through any point X, € R3, which is a reason-
able assumption in our context. The proof of this theorem follows the same
steps of the corresponding proofs for the model of Eq. (3.15) (see Ref. [63],
Theorem 3.1), and we shall omit the details (see also Ref. [6]).

In Theorem 3.7 we recall a result on the independence of the generalized
evolution with respect to the embedding function u.

Theorem 3.7. Let uy € WH°(R*) N BUC(R?). Let u(t, x) be the solution
of Eq. (3.32) as in Theorem 3.6. Let ', := {x : u(t, x) = 0} and D, := {x :
u(t, x) > 0}. Then (I';, D,) are uniquely determined by (I'y, Dy).

This theorem is adapted from Ref. [90], in which a slightly different
formulation is given. The techniques there can be applied to the present
model.

As in the 2D case, let us present again some remarks on the proposed
flows of Egs. (3.29) and (3.30), as well as the previous geometric model
of Eq. (3.15). First note that these equations are invariant under increasing
rearrangements of contrast (morphology invariance [5]). This means that
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®(u) is a viscosity solution of the flow if ¥ and ® : R — R are increasing
functions. On the other hand, although Eq. (3.29) is also contrast invariant,
i.e., invariant to the transformation u <— —u, Eqgs. (3.15) and (3.30) are not,
because of the presence of the constant-velocity term vg(/)|Vu|. This has
a double effect. First, for Eq. (3.29), it can be shown that the generalized
evolution of the level sets I, depends on only I'y (Ref. [126], Theorem
2.8), whereas for Eq. (3.30), the result in Theorem 3.7 is given. Second, for
Eqg. (3.29) we can show that if a smooth classical solution of the weighted
minimal surface flow with v = 0 exists and is unique, then it coincides
with the generalized solution obtained by means of the level-set represen-
tation of Eq. (3.29) during the lifetime of existence of the classical solution
(Ref.[126], Theorem 6.1). The same result can then be proved for the general
minimal-surface flow (v # 0) and its level-set representation of Eq. (3.30),
although a more delicate proof, on the lines of Corollary 11.2 in Ref. [372],
is required.

The next general result (see also Lemma 3.2 below) will be needed in
Subsection 3.2.4 to study the asymptotic behavior of the minimal-surface
model of Eq. (3.31). Because the proof is an easy adaptation of the one in
Ref. [90] (Theorem 3.2), we shall omit it as well.

Lemma 3.1. Assume that S = {x € [0, 11> : g(x) = 0} is a smooth com-
pact surface, g > 0, and Vg(x) = 0 forall x € S, and assume that uy(x) €
WLo(R3) is periodic with the fundamental domain [0, 11* vanishing in an
open neighborhood of S. Let u(t, x) be the viscosity solution of the minimal
surfaces flow. Then

u,x)=0 VxeS, Vt>0.

3.2.4. Correctness of the Geometric Minimal-Surface Model

By correctness we mean the consistency of the results with the initial purpose
of object detection in an ideal case. A smooth surface in an ideal image with
no noise should be recovered by the model. In this section we deal with this
point.

To study the asymptotic behavior of the equation

v
= g(x)|Vul [div (%) + v] Vg Vu (t,x) € [0, 00) x R?
u

(3.33)
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with initial condition
u(0, x) = uo(x), Vx € R,

we assume that S = {x € [0, 1]* : g(x) = 0} is a compact surface of class
C?. S divides the cube [0, 1]* into two regions: the interior region and the
exterior region of S. Denote these regions by /(S) and E(S), respectively.
Observe that the interior /(S) may have several connected components and
1(S) describes all of them together. The initial datum u, will be always
taken in C*(R?) periodic with fundamental domain [0, 1]* and vanishing
in an open neighborhood of S U I(S). Moreover, we take uy(x) such that
its level sets have uniformly bounded curvatures. Let u(¢, x) be the unique
viscosity solution of Eq. (3.33) given by Theorem 3.6 above. We follow the
evolution of the set G(t) = {x € [0, 1]* : u(z, x) = 0} whose boundary S(¢)
we are interested in.

Before going into the details, let us recall some elementary notions of
differential geometry required below. A surface of genus p is a surface we
obtain by removing the interiors of 2p disjoint disks from the sphere S>
and by attaching p disjoint cylinders to their boundaries. We define the
Euler—Poincaré characteristic of a surface S as x(S) =2 — 2p, where p is
its genus. We say that a surface S such that x(S) = 2 — 2p is unknotted if
every diffeomorphism from S to a standard p torus can be extended to a
diffeomorphism of R?.

We can assume that g > 0, Vx € [0, 1] and Vg =0, Vx € S. Then,
for some function # > 0, we have g(x) = h(x)?> and Eq. (3.33) in the form

u,_h(x){h(x)wm[dw(IV |>+v]+2Vh-Vu}. (3.34)

With this formulation, S = {x € [0, 1]* : h(x) = 0}.
In this subsection we are going to prove the following theorems.

Theorem 3.8. Assume that S = {x € [0, 1] : g(x) = 0} is diffeomorphic
to a sphere, i.e. x(S) = 2. If the constant v is sufficiently large, then S(t)
converges to S in the Hausdorff distance as t — oc.

Theorem 3.9. Assume that S = {x € [0, 11> : g(x) = 0} is diffeomorphic
to a p torus, i.e., x(S) =2 — 2p and is unknotted. If v is sufficiently large,
then S(t) converges to S in the Hausdorff distance as t — o0.

Theorem 3.10. Assume that S = {x € [0, 1]? : g(x) = 0} is the knotted
surface in Subsection 3.2.5. If v is sufficiently large, then S(t) converges
to S in the Hausdorff distance ast — oo.
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Proof of Theorem 3.8: The proof is based on Lemmas 3.2 and 3.3 below.
Lemma 3.2. I(S) C {x € [0, 1] : u(t, x) =0} forall t > 0.

Proof: In Theorem 3.1 we proved that u(¢, x) = 0 for all x € § and all
t > 0. Consider the problem

7, = g(x)|Vz| |:div (%) + v:| 4+ Vg - -Vu, (t,x)e[0,00)x I(S),
Z
7200, x) = up(x), x € I(S), (3.35)

z(t,x) =0, xe8, t=>0.

We know that z(¢, x) = 0 and z(¢, x) = u(¢, x) are two viscosity solutions
of Eqgs. (3.35). Because there is uniqueness of viscosity solutions of this
problem, it follows that u(¢, x) = O for all (¢, x) € [0, c0) x I(S). O

Remark: Lemma 3.2 is also true if S is as in Theorem 3.9.

Lemma 3.3. Assume that S = {x € [0, 1]? : g(x) = 0} is diffeomorphic to
a sphere, i.e., x(S) = 2. If the constant v is sufficiently large, for any n > 0,
there exists some T, > 0 such that

G(t) C {x €0, 11 : d[x, I(5)] < 21}
forallt > T,.

Proof: Essentially the proof of this lemma consists of constructing a subso-
lution of Eq. (3.33) that becomes strictly positive as t — oo.If S is a convex
C? surface, this is not a difficult task. In this case the distance function to S,
d(x) =d(x,S),x € E(S),is of class C? in E(S). This function is the tool to
construct the desired subsolution. In the general case S need not be convex,
the proof is a bit more technical, and we need a geometric construction.
Let S; be a compact surface of class C? contained in {x € [0, 1]*:
ug(x) > 0} N E(S). Consider E = {x € [0, 1] : x € I(S)) N E(S)}. E is
diffeomorphic to the closed annulus A = {x € R® : ' < |x| < r"}. There
is a C? diffeomorphism ¢ between A and E. Consider the family ¢,
of surfaces ¢,(0, ¢) = (rcosf cos, rcos6sing, rsinf) with ' <r <
r", =% <0 < %, 0 < ¢ < 2x. This family is mapped by ¢ into a family
of surfaces S(r) in E of class C?, i.e., S(r) = ¢ o ¢,. Without loss of gen-
erality we may suppose that I'(+’) = S and I'(+”") = S;. Because the sur-
faces ¢, r' < r < r”, have uniformly bounded curvatures it follows that the
family of surfaces S(r), r’ <r <r”, have uniformly bounded curvatures.
We may choose p > 0 such that we have Vi - Vd(x, §) > Oon E(S)N

[S + B(0, p)].
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For any n > 0, we can take n =n(n) and r" =r; >r, > -+ >r, as
sufficiently close to each other and r, near to r’ such that the family of
surfaces S; = ¢ o ¢,, satisfies the following:

1. S; € C? with interior region I(S;) and exterior region E(S;), i =
1,...,n,and with S; C I(S;_)),i =2,...,n.

2. SiCi{xel0,1P :up(x)>0}and S, C {x € E(S): 0 <d(x,S) <
n}.

3. For each x € S;, let kij (x), Jj =1,2, be the principal curvatures
of §; at the point x. Let K; = max{lkij(x)| xes;, j=1,2}). We
suppose (to ensure regularity) that S; C {x € E(S;4+1) : d(x, Si+1) <
[1/QKi D]}

4. sup{K;,i =1,...,n} < M with a constant M independent of 7.

From these surfaces we construct another family S such that ST = S,
and foreachi = 2,...,n — 1, we let S/ be a regular surface contained in
{x € E(S)NI(S;—1) 1 d(x, S;) < [1/(4K;41)]}. Finally, let S be a smooth
surface contained in {x € E(S,) N I(S,—1) : d(x, S) < 2n}. Each surface S}
is in a neighborhood of S;,; of radius [3/(4K;;1)].

Let R; be the region between the surfaces S | and S;,i =2, ..., n (see
Fig. 3.7). Let d;(x) = d(x, S;) for x € R;, and let C; > O be a constant such
thatd;(x) < C;h(x)forx € R;,i =2, ..., n.Note also that we are working
in the unit cube and d;(x) < +/3. We may also suppose that there exists
n’ < n such that for i > n’ we have R; C E(S)N[S + B(0, p)]. Because
we assume that Vi - Vd(x, S) > 0, by continuity we may choose p small
enough such that when i > n’ we have Vi - Vd; > 0.

Our purpose is to construct a family of subsolutions that becomes asymp-
totically positive ast — oo on each R;. By the last of our assumptions on u,

Fig. 3.7. Construction for Lemma 3.3.
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we may choose a constant v in Eq. (3.34) sufficiently largely independent
of the geometric construction such that for some § > 0

Adi+v>5>0 (3.36)
inR; i =2,...,nand u, is a subsolution of Eq. (3.34), i.e.,
) Vug
[Viugl|h(x) |:le (IV |) + v} +2Vh - Vuy > 0. (3.37)
Uo

d

Remark: 1fi < n’ — 1 we take v large enough such that

2C

§ > -
infgs)nis+80,0

where C is an upper bound for |Vh - Vd;|,i = 2,...,n" — 1. With this we
obtain that, for some §; > 0,

h(x)(Ad; +v)+2Vh-Vd; > §; >0, XeR, i=2,---n"—1.

Ifi > n’wehave R; C E(S)N[S + B(0, p)]and DA - Dd; > 0. Inthis case,
we also obtain that, for some §, > 0,

h(x)(Ad; +v)+2Vh-Vd; > 8, >0, i>n'
On each region R; we consider the problem:

. Vz
7z = g(x)|Vz] [dlv (ﬁ) + v} + Vg -Vz (t,x) e [Ti_1,00) X R;,

Z(tvx)z()’ xesi’ te[T‘i_l,OO),

(3.38)
2, x)=u(t,x), xeS8,, telli_,o0),

Z(T}—ly-x)zoy xeRis

where T; will be specified below. We want to construct a family of subsolu-
tions of Eqgs. (3.38) that becomes positive as t — oo. Obviously u(t, x), the
viscosity solution of Eq. (3.33) given by Theorem 3.6, is a supersolution of
problem (3.38), and by relation (3.37) u, is a subsolution of Eq. (3.33). We
shall use the following comparison principle [105].

Theorem 3.11. Let w and v € C{[0, 00), C(R;)} be a bounded subsolution
and supersolution, respectively of Egs. (3.38). Then w(t, x) < v(t, x) for
all (¢, x) € [0, 0) x R;. The same comparison holds for Eq. (3.33).
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The preceding resultimplies that u(¢, x) > uy(x)forall (¢, x) € [0, c0) X
R3. In particular we have

inf{u(z, x) : t € [0, 00), x € E(S})} > inf{ug(x), x € E(S)} > 0.
(3.39)

Assume we have shown that for all j < i there exists some 7 such that
inf{u(t, x) : t € [T}, 00), x € E(S;.‘)} > B; > 0. (3.40)

By relation (3.39) this is true wheni = 2 with 7} = 0.
For constructing the subsolution of Eqs. (3.38) in [T;_;, 00) X R;, i =
2,...,n, we change variables and take 7;_;, = 0. Let

Wi (t, x) = fn(O)di(x) + g (1), (3.41)

where (¢, x) € [0, 00) X R;, m > 0,

Jn(®) = A[l ] x>0, (3.42)

IETE

gn®) =gut, t€0,t,]; gn(t) = gutm, > t, (3.43)

where g, = —2mA, t, = (1 + ma—f‘)i — 1 [6p = min(é;, §>)]. With these
functions we have Lemma 3.4.

Lemma3.4. ForA > 0small enoughandforallm > 0, w,, is a subsolution
of Egs. (3.38).

Proof: ltis clear by construction that w,, (¢, x) < Ofor (¢, x) € [T;_;, 00) X
S; and w,,(T;_1, x) < Oforx € R;.

Using relation (3.40) and taking A > O sufficiently small, we have
Wi (t, x) < u(t, x) for (¢, x) € [T;—1, 00) x 87 ;.

The function w,, has been chosen such that

8 wﬂ'l
ot

Vw,,
_ h(x){h(x)leml |:div (Ww |> + v} 4 2Dh - Vwm} <0
Wy,
(3.44)
in [0, 00) X R;. Indeed, if t < t,, we have

fr@)d;(x) + g,,(t) — h(x) fr(O[h(x)(Ad; + v]+2Vh - Vd;
< FLOdx) + gn < f1(0)di(xX) + gm < 3hm + g, < qO.
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If t > t,, we have

Jn®di(x) = h(x) fuOIR()(Ad; + v] 4+ 2Vh - Vd;
< [u(OCih(x) — h(x) f,,()80 = [,,(tz)Cih(x) — h(x) fu (t)Sp.

Using the expressions for #,, we immediately see that the last expression is
<0. This completes the proof of Lemma 3.4. O

Lemma 3.5. u(t, x) > w,,(¢t,x) for all (t,x) € [T;_;,00) X R;. Hence
there exist mg > 0 and T; > O such that

u(t, x) > inf{w,, (¢, x) : t € [T;_;,00), x € R, N E(S)} > 0
forallt € [T;_;,00), x € R; N E(S}) and all m < ms,.

Proof: The first inequality follows from Lemma 3.4 and Theorem 3.11. On
the other hand, we observe that

Wy (t, x) = Adi(x) + gutm as r — 00. (3.45)

Because t,, is bounded and g,, — 0 as m — 0, there exists some m > 0
such that

inf{Ad;(x) + gmtw : x € R, N E(S7)} >0 (3.46)
for all 0 <m < mg. The lemma follows from relations (3.45) and (3.46). O
Lemma 3.5 is a consequence of the last two lemmas.

Extension for v = 0: If we consider the model of Eq. (3.34) with v = 0,
ie.,
. Vu
u, = g(x)|Vu| div (ﬁ) + Vg(x)-Vu (3.47)
u

with g(x) = h?(x) as above, a theorem similar to Theorem 3.8 holds if we
take our initial surface sufficiently close to S. For that, we consider Eq. (3.47)
on [0, +00) x V, where V is a neighborhood of 7(S), together with initial
and boundary conditions

u(0,x) =up(x), xeV,

u(t,x) =up(x), t>0, xeadV.

Moreover, V should be taken sufficiently nearto S,i.e., V C I(S) 4+ B(0, p)
for p small enough so that

h(x)Ad(x) 4+ 2Vh(x) - Vd(x) > 0, x eV —1(S),

where d(x) = d(x, S). In that case, we can adapt the ideas above to prove
that S(r) = 0{x : u(t,x) =0} — Sast — oo.
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Proof of Theorem 3.9:

Lemma 3.6. Suppose that S = {x € [0, 1]° : g(x) = 0} is diffeomorphic to
ap torus, i.e., x(S) = 2 — 2p and is unknotted. If v is sufficiently large, for
any n > 0 there exist some T, > 0 such that

G(t) C {x €10, 1% : d[x, I(S)] < n}, t>T,.

Proof: The idea of the proof is to construct two surfaces I'; and I'; of
class C? and diffeomorphic to a sphere, i.e., x(I';) = 2, i = 1, 2, such that
the boundary of 1(I"y) N I(I",) is diffeomorphic to a p torus and near S. We
prove that for a large ¢, S(¢) is near the boundary of I(I"y) N I(I",); therefore
S(t) will be near S. Let us first construct the surfaces I'y and I'».

Given n > 0, we choose I'; and T, that satisfy the following.

1. T;isacompactsurface of class C2, x (I';) = 2and I(S) C I(I"}), i =
1,2.

2. U, :=[IT)+ BO, HIN[I(T2)+ B(0, 2)] is an open set whose
boundary is a regular surface diffeomorphic to a p torus.

3. U, C I(S)+ B(0, n).

Recall that the sum of two sets A, Bisdefinedby A+ B ={a+b:a ¢
A,b € B}.

If S is a standard p torus, which we denote by T, it is easy to con-
struct surfaces 'y and I'; that satisfy the conditions above. Because this is
technically delicate, but easy to see graphically, it is illustrated in Fig. 3.8.

If S is not a standard p torus (see Ref. [56], Chap. 4), then it is diffeomor-
phic to a standard p torus and there exists a diffeomorphism f : § — T,,. As
S is unknotted this diffeomorphism can be extended to all R® F : R® — R?
such that F|g = f. In this case we construct the surfaces Fl and Fz as
F,- = F~I(I';), i =1, 2. They also satisfy the above conditions.

By Theorem 3.8, we know that for v sufficiently large there exists T,; >0
such that G(r) C {x € [0, 1] : d[x, I(T})] < 3} for all 1 > T,;, i=1,2.

& <> 000
NN o

Fig. 3.8. Construction of I'j and I';.




180 Geometric Partial Differential Equations and Image Analysis

Then we choose T, = max( T,Il, T,Iz) and we have

G(r) C |:I(1“1) + B(O, g)] N [l(rz) + B(O, g)] t>T,.

Hence G(t) C U, C I1(S)+ B(0,n) forallt > T,. O

Remark: From the proof above, it is easy to see that if S; are S, are two
surfaces for which the condition “for any n > 0 there exist some 7, > 0
such that G(r) C {x € [0, 1] : d[x, I(S)] < n}, i=1,2,fort > T, is
true, then it is also true for S; N S,.

Using this remark, we can prove that if S = {x € [0, 1]* : g(x) = 0} is
a knotted surface as in the examples, then for any n > 0 there exist some
T, > 0 such that

G(t) Cl{x €[0, 17 :d[x, I(S)] <n}, t>T,.

For the proof, we consider two unknotted surfaces diffeomorphic to a p torus
such that their intersection is the knotted surface, and we use the remark
above to conclude the proof. How do we construct such surfaces? First,
observe that by attaching a finite number of thin cylinders (which can be
done in a smooth way) we can get a smooth surface that is diffeomorphic
to a p torus for some p € N. This can be done in two different ways I'j,
', such that the boundary of 1(I";) N I(I",) is diffeomorphic to the knotted
surface of the examples and near to it. Of course such a result can be proven
for all knotted surfaces for which the above strategy can be used.

Remark:
1. Expanding motions. If uy(x) is taken as

uo(x)={>0’ if x € B(y,r) C I(S) ’

0, if x in a neigborhood of S U E(S)

i.e., a function vanishing in a neighborhood of S U E(S) and such
that its level sets have uniformly bounded curvatures, then we may
recover a surface S by starting from its inner region. The proof of this
result is similar to the proof of Theorem 3.8. Lemmas 3.2 and 3.3 are
essentially the same, except that /(S) is replaced with E(S). Hence
the details are omitted.

2. Nonideal edges. We have shown that the proposed model is consistent
for smooth compact surfaces, i.e., when objects hold the basic defini-
tion of boundaries (g = 0), they are detected by the minimal-surface
approach. As pointed out before, for nonideal edges, previous algo-
rithms [63, 250, 383] will fail, as g # 0 and the surface will not stop.
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The new term Vg creates a potential valley that attracts the surface,
forcing the surface to stay there even if g # 0.

3. Zero constant velocity. Similar results can be proved when the con-
stant velocity is equal to zero. In this case, the initial surface should
be closer to the final one to avoid local minima. Again, the existence
of the new term Vg allows also the detection of nonconvex objects, a
task that cannot be achieved without the constant velocity in previous
models.

3.2.5. Experimental Results

Now some examples are presented of the minimal-surface deformable
model. In the examples, the initialization is in general given by a surface
(curve) surrounding all the possible objects in the scene. In the case of out-
ward flows [65], a surface (curve) is initialized inside each object. Multiple
initializations are performed in Refs. [250-252 and 383]. Although multiple
initializations help in many cases, they may lead to false contours in noisy
images. Therefore multiple initializations should in general be controlled
(by rough detections of points inside the objects for example) or they should
be followed by a validation step.

The first example of the minimal-surface deformable model is presented
in Fig. 3.9. This object is composed of two tori, one inside the other (knotted

Fig. 3.9. Detection of two linked tori.
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Fig. 3.10. Surface evolution toward the detection of a tumor in MRI.

surface). The initial surface is an ellipsoid surrounding the two tori (top left).
Note how the model manages to split and detect this very different topology
(bottom right).

A medical example is given in Fig. 3.10. Figure 3.10 presents the 3D
detection of a tumor in a MRI image. The initial 3D shape is presented in
the first row. The second row presents three evolution steps, and the final
shape, the weighted minimal surface, is presented in the bottom.

Figure 3.11 shows a number of sequences of an active hart. This figure is
reproduced from Ref. [249] and was obtained by combining the minimal-
surface model with the fast numerics developed by Malladi and Sethian.

Figure 3.12 shows the detection of a head from MRI data.

3.3. Geodesics in Vector-Valued Images

We now extend the geodesic formulation to object detection in vector-valued
images, presenting what we denote as color snakes (color active contours)

[53, 54, 55]. (In this section the word color is used to refer to general
multivalued images.) Vector-valued images are not just obtained in image
modalities in which the data are recorded in a vector fashion, as in color,
medical, and LANDSAT applications. The vector-valued data can be
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Fig. 3.11. Detection of a heart with the minimal-surface model. Several consecutive
time stages are shown, together with the plot of the area and the volume (vertical axes)
against time (horizontal axes).

Fig. 3.12. Detecting a head from 3D MRI. Eight steps of the evolution of the minimal
surface are shown.
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obtained also from scale and orientation decompositions, which are very
popular in texture analysis; see Ref. [333] for corresponding references.

In general, two different approaches can be adapted to work on vector-
valued images. The first one is to process each plane separately and then
somehow integrate the results to obtain a unique segmentation for the whole
image. The second approach is to integrate the vector information from the
very beginning and then deform a unique curve based on this information,
directly obtaining a unique object segmentation. The first approach suffers
from several problems [333]. Basically, itis not clear a priori how to combine
the results obtained from independent processing of the different planes, and
the result is less robust to noise. We adapt the second approach. The main
idea is to define a new Riemannian (metric) space based on information
obtained from all the components in the image. More explicitly, edges are
computed based on classical results on Riemannian geometry [224]. When
the image components are correlated, as in color images, this approach is
less sensitive to noise than the combination of scalar gradients obtained
from each component [231]. These vector edges are used to define a new
metric space on which the geodesic curve is to be computed. The object
boundaries are then given by a minimal color-weighted path. The resulting
approach holds the same main properties as the geodesic active contours
developed in Subsection 3.1.

A number of results on vector-valued segmentation were reported in
the literature, e.g., Ref. [428]. See Ref. [333] for the relevant references and
further comparisons. Here we address the geodesic active-contour approach
with vector-image metrics, a simple and general approach. Other algorithms
can also be extended to vector-valued images following the framework
described in this section.

3.3.1. Vector-Valued Edges

A definition of edges in vector-valued images is presented based on classical
Riemannian geometry [224]. Early approaches to detecting discontinuities
in multivalued images attempted to combine the response of single-valued
edge detectors applied separately to each of the image components (see,
for example, Ref. [267]). The way the responses for each component are
combined is in general heuristic and has no theoretical basis. A principled
way to look at gradients in multivalued images, and the one adapted in this
book, has been described in Ref. [110].

The idea is the following. Let I(x, x;) : R> — R™ be a multivalued
image with components I;(xy, x3) : R? > R,i=1,2,...,m. For color
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images, for example, we have m = 3 components. The value of the image at
a given point (x?, xJ) is a vector in R", and the difference of image values at
two points P = (x?, x2) and Q = (x], xJ) is given by AI = I(P) — 1(Q).
When the (Euclidean) distance d(P, Q) between P and Q tends to zero, the
difference becomes the arc element,

291
dl = Z —dx;, (3.48)

2 2
a1 ol
drr =33 — —dxdx;. (3.49)

This quadratic form is called the first fundamental form [224]. Let us denote
8ij = 1[(01/9x;) - (81/0x;)], then

2 2 T

dx dx

2 _ Cdrdy. — 1 811 812 1
dl —;;g,jdx,dxj [ dxz} [gm gzz][ dxz] (3.50)

The first fundamental form allows the measurement of changes in the
image. For a unit vector d = (v, v;) = (cos#, sinf), dI*(D) is a measure
of the rate of change of the image in the ¥ direction. The extrema of the
quadratic form of Eq. (3.50) are obtained in the directions of the eigenvectors
of the matrix [g;;], and the values attained there are the corresponding
eigenvalues. Simple algebra shows that the eigenvalues are

_gntgn V(e —gn) +4gh,
= 5 ,

and the eigenvectors are (cosf., sinf.), where the angles 6, are given
(modulo 1) by

Ay (3.51)

2812
811 — 822

Thus the eigenvectors provide the direction of maximal and minimal
changes at a given point in the image, and the eigenvalues are the corre-
sponding rates of change. We call 6, the direction of maximal change and
A the maximal rate of change. Similarly, 6_ and A_ are the direction of
minimal change and the minimal rate of change, respectively. Note that for
m=1,A, =||VI||*>, A_ =0, and (cosb,,sinf,) = VI/|VI|.

In contrast to gray-level images (m = 1), the minimal rate of change A _
may be different from zero. In the single-valued case, the gradient is always

1
0, = Earctan , - =04+ m/2. (3.52)
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perpendicular to the level sets and A_ = 0. As a consequence, the strength
of an edge in the multivalued case is not simply given by the rate of maximal
change A, but by how A, compares with A_. For example, if A, = A_, we
know that the image changes at an equal rate in all directions. We can detect
image discontinuities by defining a function f = f(A,, A_) that measures
the dissimilarity between A, and A_. A possible choiceis f = f(AL — A_),
which has the nice property of reducing to f = f(||VI|?) for the 1D case,
m=1.

Cumani [107] extended some of the above ideas. He analyzed the direc-
tional derivative of A, in the direction of its corresponding eigenvector and
looked for edges by localizing the zero crossings of this function. Cumani’s
work attempts to generalize the ideas of Torre and Poggio [390] to mul-
tivalued images. Note that this approach entirely neglects the behavior of
A_. As already mentioned, it is the relationship between A_ and A, that is
important.

A noise analysis for the above vector-valued edge detector has been pre-
sented in Ref. [231]. It was shown that, for correlated data, this scheme is
more robust to noise than the simple combination of the gradient compo-
nents.

Before concluding this section it should be pointed out that, from the
theory above, improved edge detectors for vector-valued images can be
obtained following, for example, the developments on energy-based edge
detectors [143]. To present the color snakes, the theory developed above is
sufficient.

Metrics of Color Space

Given a number of image attributes, we can measure psychophysically the
degree to which the human visual system is sensitive to small changes in each
of the components. Psychophysical studies therefore can help in defining a
metric in the “attribute” space that is relevant to human vision.

In color vision, for example, we experimentally measure psychophysi-
cal human thresholds (or isoperformance surfaces) from a reference point
in different directions in color space [415]. This defines the local Rieman-
nian metric at the reference point. This kind of measurement has to be
repeated at different positions in color space. The method was pioneered by
MacAdam [248]. An alternative approach has been to develop theoretical
models of human detection of color differences based on our knowledge of
the physiology and psychophysics of the visual system [415]. The predic-
tions of these line-element models also provide a metric of color space. In
general, all the line-element models derived from simple theoretical assump-
tions fail to represent many of the important features present in empirical
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data. Our algorithm can easily incorporate any of the empirical or theoret-
ical line-element models mentioned above (empirical data, however, have
to be interpolated to cover the entire space).

The approach followed here is to adapt one of the CIE standards (CIE
stands for Commission Internationale de P’Eclairage, the International
Commission on Illumination) that attempts to achieve an approximate uni-
form color space (in which color threshold surfaces are roughly spherical)
under the viewing conditions usually found in practice. We use the CIE 1976
L*a*b* space [415] with its associated color-difference formula (which
is simply the Euclidean distance in the space). The white reference point
(Xw, Yy, Z,,) was taken as the one obtained when the red, green, and blue
guns were driven to half of their maximum amplitude. The L*a*b* space is
a first approximation to perceptually uniform color spaces. More accurate
approximations can be obtained, for example, by taking into account spatial
frequencies [401]. In this case, a new vector-valued image is obtained with
m > 3, and the same theory presented above can be applied.

3.3.2. Color Snakes

Let fooior = f(Xy, A_) be the edge detector defined in Subsection 3.3.1. The
edge-stopping function g is then defined such that g.ojor — O when f —
max (00), as in the gray-scale case. For example, fioor := (A4 — A_)"/?,
P> 0, or fcolor = \/Hand 8color += ﬁv Or Zeolor - = exp{_f}' The func-
tion (metric) g.oor defines the space on which we compute the geodesic
curve. Defining

length
Lcolor = / gcolordv, (353)
0

we find that the object-detection problem in vector-valued images is then
associated with minimizing L.y, We have formulated the problem of
object segmentation in vector-valued images as a problem in finding a
geodesic curve in a space defined by a metric induced from the whole vector
image.

To minimize L., that is, the color length, we compute, as before,
the gradient descent flow. The equations developed for the geodesic active
contours are independent of the specific selection of the function g. Re-
placing geray With gcolor and embedding the evolving curve C in the function
u : R> — R, we obtain the general flow, with additional unit speed, for the
color snakes:

du
5 = gcolor(v +©)|Vul + Vu - Vgcolor- (3.54)
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Fig. 3.13. Example of the color snakes. The original image is on the left, and the one
with the segmented objects (red lines) is on the right. The original curve contained both
objects. The computations were done on the L*a*b* space.

To recap, Eq. (3.54) is the modified level-set flow corresponding to the
gradient descent of L. Its solution (steady state) is a geodesic curve in
the space defined by the metric g.oo(A+) of the vector-valued image. This
solution gives the boundaries of objects in the scene. (Note that AL can
be computed on a smooth image obtained from vector-valued anisotropic
diffusion [344].) Following work presented previously in this chapter, theo-
retical results regarding the existence, uniqueness, stability, and correctness
of the solutions to the color active contours can be obtained.

Figure 3.13 presents an example of the vector snake model for a medical
image. Figure 3.14 shows an example for texture segmentation. The original
image is filtered with Gabor filters tuned to frequency and orientation, as
proposed in Ref. [232] for texture segmentation (see Ref. [333] for additional

Fig. 3.14. Example of the vector snakes for a texture image. The original texture (top
left) is decomposed into frequency/orientation (four frequencies and four orientations)
components by means of Gabor filters and this collection of images is used to compute
the metric gcolor for the snake flow. A subset of the different components is shown,
followed (bottom right) by the result of the evolving vector snakes (green), segmenting
one of the texture boundaries (red).
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related references). From this set of frequency/orientation images, gcolor 1S
computed according to the formulas in Subsection 3.3.1, and the vector-
valued snake flow is applied. Four frequencies and four orientations are
used, and 16 images are obtained. More examples can be found in Ref. [333].

3.3.3. Level Lines of Vector-Valued Images

As we have seen, and we will continue to develop later in this book, level
sets provide a fundamental concept and representation for scalar images.
The basic idea is that a scalar image I(x, y) : R> — R is represented as a
collection of sets

Ap = {(x, y) : I(x, y) = h}

or
Ay = {(x, ) I(x,y) < h}.

This representation not only brings state-of-the-art image processing al-
gorithms, it is also the source of the connected-components concept that
we will develop later in this chapter and that has given light to important
applications such as contrast enhancement and image registration.

One of the fundamental questions then is whether we can extend the
concept of level sets (and, after that, the concept of connected components)
to multivalued data, that is, images of the form I(x, y) : R> — R", n > 1.
As we have seen, these data include color images, multispectral images, and
video.

One straightforward possibility is to consider the collection of classi-
cal level sets for each one of the image components /;(x, y) : R* — R,
1 <i <n. Although this is an interesting approach, this has a number of
caveats and is not entirely analogous to the scalar level sets. For example, it
is not clear how to combine the level sets from the different components. In
contrast with the scalar case, a point on the plane belongs to more than one
level set A;(x, y), and therefore it might belong to more than one connected
component. A possible solution to this is to consider lexicographic orders.
That means that some arbitrary decisions need to be taken to combine the
multiple level sets.

Let us now pursue a different approach. Basically, we redefine the level-
set lines of a scalar image I(x, y) : R — R as the integral curves of the
directions of minimal change 6_ as defined above. In other words, we select
a given pixel (x, y) and travel the image plane R? always in the direction of
minimal change. Scalar images have the particular property that the minimal
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Fig. 3.15. Level sets for multivalued images. The first row shows a toy example, with the
original image on the left, followed by the level lines for the corresponding gray-valued
image and the level lines for the vector-valued image. The second row shows a segment
of the level lines for the vector-valued image.

change is zero, and therefore the integral curves of the directions of minimal
change are exactly the classical level-set lines defined above. The advantage
of this definition is that it is dimension independent, and, as we have seen
before, minimal change and direction of minimal change can also be defined
for multivalued images following classical Riemannian geometry; we have
obtained a definition of level sets for multivalued images as well. As in the
scalar case, there will be a unique set of level sets, in contrast with the case in
which we treat each component separately. Figure 3.15 shows segments of
these multivalued level sets for color images. Note how the level set follows
our intuition, and for example, it is located at the color boundary of the
castle.

What is very interesting is to see if we can reconstruct a single-valued
image whose level sets coincide with the multivalued level sets of a color
image (or of any multivalued image in general). We can formulate this as
a variational problem, that is, the multivalued level sets give a direction,
0_ (and 6,), and a value, f(1,, A_), for the level sets and gradient of the
unknown single-valued image. In other words, we search for a single-valued
image 7 : R? — R such that VI is as close as possible to f(A,, A_)8,
(or VI/||VI| is as close as possible to 6,). This can be formulated as a
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variational problem, and we can for example search for the minimizer of
/ IVI — fOs, A0 .

Recall that the unknown is 7, the single-valued image, and 6., A,, and
A_ are obtained from the given color or multivalued image. The gradient
descent flow equation corresponding to this energy is a Poisson equation,
and existence and uniqueness results can be obtained (similar results can
be obtained if we choose to work with only the direction of the gradient
6., ignoring its magnitude). There is still a technical problem, as 6, is
defined only between —m/2 and 4+ /2, although this can be solved in a
number of different ways. Figure 3.16 gives examples of color images and
their corresponding single-valued ones. The basic idea is that the single-
valued image captures the basic geometry of the color image given by the
multivalued level-sets. Details on this can be found in Ref. [95], as well as
in Refs. [19 and 199]. Other techniques for addressing this problem can be
found in Ref. [174].

3.4. Finding the Minimal Geodesic

Figure 3.17 shows an image of a neuron from the central nervous system.
This image was obtained by means of electronic microscopy (EM). After
the neuron is identified, it is marked by means of the injection of a color
fluid. Then a portion of the tissue is extracted, and, after some processing,
it is cut into thin slices and observed and captured by the EM system.
Figure 3.17 shows the output of the EM after some simple postprocessing,
mainly composed by contrast enhancement. The goal of the biologist is to
obtain a 3D reconstruction of this neuron. As we observe from the example
in Fig. 3.17, the image is very noisy and the boundaries of the neuron are
difficult to identify. Segmenting the neuron is then a difficult task.

One of the most commonly used approaches to segment objects as the
neuron in Fig. 3.17 is the use of active contours such as those described in
Section 3.1. As shown before, this reduces to the minimization of a weighted
length given by

/ g(IV(DIhds, (3.55)
C

where C : R — R? is the deforming curve, I : R? — R is the image, ds
stands for the curve arc length (][0C/ds|| = 1), V(-) stands for the gradient,
and g(-) is such that g(r) — 0 while r — oo (the edge detector).
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Fig. 3.16. Single-valued representatives of vector-valued images. The first three rows
from the top show examples for color images (vector data on the left and scalar data on
the right), and the last row shows several components of LANDSAT data followed by
their scalar representation.



Geodesic Curves and Minimal Surfaces 193

Fig. 3.17. Example of an EM image of a neuron (one slice).

There are two main techniques to find the geodesic curve, that is, the
minimizer of Eq. (3.55):

1. Compute the gradient descent of Eq. (3.55) and, starting from a closed
curve either inside or outside the object, deform it toward the (pos-
sibly local) minima, finding a geodesic curve. This approach gives
a curve evolution flow, based on curvature motion, leading to very
efficient solutions for a large number of applications. This was the
approach followed in the preceding subsections in this chapter. This
model, which computes a geodesic, gives a completely automatic
segmentation procedure. When tested with images such as the one in
Figure 3.17, two major drawbacks to this model are found [26]. First,
because of the large amount of noise, spurious objects are detected,
and it is left to the user to manually eliminate them. Second, be-
cause the boundary of the real neuron is very weak, this is not always
detected.

2. Connect between a few points marked by the user on the neuron’s
boundary, while keeping the weighted length of Eq. (3.55) to a min-
imum. This was developed in Ref. [100], and it is the approach pre-
sented now. In contrast with the technique described above, this ap-
proach always needs user intervention to mark the initial points. On
the other hand, for images such as the one in Fig. 3.17, it permits a
better handling of the noise. In the rest of this section this technique
is briefly described and the additions are incorporated to address our
specific problem.
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3.4.1. Computing the Minimal Geodesic

We now describe the algorithm used to compute the minimal weighted path
between points on the object boundary, that is, given a set of boundary points
{P}Y, and following Eq. (3.55), we have to find the N curves that minimize
Py =P

Piti
AP, I(Piy )] = / IV II)ds. (3.56)

i

The algorithm is composed of three main steps: (1) image regularization,
(2) computation of equal-distance contours, and (3) backpropagation. Each
one of these steps is briefly described now. For details on the first step, see
Ref. [36]. For details on the other steps, see Ref. [100].

Image Regularization. To reduce the noise on the images obtained from
EM, we perform the following two steps (these are just examples of common
approaches used to reduce noise before segmenting).

1. Subsampling: We use a four-tap filter, approximating a Gaussian func-
tion, to smooth the image before a 2 x 2 subsampling is performed.
This not only removes noise but also gives a smaller image to work
with, thereby accelerating the algorithm by a factor of 4; that is, we
will work on the subsampled image (although the user marks the end
points on the original image), and only after the segmentation is com-
puted is the result is extrapolated to the original-size image. Further
subsampling was found to already produce inaccurate results. The
result from this step is then an image I,,, that is one quarter of the
original image /.

2. Smoothing: To further reduce noise in the image, we smooth the
image either with a Gaussian filter or with one of the anisotropic
diffusion flows presented in Chap. 4.

At the end of the preprocessing stage we then obtain an image /5, that
is the result of the subsampling of I followed by noise removal. Although
the user marks the points {PP}Y, on the original image I, the algorithm
makes all the computations on 15> and then extrapolates and displays them
on/.

Equal-Distance-Contour Computation. After the 1mage Iy> is com-
puted we have to compute, for every point P,, where P; is the point in
Irvr corresponding to the point P; in I (coordinates divided by two), the

weighted-distance map according to the weighted distance d, that is, we
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have to compute the function
Di(x, y) i=dl2a(P), La(x, )1,

or in words, the weighted distance between the pair of image points P, and
(x, ).

There are basically two ways of making this computation, computing
equal-distance contours or directly computing D;. Each one is now de-
scribed.

Equal-distance contours C; are curves such that every point on them has
the same distance d to 75,-, that is the curves C; are the level sets or isophotes
of D;. Itis easy to see [100] that, following the definition of d, these contours
are obtained as the solution of the curve evolution flow:

aCi(x,y, 1) 1 -
ot g(IVIral)

where ./\7 is the outer unit normal to C;(x, y, t). This type of flow should be
implemented with the standard level-set method [294].

A different approach is the one presented in Section 2.2, which is based on
the fact that the distance function D; holds the following Hamilton—Jacobi
equation:

———— |VDill= 1.
8UIVIzal)

As detailed in Section 2.2, optimal numerical techniques have been pro-
posed to solve this static Hamilton—Jacobi equation. Because of this opti-
mality, this is the approach we follow in the examples below. At the end
of this step, we have D; for each point 751-. We should note that we do not
need to compute D; for all the image plane. It is actually enough to stop the
computations when the value at 75,+1 is obtained.

Backpropagation. After the distance functions D; are computed, we have
to trace the actual minimal path between P; and 77,+ | that minimizes d. Once
again it is easy to show (see, for example, Refs. [214 and 361]) that this path
should be perpendicular to the level curves C; of D; and therefore tangent
to VD;. The path is then computed backward from P11, in the gradient
direction, until we return to the point P,. This backpropagation is of course
guaranteed to converge to the point P;, and then gives the path of minimal
weighted distance.
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3.4.2. Examples

A number of examples of the algorithm described above are now presented.
We compare the results with those obtained with Picturelt, a commer-
cially available general-purpose image processing package developed by
Microsoft (to the best of my knowledge, the exact algorithm used by this
product was not published). As in the tracing algorithm, this software allows
the user to click a few points on the object’s boundary while the program
automatically completes the rest of it. Three to five points are used for each
one of the examples. The points are usually marked at extrema of curvature
or at areas where the user, after some experience, predicts possible segmen-
tation difficulties. The same points were marked in the tracing algorithm and
in Picturelt. The results are shown in Fig. 3.18. [398]. We observe that the
tracing technique outperforms Picturelt. Moreover, Picturelt is extremely
sensible to the exact position of the marked points; a difference of one or
two pixels can cause a very large difference in the segmentation results. Our
algorithm is very robust to the exact position of the points marked by the
user (see also [60].)

Additional examples for natural images are given in Fig. 3.19. The first
row show the edge tracing on a portrait of Cartan. The second row shows

Fig. 3.18. Comparison of the minimal geodesic results with those obtained with the
commercial software Picturelt. For each column, the original image is shown on the top,
the result of the tracing algorithm (green line) in the middle, and the result of Picturelt
on the bottom. For this last, the area segmented by the algorithm is shown brighter.
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Fig. 3.19. Boundary tracing with global minimal geodesics.

an example for a color image. In this case, g, the weighting function, is
computed with the color edge detector described in Section 3.3. For each
row, the traced image is on the left, the edge map is in the middle (with the
traced contour on it), and the weighted distance corresponding to the last
marked pair of points is on the right.

3.5. Affine Invariant Active Contours

The geodesic formulation allows us to perform affine invariant segmentation
as well. Affine invariant active contours are now described. To obtain them,
we must replace the classical gradient-based edge detector with an affine
invariant one, and we should also compute affine invariant gradient descent
flows. Both extensions are given now [287,288].

3.5.1. Affine Invariant Gradient

Let I : R> — R* be a given image in the continuous domain. To detect
edges in an affine invariant form, a possible approach is to replace the
classical gradient magnitude ||VI||=  /I? + I2, which is only Euclidean
invariant, with an affine invariant gradient. By this we mean that we search
for an affine invariant function from R? to R that has, at image edges, val-
ues significantly different from those at flat areas and such that this values
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are preserved, at corresponding image points, under affine transformations.
To accomplish this, we have to verify that we can use basic affine invari-
ant descriptors that can be computed from 7 in order to find an expression
that (qualitatively) behaves like ||V I||. With the classification developed in
Refs. [281 and 283], it was found that the two basic independent affine
invariant descriptors are (note that the simplest Euclidean invariant differ-
ential descriptor is exactly ||VI||, which is enough to formulate a basic
Euclidean invariant edge detector)

H:=1,1,—1I J =1 0 =21 1,0, + I71

xy’ yy:

There is no (nontrivial) first-order affine invariant descriptor, and all other
second-order differential invariants are functions of H and J. Therefore
the simplest possible affine gradient must be expressible as a function F =
JF(H, J) of these two invariant descriptors.

The differential invariant J is related to the Euclidean curvature of the
level sets of the image. Indeed, if a curve C is defined as the level set of I,
then the curvature of C is given by ¥ = (J/||VI|]®). Lindeberg [242] used
J to compute corners and edges in an affine invariant form, that is,

F:=J=«|VI].

This singles outimage structures with acombination of high gradient (edges)
and high curvature of the level sets (corners). Note that, in general, edges
and corners do not have to lie on a unique level set. Here, by combining
both H and J, we present a more general affine gradient approach. Because
both H and J are second-order derivatives of the image, the order of the
affine gradient is not increased while both invariants are being used.

Definition 3.1. The (basic) affine invariant gradient of a function I is de-
fined by the equation

= H
Vaffl = ‘7' . (357)

Technically, because /v\affl is a scalar (a map from R? to R), it measures
just the magnitude of the affine gradient, so our definition may be slightly
misleading. However, an affine invariant gradient direction does not exist,
as directions (angles) are not affine invariant, and so we are justified in
omitting magnitude for simplicity.

Note also that if photometric transformations are allowed, then @ffl
becomes only a relative invariant. To obtain an absolute invariant, we can
use, for example, the combination H3/?/J. Because in this case going from
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relative to absolute invariants is straightforward, we proceed with the de-
velopment of the simpler function ’ﬁaﬁl .

The justification for our definition is based on a (simplified) analysis
of the behavior of /v\affl near edges in the image defined by /. Near the
edge of an object, the gray-level values of the image can be (ideally) rep-
resented by I(x, y) = f[y — h(x)], where y = h(x) is the edge and f(¢) is
a slightly smoothed step function with a jump near ¢ = 0. Straightforward
computations show that, in this case,

H = —h//f/f//, J = —h//f/3.
Therefore
H/T = f"[f*=(1/f".

Clearly H/J is large (positive or negative) on either side of the object
y = f(x), creating an approximation of a zero crossing at the edge. (Note
that the Euclidean gradient is the opposite, high at the ideal edge and zero
everywhere else. Of course, this does not make any fundamental difference,
as the important part is to differentiate between edges and flat regions. In the
affine case, edges are given by doublets.) This is because f(x) = step(x),
f'(x) = 8(x),and f"(x) = §'(x). (We are omitting the points where f' = 0.)
Therefore /Vsaffl behaves like the classical Euclidean gradient magnitude.

To avoid possible difficulties when the affine invariants H or J are zero,
we replace §aff with a slight modification. Indeed, other combinations of
H and J can provide similar behavior and hence can be used to define
affine gradients. Here the general technique is presented, as well as a few
examples.

‘We will be more interested in edge-stopping functions than in edge maps.
These are functions that are as close as possible to zero at edges and close to
the maximal possible value at flat regions. We then proceed to make mod-
ifications on Vg that allow us to compute well-defined stopping functions
instead of just edge maps.

In Euclidean invariant edge-detection algorithms based on active con-
tours as well as in anisotropic diffusion, the stopping term is usually taken
in the form (1+ ||[VI||*)~!, the extra 1 being taken to avoid singularities
where the Euclidean gradient vanishes. Thus, in analogy, the corresponding
affine invariant stopping term should have the form

1 J?

1+ (Vgl)?  H*+J?
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However, this can still present difficulties when both H and J vanish, so a
second modification is proposed.

Definition 3.2. The normalized affine invariant gradient is given by

H2
Vael =,/ ———. 3.58
il =\ 7 (3.58)

The motivation comes from the form of the affine invariant stopping term,
which is now given by
1 JP+1

= . 3.59
1+ (VD> H?2+J2+1 (3.59)

Formula (3.59) avoids all difficulties where either H or J vanishes, and
hence is a proper candidate for affine invariant edge detection. Indeed, in
the neighborhood of an edge we obtain

J2 +1 _ f/6h//2 +1
H24+J24+1 - h//zf/z(f/4_|_ f//2)+ 1’

which, assuming that 4" is moderate, gives an explanation of why it serves as
a barrier for the edge. Barriers, that is, functions that go to zero at (salient)
edges, will be important for the affine active contours presented in the
following sections.

Examples of the affine invariant edge detector of Eq. (3.59) are given
in Fig. 3.20. As with the affine invariant edge-detection scheme introduced
in the previous section, this algorithm might produce gaps in the object
boundaries as a result of the existence of perfectly straight segments with
the same gray value. In this case, an edge-integration algorithm is needed to
complete the object boundary. The affine invariant active contour presented
in Section 3.5.2 below is a possible remedy of this problem.

3.5.2. Affine Invariant Gradient Snakes

From the gradient active contours and affine invariant edge detectors above,
it is almost straightforward to define affine invariant gradient active con-
tours. To carry this program out, we will first have to define the proper norm.
Because affine geometry is defined for only convex curves [39], we will ini-
tially have to restrict ourselves to the (Fréchet) space of thrice-differentiable
convex closed curves in the plane, i.e.,

Co :={C : [0, 1] = R?: C is convex, closed and C?}.
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Fig. 3.20. Examples of the affine invariant edge detector (after thresholding).

As in Section 1.2, let ds denote the affine arc length. Then, letting L, :=
¢ ds be the affine length defined in Section 1.2, we proceed to define the
affine norm on the space Cy:

1 Lagt
IICIIaff:=f IC(P)la dp=/ ICHa ds,
0 0
where

IC(P)lla := [C(p), C,(P)].

Note that the area enclosed by C is just

1 ! 1 1 1
a=5 [ 1wt ap=3 [1€.C1ap = Clr. (360)
0 0

Observe that
”Cs ”a = [C.Yv Css] =1, ”Css”a = [Csm Csss] = MK,

where u is the affine curvature, i.e., the simplest nontrivial differential affine
invariant. This makes the affine norm ||-|| ¢ consistent with the properties of
the Euclidean norm on curves relative to the Euclidean arc length dv. (Here
we have that |C,||= 1, ||Coll= k.)

We can now formulate the functionals that will be used to define the
affine invariant snakes. Accordingly, assume that ¢, = ¢(w.e) is an affine
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invariant stopping term, based on the affine invariant edge detectors consid-
ered in Section 3.5.1. Therefore ¢, plays the role of the weight ¢ in L,,. As
in the Euclidean case, we regard ¢, as an affine invariant conformal factor,
and replace the affine arc-length element ds with a conformal counterpart
dsg,; = Par ds to obtain the first possible functional for the affine active
contours:

Lag(1)
Ly = / Gatr ds, (3.61)
0

where, as above, L, is the affine length. The obvious next step is to com-
pute the gradient flow corresponding to Ly . in order to produce the affine
invariant model. Unfortunately, as we will see, this will lead to an im-
practically complicated geometric contour model that involves four spatial
derivatives. In the meantime, by using the connection of Eq. (1.11) between
the affine and the Euclidean arc lengths, we note that the above equation
can be rewritten in Euclidean space as

L(1)
Loy = Puieic ' dv, (3.62)
0

where L(t) denotes the ordinary Euclidean length of the curve C(¢) and dv
stands for the Euclidean arc-length.

The snake model that we will use comes from another (special) affine
invariant, namely area; see Eq. (3.60). Let C(p, ) be a family of curves in
Co. A straightforward computation reveals that the first variation of the area
functional

1 1
A =5 / C.C,1dp
0
is
Ly (1)
A = — / (€., C.1ds.
0

Therefore the gradient flow that will decrease the area as quickly as
possible relative to ||-|| . is exactly

Ct = Cmy
which, in modulo tangential terms, is equivalent to

C =k N,
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which is precisely the affine invariant heat equation described in Section 2.5.
It is this functional that we will proceed to modify with the conformal factor
¢.¢r. Therefore we define the conformal area functional as

1 Las(t)
A¢uff = / [C’ Cp]d)aff dp - f [C, Cs]qbaffds-
0 0

(An alternative definition could be to use ¢, to define the affine analog of
the weighted area that produces the Euclidean weighted constant motion
C, = ¢N.) The first variation of A, will turn out to be much simpler than
that of Ly, and will lead to an implementable geometric snake model.

The precise formulas for the variations of these two functionals are given
in the following result. They use the definition of Y+, which is the unit vector
perpendicular to Y. The proof follows by an integration-by-parts argument
and some manipulations as in Appendix B [65,66,201,202].

Lemma 3.7. Let Ly, and A, denote the conformal affine length and area
functionals, respectively.

1. The first variation of Ly, is given by

dLg, (1)

Lagi(t) La(1)
d —/ [C:, (Vur)* 1ds +/ Gaeit[Cy, C1ds.
t 0 0

(3.63)
2. The first variation of Ay, is given by

dA¢aff(t) _

Lag(2)
- / [c,, (6u5Cs + ~1C, <V¢>)ch1)}ds. (3.64)
dr 0 2

The affine invariance of the resulting variational derivatives follows from
a general result governing invariant variational problems that have volume-
preserving symmetry groups [286]:

Theorem 3.12. Suppose G is a connected transformation group and L[C]
is a G-invariant variational problem. Then the variational derivative (or
gradient) 81 of T is a differential invariant if and only if G is a group of
volume-preserving transformations.

We now consider the corresponding gradient flows computed with respect
to ||-||ag - First, the flow corresponding to the functional L, is

Cz = {(V(paf‘f)L + ¢affﬂ Cs}s = [(V(Paff)l]s + (¢aff/’(')scs + ¢aff,u Css-

We ignore the tangential components, which do not affect the geometry
of the evolving curve, and so we obtain the following possible model for
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geometric affine invariant active contours:

C, = pur ' PN + ([(Vopu) 15, NN (3.65)
The geometric interpretation of the affine gradient flow of Eq. (3.65)
that minimizes L, is analogous to that of the corresponding Euclidean
geodesic active contours. The term ¢y uxc'/? minimizes the affine length
L.¢ while smoothing the curve according to the results in Section 2.5, being
stopped by the affine invariant stopping function ¢,¢. The term associated
with [(Vai)*]s creates a potential valley, attracting the evolving curve to
the affine edges. Unfortunately, this flow involves p, which makes it difficult
to implement. (Possible techniques to compute ¢ numerically were recently
reported in Refs. [57, 58, and 136].)
The gradient flow coming from the first variation of the modified area
functional, on the other hand, is much simpler:

1
C = {¢affcs +3 [C, (V(baff)L]Cs} . (3.66)
Ignoring tangential terms (those involving C;), we find that this flow is
equivalent to

1
Ct = ¢aff Css + E [Ca (Vd)aff)l] Cssa (367)

which in Euclidean form gives the second possible affine contour snake
model:

Co = uric PN + % (C, Vopur)c PN (3.68)

Note that although both models (3.65) and (3.68) were derived for con-
vex curves, the flow of Eq. (3.68) makes sense in the nonconvex case as
well, which makes this the only candidate for a practical affine invariant
geometric-contour method. Thus we will concentrate on Eq. (3.68) from
now on, and just consider Eq. (3.65) as a model with some theoretical
interest.

To better capture concavities, to speed up the evolution, as well as to
be able to define outward evolutions, a constant inflationary force of the
type v¢/N may be added to Eq. (3.68). This can be obtained from the
affine gradient descent of Ay, := [/ ¢ur dxdy. Note that the inflationary
force C, = ¢J\7 in the Euclidean case of active contours if obtained from
the (Euclidean) gradient descent of A := [/ ¢dxdy, where ¢ is a regular
edge detector. We should note that although this constant-speed term is not
always needed to capture a given contour, for real-world images it is certainly
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very helpful. We have not found an affine invariant inflationary-type term,
and given the fact that the affine normal involves higher derivatives, it is
doubtful that there is such an expression. Formal results regarding existence
and uniqueness of solutions to Eq. (3.68) can be derived by following the
same techniques used for the Euclidean case.

3.6. Additional Extensions and Modifications

A number of fundamental extensions to the theory of geodesic active con-
tours exist. A few of them are briefly presented now in order to encourage
and motivate the reader to refer to those very important contributions.

In Ref. [234], Lorigo et al. showed how to combine the geodesic
active-contour framework with the high codimension level-set theory of
Ambrosio and Soner [9] (see Chap. 2) in order to segment thin tubes in
three dimensions.

One of the fundamental assumptions of the geodesic active contour in
all its variants described so far is the presence of significant edges at the
boundary of the objects of interests. Although this is significantly allevi-
ated because of the attraction term Vg - N and can be further alleviated
with the use of advanced edge-detection functions g, the existence of edges
is an intrinsic assumption of the schemes (note that, as explained before,
in Section 3.2.2 those edges do not have to have the same gradient value
and can have gaps). A number of works have been proposed in the lit-
erature to further address this problem. Paragios and Deriche [302, 303]
proposed the geodesic active regions, in which the basic idea is to have the
geodesic contours driven not only by edges but also by regions. In other
words, the goal is not only to have the geodesic contours converge to re-
gions of high gradients, as in the original models described above, but also
to have them separate into uniform regions. The segmentation is then driven
both by the search of uniform regions and the search of jumps in unifor-
mity (edges). Uniform regions are defined with statistical measurements
and texture analysis. Figure 3.21 shows an example of their algorithm. The
reader is encouraged to read their work in order to obtain details and to
see how the geodesic active contours can be combined with statistical anal-
ysis, texture analysis, and unsupervised learning capabilities to produce a
state-of-the-art framework for image segmentation.

A related approach was developed by Chan and Colleagues [82,83]. (An-
other related approach was developed by Yezzi, Tsai, and Willsky, personal
communication.) The authors have connected active contours, level sets,
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Fig. 3.21. Region active-contour example. The evolution of the contour is presented,
for two different initial conditions. Note how for the geodesic active regions there is no
need to have the initial contour completely inside or completely outside of the object of
interest. (Figure courtesy of N. Paragios and R. Deriche.)

variational level sets, and the Mumford—Shah segmentation algorithm, and
developed a framework for image segmentation without edges. The basic
idea is to formulate a variational problem, related to Mumford—Shah, that
searches for uniform regions while penalizing for the number of distinct
regions. This energy is then embedded in the variational level set frame-
work described in Chap. 2 and then solved with the appropriate numerical
analysis machinery. A bit more detailed, the basic idea is to find two re-
gions defined by a closed curve C, each region with (unknown) gray-value
averages A; and A, such that the set (C, A;, A;) minimizes

E(A1, Ay, C) = uy length(C) + i, area inside(C)

+ U3 / [I(x,y) — A;]Pdxdy
inside(C)

+ iy / [I(x,y) — Ar]*dxdy,
outside(C)
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Fig. 3.22. Examples of segmentation without edges. Top: evolving curve, bottom: aver-
age of the approximation function inside and outside the evolving curve. (Figure courtesy
of T. Chan and L. Vese.)

where p; are parameters and /(x, y) is the image. As mentioned above,
this is embedded in the variational level-set framework described before.
Figure 3.22 presents an example of this algorithm. Again, state-of-the-art
results are obtained with this scheme, especially forimages with weak edges.

We can obtain, even without any basic modifications in the geodesic
active contours, a number of improvements and extensions by playing with
the g function, that is, with the edge-detection component of the framework.
An example of this was presented in Section 3.3, in which it was shown how
to redefine g for vector-valued images, permitting the segmentation of color
and texture data. Paragios and Deriche pioneered the use of the geodesic
active contours framework for tracking and the detection of moving objects,
e.g., [300, 304]. The basic idea is to add to g a temporal component, that is,
edges are defined not only by spatial gradients (as in still images), but also
by temporal gradients. An object that is not moving will not be detected
because its temporal gradient is zero. Figure 3.23 presents an example of
this algorithm. An alternative to this approach is presented below.

3.7. Tracking and Morphing Active Contours

In the previous sections, the metric g used to detect the objects in the scene
was primarily based on the spatial gradient or spatial vector gradient, that is,
the metric favors areas of high gradient. In Ref. [298], Paragios and Deriche
propose a different metric that allows for the detection of not just the scene
objects, but of the scene objects that are moving. In other words, given
two consecutive frames of a video sequence, the goal is now to detect and
track objects that are moving in the scene. The idea is then to define a new



208 Geometric Partial Differential Equations and Image Analysis

Fig. 3.23. The first row shows the detection of moving objects by use of both spa-
tial and temporal gradients. The second and the third rows show the tracking with
the active-region scheme of Paragios and Deriche. The algorithm combines optical-
flow computation and moving-object detection. (Figure courtesy of N. Paragios and
R. Deriche.)

function g that includes not only spatial gradient information, which will
direct the geodesic curve to all the objects in the scene, but also temporal
gradient, driving the geodesic to only the objects that are moving. With this
concept in mind, many different g functions can be proposed.

A related approach for tracking is now described. The basic idea, inspired
in part by the work on geodesic active contours and the work of Paragios and
Deriche mentioned above, is to use information from one or more images to
perform some operation on an additional image. Examples of this are given
in Fig. 3.24. On the top row we have two consecutive slices of a 3D image
obtained from EM. The image on the left has, superimposed, the contour
of an object (a slice of a neuron). We can use this information to drive the
segmentation of the next slice, the image on the right. On the bottom row
we see two consecutive frames of a video sequence. The image on the left
shows a marked object that we want to track. Once again, we can use the
image on the left to perform the tracking operation in the image on the right.
These are the types of problems that are addressed in this section. See [386]
for a early use of the snakes framework for tracking.

Our approach is based on deforming the contours of interest from the first
image toward the desired place in the second one. More specifically, we use
a system of coupled PDEs to achieve this (coupled PDEs have already been
used in the past to address other image processing tasks; see Refs. [324
and 322] and references therein). The first PDE deforms the first image, or
features of it, toward the second one. The additional PDE is driven by the
deformation velocity of the first one, and it deforms the curves of interest
in the first image toward the desired position in the second one. This last
deformation is implemented by the level-set numerical scheme, allowing
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MPEG Play

Fig. 3.24. Examples of the problems addressed in this section. See text.

for changes in the topology of the deforming curve; that is, if the objects of
interest split or merge from the first image to the second one, these topology
changes are automatically handled by the algorithm. This means that we
will be able to track scenes with dynamic occlusions and to segment 3D
medical data in which the slices contain cuts with different topologies.

Let I;(x, y,0) : R? — R be the current frame (or slice), where we have
already segmented the object of interest. The boundary of this object is given
by C;,(p,0) : R — R2. Let I)(x,y): R* — R be the image of the next
frame, where we have to detect the new position of the object originally given
by C;,(p, 0)in I,(x, y, 0). Let us define a continuous and Lipschitz function
u(x,y,0): R? — R, such that its zero level set is the curve C;,(p, 0). This
function can be, for example, the signed distance function from C;,(p, 0).
Finally, let us also define F;(x, y,0) : R> — R and F»(x, y) : R> - R to
be images representing features of /;(x, y, 0) and I,(x, y), respectively (e.g.,
F; = I, or F; equals the edge maps of I;, i = 1, 2). With these functions
as initial conditions, we define the following system of coupled evolution
equations (¢ stands for the marching variable):

oFi(x,y,1)
ot

du(x, y, t)
ot

Zﬂ(x’ y’t) ”Vfl(-x’y’t)”’ (369)

= B(x,y, 1) IVu(x, y, 1)l
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where the velocity A(x, v, 1) is given by

R VFi(x,y,t) Vu(x, y,t)
[} ) = ) ) * . 3.70
Py ) =Py g m S ol Va0

The first equation of this system is the morphing equation, where
B(x,y,t) : R? x [0, T) — R is a function measuring the discrepancy be-
tween the selected features Fi(x, y, t) and F,(x, y). This equation is mor-
phing F|(x, y, t) into F»(x, y, t) so that B(x, y, 00) =

The second equation of this system is the tracking equation. The velocity
in the second equation, £, is just the velocity of the first one projected into
the normal direction of the level sets of u. Because tangential velocities do
not affect the geometry of the evolution, both the level sets of F; and u
are following exactly the same geometric flow. In other words, with N. £
and ./\/ as the inner normals of the level sets of F; and_u, respectively,
these level sets are moving with velocities ,8/\/ 7 and ﬂM, respectively.
Because BN, is just the projection of BNz, into AV,, both level sets follow
the same geometric deformation. In particular, the zero level set of u is
following the deformation of C;, , the curves of interest (detected boundaries
in I;(x, y, 0)). It is important to note that because C;, is not necessarily a
level set of I;(x, y, 0) or Fi(x, y, 0), u is needed to track the deformation
of this curve.

Because the curves of interest in J; and the zero level set of u have the
same initial conditions and they move with the same geometric velocity,
they will then deform in the same way. Therefore, when the morphing of
JF into F, has been completed, the zero level set of u should be the curves
of interest in the subsequent frame I,(x, y).

We could argue that the steady state of Egs. (3.69) is not necessarily given
by the condition 8 = 0, as it can also be achieved with ||VF(x, y, t)|| =0.
This is correct, but it should not affect the tracking because we are assuming
that the boundaries to track are not placed over regions where there is no
information and then the gradient is flat. Therefore, for a certain band around
the boundaries, the evolution will stop only when g = 0, thus allowing for
the tracking operation.

For the examples below, we have opted for a very simple selection of the
functions in the tracking system, namely

Fi=LU), i=1,2, 3.71)
ﬁ(‘x7y7t)=f2(x’ Y)—]:l(x’ y9t)v (372)
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where £(-) indicates a band around Cj,, that is, for the evolving curve Cj,
we have an evolving band B of width w around it, and L[ f(x, y, )] =
f(x,y,t)if (x, y)isin B, and it is zero otherwise. This particular morphing
term is a local measure of the difference between I,(¢) and I,. It works
to increase the gray value of I;(xo, Yo, t) if it is smaller than I,(xg, yo),
and to decrease it otherwise. Therefore the steady state is obtained when
both values are equal to Vxg, yo in B, with ||[VI{]|| # 0. Note that this is a
local measure, and that no hypothesis concerning the shape of the object
to be tracked has been made. Having no model of the boundaries to track,
the algorithm becomes very flexible. The main drawback of this particular
selection, being so simple, is that it requires an important degree of similarity
among the images for the algorithm to track the curves of interest and not
to detect spurious objects. If the set of curves C,, isolates an almost uniform
interior from an almost uniform exterior, then there is no need for a high
similarity among consecutive images. On the other hand, when working
with more cluttered images, if C, (0) is too far away from the expected limit
lim,_, o Cy, (¢), then the above-mentioned errors in the tracking procedure
may occur. This similarity requirement concerns not only the shapes of
the objects depicted in the image but especially their gray levels, as this 8
function measures gray-level differences. Therefore histogram equalization
is always performed as a preprocessing operation.

We should also note that this particular selection of 8 involves informa-
tion of the two present images. Better results are expected if information
from additional images in the sequence is taken into account to perform the
morphing between these two.

The first example of the tracking algorithm is presented in Fig. 3.25. This
figure shows nine consecutive slices of neural tissue obtained by EM. The
goal of the biologist is to obtain a 3D reconstruction of this neuron. As we
observe from these examples, the EM images are very noisy, and the bound-
aries of the neuron are not easy to identify or to tell apart from other similar
objects. Segmenting the neuron is then a difficult task. Before processing
for segmentation, the images are regularized by anisotropic diffusion (see
Chap. 4). Active-contour techniques such as those in described in Section 3.1
will normally fail with these types of images. Because the variation between
consecutive slices is not too large, we can use the segmentation obtained
for the first slice (segmentation obtained either manually or with the edge-
tracing technique described in Section 3.4) to drive the segmentation of the
next one, and then automatically proceed to find the segmentation in the
following images. In this figure, the top left image shows the manual or
semiautomatic segmentation superimposed, and the following ones show
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Fig. 3.25. Nine consecutive slices of neural tissue. The first image has been segmented
manually. The segmentation over the sequence has been performed with the algorithm
described in this section.

the boundaries found by the algorithm. Because of the particular choice
of the § function, dissimilarities among the images cause the algorithm to
mark, as part of the boundary, small objects that are too close to the ob-
ject of interest. These can be removed by simple morphological operations.
Cumulative errors might cause the algorithm to lose track of the boundaries
after several slices, and reinitialization would be required.

We could argue that we could also use the segmentation of the first
frame to initialize the active-contours technique mentioned above for the
next frame. We still encounter a number of difficulties with this approach:
(1) The deforming curve gets attracted to local minima and often fails to
detect the neuron and (2) Those algorithms normally deform either inward
or outward (mainly because of the presence of balloon-type forces), and the
boundary curve corresponding to the first image is in general neither inside
nor outside the object in the second image. To solve this, more elaborate
techniques, e.g., as in Ref. [301], have to be used. Therefore, even if the
image is not noisy, special techniques need to be developed and implemented
to direct different points of the curve in different directions.
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Fig. 3.26. Nine frames of a movie. The first image has been segmented manually. The
segmentation over the sequence has been performed with the algorithm described in this
section; note the automatic handling of topology changes.

Figure 3.26 shows an example of object tracking. The top left image
has, superimposed, the contours of the objects to track. The subsequent
images show the contours found by the algorithm. For the sake of space,
only one out of every three frames is shown. Note how topological changes
are handled automatically. A pioneering topology-independent algorithm
for tracking video sequences, based on the general geodesic framework,
can be found in Refs. [299 and 301]. In contrast with this approach, that
scheme is based on a unique PDE (no morphing flow), deforming the curve
toward a (local) geodesic curve, and it is very sensible to spatial and tem-
poral noisy gradients. Because the similarity between frames, the algo-
rithm just described converges very fast. In both Refs. [299 and 301] much
more elaborate models are used to track, and, when testing some of the
same sequences (e.g., the highway and two-man-walking sequences), a
simpler algorithm such as the one here described already achieves satis-
factory results. The elaborate models in the work of Paragios and Deriche
are needed for more difficult scenes than the ones reported in this section.
The CONDENSATION algorithm described in Ref. [37] can also achieve,
in theory, topology-free tracking, although to the best of my knowledge real
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Fig.3.27. Tracking example on the Walking Swedes movie. (Data courtesy of N. Paragios
and R. Deriche.)

examples showing this capability have not been yet reported. In addition,
this algorithm requires having a model of the object to track and a model of
the possible deformations, even for simple and useful examples as the ones
shown below (note that the algorithm here proposed requires no previous or
learned information). On the other hand, the outstanding tracking capabili-
ties for cluttered scenes shown with the CONDENSATION scheme cannot
be obtained with the simple selections for F; and 8 used for the examples
below, and more advanced selections must be investigated.
Additional tracking examples are given in the Figs. 27-29.

Fig. 3.28. Tracking example on the Highway movie. (Data courtesy of N. Paragios and
R. Deriche.)
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Fig. 3.29. Tracking example on the Heart movie. (Data courtesy of A. Tannenbaum.)

3.8. Stereo

We now follow Ref. [137] and show how the stereo problem can also be
solved with the geodesic and minimal-area technique (see also [109]).

The problem of stereo is as follows: Recover the geometry of the scene
when two or more images from the world are taken simultaneously. Be-
cause the internal parameters of the camera are unknown, the problem is
essentially one of establishing correspondence between the views. The cor-
respondence problem is usually addressed by setting up a functional and
looking for its extrema. Once the correspondence has been achieved, the 3D
point is reconstructed by intersecting the corresponding optical rays. See,
for example, Refs. [130, 165, and 184] for further geometric details on the
old problem of stereo.

Faugeras and Keriven [137] propose to start from some initial 3D surface
Sy and deform it toward the minimization of a given geometric functional.
One of the functionals proposed in Ref. [137] is as follows:

- (IHIJ)

—_— 3.73
i, 1;){1;, I;) G759

ES,N) = // W(S, Nyda = —

i j=Li#j
where i, j run over all the n available images /;, and (-, -) is the cross corre-
lation between the images, which includes the geometry of the perspective
projection and the assumption of Lambertian surfaces [137]. Note that this
approach consists basically of replacing the edge-dependent metric g that
we used for the minimal-surface segmentation approach with a new metric
W that favors correlation between the collection of images. Faugeras and
Keriven work out the Euler-Lagrange equations for this formulation, and,
after embedding in the level-set framework, they obtain the following flow
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\

Fig. 3.30. 3D reconstruction from a stereo pair using the geodesic stereo approach. First,
the stereo pair is shown, followed by the reconstructed 3D shape.

foru : R > R:

9 - -
u, = H||Vu] —ﬁ/[DN’—}— trace(DA)L;] || Vul|

0%u - du
— trace (.,— +DN © —->) [Vull,
INIX IN?
where derivatives are restricted to the tangential plane, DA is the 3 x 3
matrix of derivatives of the normal, and I is the 3 x 3 identity matrix.
Examples of this are given in Fig. 3.30. This example was provided by
Ronny Kimmel, and it corresponds to a simplification of the model by
Faugeras and Keriven that he has recently proposed (additional examples
can be found in the home pages of Faugeras and Keriven).
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Appendix A

The analog to expression (3.7) when E is a general value is now presented.
Note that E, gives the difference between E; and E. in Eq. (3.3). If
Ey # 0, then, instead of expression (3.7), the following minimization is
obtained:

1
min/ V2my/Ey + 2g(D2IC'|dp. (3.74)
0

In order for all the computations after expression (3.7) to hold, the expression
above is equivalent to expression (3.7) if

g <~ V2m+ Ey+ Ag(I)2.

As pointed out in Section 3.1, E, represents the trade-off between « and A in
Eq. (3.3) (as well as the parameterization), as is clear from the expressions
above. Let us further develop this point here for completeness.

Rewriting Eq + Ag>(I) as a quadratic form (v/E + Q)?, we can easily
to show that Q = —/Ey + / Ey + Ag(I)?, and expression (3.74) becomes

1
min </ Qds + \/ET)L),
0

where L is the Euclidean length of the curve. Because Q is an edge detector
like g, we see that basically the minimization problem has an extra term
related to the length of the curve. The importance of this length in the
minimization is given by the exact value of E;, manifesting the relation
between E, and the trade-off parameters « and A in energy expression
(3.3). Note that, as explained before, the Euler—Lagrange of L is «, and this
will appear as an extra term in the corresponding flow if Ej 7% 0. Then, the
new geodesic flow will be (compare with Eq. (3.13))

% = 0)kN = (VQ -MN + JExN. (375
The extra term appears unrelated to Q, which is the edge-detector part of the
algorithm. Therefore, selecting E, too big will give too much importance
to the minimization of L and may cause the flow to miss the edges. This is
clear also from Eq. (3.3), which Eq. (3.75) is trying to minimize. Having
E, = 0 is the only option that makes all the components of the geometric
flow that minimizes Eq. (3.3) g dependent, giving a further justification for
this selection.
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Appendix B

We now compute the Euler—Lagrange of expression (3.8) to obtain the
geodesic flow of Eq. (3.14). For the simplification of the notation, we some-
times write C(¢) for the curve C(z, p), omitting the space parameter ¢, as
well as writing g(C) instead of g[|VI(C)|].

Consider the functional

1
Le(C) = / ¢ICGt, PIC,(, pldp,
0

where C : [0, 1] — R?is a closed (C') curve. Let us compute the first vari-
ation of L at some closed curve Cy, assumed to be of class C?. Consider a
variation C of Cy, that is,

C:(—€,¢)x[0,1] - R?
(t, p) = C(t, p)

is a C? function of (¢, p) such that C(0, p) = Cy and C(z,0) = C(¢, 1),
t € (—¢,€) (e > 0). Assuming a given orientation of C, we compute the
derivative of Lg(C) with respect of ¢, obtaining

d d ! d
ELR[C(Z‘)] = /0 ag[c(h pIIC,(t, p)ldp +f0 glca, P)]Elcq(f’ p)ldp
1
=/ {VglC(t, p)1- Ci(t, p)YIC,(t, p)ldp
0
l -
0

where 7 (¢, p) denotes the unit tangent to the curve C(z, p). Integrating by
parts in the second term, we have that the above expression is equal to

1
/ {Vg[C(t, p)]- Ci(t, pYICy(t, p)ldp
0
1 e
—/ {g[C(t, pIT (¢, p)}y - Ci(t, p)dp
0

1
_ f (VgIC(t, p)1- Co(t, pIIC, (. )]
0

—{(VelC(t, p)] - Cyt, pIT (2, p) - Cilt, p)]
—glC(t, p1T,(t, p) - Ci(t, p))dp
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1
_ / [(VSIC(t, p)] - Cu(t. p)
0

—{VgIC(t, p)] - C(t, YT (2, p) - Cu(t, p)DIC, (2, p)|
—g[C(t, pT,(t, p)- C,(t, p)ldp.

Let s denote the arc length of C(¢). Because ’j; = f;qul, parameterizing
the curves by arc length, we write the above integral as

L[C(1)] . .
/ ({VgIC, )] Ci(t, $)} — {VICt, )] - T (1, HUT (1, 5) - Ci(t, 8)]
0
— glC(t, )T (2, s) - Cilt, 5))ds.

To simplify the notation, let us remove the arguments in the expression
above, obtaining

d LiC()] .. -
S LilC) = / (Ve(C) = [Vg(©) - T1T — g(C)T} - Cuds.
0

Attr =0,
d L(Co) N .
aLR[C(t)]If:o = / {Ve(Co) — [Vg(Cy) - T1T — g(Co)Ts} - C,(0)ds.
0
Because ’j; = K/\7 , we have

d L(Co) 5 o N
LACWlm0 = / (V4(Co) — [Vg(Co) - TIT — g(Cone /) - C,(0)ds
0

L(Co) N N
_ [ ([Ve(Co) - NN — g(Cole N} - C,(0)ds.
0

This expression gives the Gateaux derivative (first variation) of Ly at C =
Co. Then, according to the steepest-descent method, to connect an initial
curve Cy with a local minimum of Lz(C) we should solve the evolution
equation

C, = g(COkN — [Vg(C) - NIN.

This gives Eq. (3.13), that is, the motion of the level sets of Eq. (3.14),
minimizing expression (3.8). To compute the motion of the embedding
function u, the results in Chapter 2 are used. Following the same steps as
before, we can also show that Eq. (3.14) is the flow corresponding to the
steepest descent of

E(u):/ g(X)|Vu|dX.
RZ
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Exercises

1. Compute g(/), the weight used in the geodesic active contours, for a
number of gray-scale images. Repeat the computation for different levels
of smoothing applied to the image I and compare them.

2. Implement the geodesic active contours and investigate the influence of
the constant balloon forge g\ and the doublet force Vg - Vu. (When the
Matlab, Maple, or Mathematica programming language and their level-
set-finding capabilities are used, a simple implementation can be quickly
obtained).

3. Following the computations in Appendix B, compute the corresponding
gradient descent flow for the surface area f f da and the weighted surface
area [ g(I)da.

4. Compute the edges of color images by using the Riemannian formula-
tion presented in this chapter and compare them with edges computed
independently in each channel.

5. Create simple, piecewise-constant, examples of color images in which
a. edges do not appear in some of the color channels and do appear in

the Riemannian approach to edges of vector-valued images
b. edges do not appear in the illuminant channel of a color image and do
appear in the Riemannian approach to edges of vector-valued images
c. edges have opposite directions in each one of the channels.

6. Compute the gradient descent flow corresponding to the energy that maps
the multivalued level sets of a multivalued image into those of a single-
valued image. Show that the Poisson equation is obtained. Repeat the
exercise when only the normalized gradient is used.

7. Compute the weighted distance between two points in an image by using
the formulations in Section 3.4. Using the curve evolution approach,
compute the weighted distance between a point and the rest of the image.
What happens if the point is on the boundary of an object?

8. Implement the affine invariant edge detector. Compare its quality with
that of the classical Euclidean gradient.

9. Implement the affine invariant active contours.



CHAPTER FOUR

Geometric Diffusion of Scalar Images

In previous chapters PDEs were presented that deformed curves and sur-
faces, first according to their intrinsic geometry alone and then according
to combinations of their intrinsic geometry and external, image-dependent
velocities. In this and following chapters we deal with PDEs applied to full
images. We first show how linear PDEs are related to linear, Gaussian filter-
ing, and then extend these models by introducing nonlinear PDEs for image
enhancement.

4.1. Gaussian Filtering and Linear Scale Spaces

The simplest and possibly one of the most popular ways to smooth an image
I(x, y):R?> — Ris to filter it with a (radial) Gaussian filter, centered at 0,
and with isotropic variance ¢. We then obtain

I(x,y,t)=1(x,t)* Gy;.

For different variances ¢ we obtain different levels of smoothing; see Fig.4.1.
This defines a scale space for the image, that is, we get copies of the image
at different scales. Note of course that any scale #; can be obtained from a
scale #y, where 7y < t;, as well as from the original images. This is what we
denoted in Section 2.5.2 as the causality criteria for scale spaces.

Filtering with a Gaussian has many properties, and as in the curves case
discussed in Chap. 3, the scale space can be obtained following a series
of intuitive physically based axioms. One of the fundamental properties of
Gaussian filtering, which we have already seen when dealing with curves,
is that /(x, y, t) satisfies the linear heat flow or Laplace equation:

dI(x, y, 1) RIS R(CHN)

=Al(x,y,t)= 4.1
o1 (. y.1) ox? 9y? 1)

221
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Fig.4.1. Smoothing an image with a series of Gaussian filters. Note how the information
is gradually being lost when the variance of the Gaussian filter increases from left to
right and from top to bottom.

This is very easy to show, first showing that the Gaussian function itself
satisfies the Laplace equation (it is the kernel), and then adding the fact that
derivatives and filtering are linear operations.

The flow of Eq. (4.1) is also denoted as isotropic diffusion, as it is diffusing
the information equally in all directions. It is well know that the “heat” (gray
values) will spread, and, in the end, a uniform image, equal to the average of
the initial heat (gray values), is obtained. This can be observed in Fig. 4.1.
Although this is very good for local reducing noise (averaging is optimal for
additive noise; see Section 4.2), this filter also destroys the image content,
that is, its boundaries. Our goal in the rest of this chapter is to replace
the isotropic diffusion flow with anisotropic ones that remove noise while
preserving edges.
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4.2. Edge-Stopping Diffusion

We have just seen that we can smooth an image by using the Laplace equation
or heat flow, with the image as initial condition. This flow, though, not only
removes noise, but also blurs the image. Hummel [191] suggested that the
heat flow is not the only PDE that can be used to enhance an image and
that in order to keep the scale-space property we need only to make sure
that the flow we use holds the maximum principle presented in Chap. 1.
Many approaches have been taken in the literature to implement this idea.
Although not all of the them really hold the maximum principle, they do
share the concept of replacing the linear heat flow with a nonlinear PDE
that does not diffuse the image in a uniform way. These flows are normally
denoted as anisotropic diffusion, to contrast with the heat flow, that diffuses
the image isotropically (equal in all directions).

The first elegant formulation of anisotropic diffusion was introduced by
Perona and Malik [310] (see Ref. [146] for very early work in this topic and
also Ref. [330] for additional pioneer work), and since then a considerable
amount of research has been devoted to the theoretical and practical un-
derstanding of this and related methods for image enhancement. Research
in this area has been oriented toward the understanding of the mathemati-
cal properties of anisotropic diffusion and related variational formulations
[17, 75, 200, 310, 421], developing related well-posed and stable equa-
tions [5, 6, 75, 167, 271, 330, 421], extending and modifying anisotropic
diffusion for fast and accurate implementations, modifying the diffusion
equations for specific applications [157], and studying the relations between
anisotropic diffusion and other image processing operations [334, 363,429].
In this section we develop a statistical interpretation of anisotropic diffusion,
specifically from the point of view of robust statistics. The Perona—Malik
diffusion equation is presented and is shown to be equivalent to a robust
procedure that estimates a piecewise-constant image from a noisy input
image.

The robust statistical interpretation also provides a means for detecting
the boundaries (edges) between the piecewise-constant regions in an image
that has been smoothed with anisotropic diffusion. The boundaries between
the piecewise-constant regions are considered to be outliers in the robust
estimation framework. Edges in a smoothed image are therefore very simply
detected as those points that are treated as outliers.

We will also show (following Ref. [34]) that, for a particular class of
robust error norms, anisotropic diffusion is equivalent to regularization with
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an explicit line process. The advantage of the line-process formulation is
that we can add constraints on the spatial organization of the edges. We
demonstrate that adding such constraints to the Perona—Malik diffusion
equation results in a qualitative improvement in the continuity of edges.

4.2.1. Perona-Malik Formulation

As we saw in Section 4.1, diffusion algorithms remove noise from an image
by modifying the image by means of a PDE. For example, consider applying
the isotropic diffusion equation (the heat equation) discussed in Section 4.1,
given by

al(x, y, 1)
ot

with, of course, the original (degraded/noisy) image /(x, y, 0) as the ini-
tial condition, where, once again, I(x, y, 0) : R — R™ is an image in the
continuous domain, (x, y) specifies spatial position, ¢ is an artificial time
parameter, and V[ is the image gradient.

Perona and Malik [310] replaced the classical isotropic diffusion equation
with

= div(V1),

al(x,y,t)

e div[g(IVIIDVI], 4.2)

where |VI|| is the gradient magnitude and g(||VI]]) is an edge-stopping
function. This function is chosen to satisfy g(x) — 0 when x — o0 so that
the diffusion is stopped across edges.

As mentioned above, Eq. (4.2) motivated a large number of researchers
to study the mathematical properties of this type of equation, as well as
its numerical implementation and adaptation to specific applications. The
stability of the equation was the particular concern of extensive research,
e.g., Refs. [6,75,200,310, and 421]. We should note that the mathematical
study of that equation is not straightforward, although it can be shown that
if g(-) is computed over a smoothed version of /, the flow is well posed
and has a unique solution [75]. Note of course that a reasonable numerical
implementation intrinsically smoothes the gradient, and then it is expected
to be stable.

In what follows equations are presented that are modifications of Eq.
(4.2). We do not discuss the stability of these modified equations because
the stability results can be obtained from the mentioned references. Note
again that possible stability problems will typically be solved, or at least
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moderated, by the spatial regularization and temporal delays introduced by
the numerical methods for computing the gradient in g(||VI||) [75, 200,
293].

Perona—Malik Discrete Formulation. Perona and Malik discretized their
anisotropic diffusion equation as follows:

A
I =1+ | > (VI VI, 4.3)

|n PEMNs

where I! is a discretely sampled image, s denotes the pixel position in a
discrete, 2D grid, and ¢ now denotes discrete time steps (iterations). The
constant .. € R is a scalar that determines the rate of diffusion, 7, represents
the spatial neighborhood of pixel s, and |7,| is the number of neighbors
(usually four, except at the image boundaries). Perona and Malik linearly
approximated the image gradient (magnitude) in a particular direction as
VIi,=1,-1., pen;. (4.4)

s

Figure 4.9 in Subsection 4.2.3 shows examples of applying this equation
to an image with two different choices for the edge-stopping function g(-).
Qualitatively, the effect of anisotropic diffusion is to smooth the original
image while preserving brightness discontinuities. As we will see, the choice
of g(-) can greatly affect the extent to which discontinuities are preserved.
Understanding this is one of our main goals in this chapter.

A Statistical View. Our goal is to develop a statistical interpretation of the
Perona—Malik anisotropic diffusion equation. Toward that end, we adopt an
oversimplified statistical model of an image. In particular, we assume that a
given input image is a piecewise constant function that has been corrupted
by zero-mean Gaussian noise with small variance. In Ref. [421], You et al.
presented an interesting theoretical (and practical) analysis of the behavior
of anisotropic diffusion for piecewise constant images. We will return later
to comment on their results.

Consider the image intensity differences I, — I; between pixel s and
its neighboring pixels p. Within one of the piecewise constant-image re-
gions, these neighbor differences will be small, zero mean, and normally
distributed. Hence an optimal estimator for the true value of the image in-
tensity /; at pixel s minimizes the square of the neighbor differences. This
is equivalent to choosing I; to be the mean of the neighboring intensity
values.

The neighbor differences will not be normally distributed, however, for
animage region that includes a boundary (intensity discontinuity). Consider,
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Fig. 4.2. Local neighborhood of pixels at a boundary (intensity discontinuity).

for example, the image region illustrated in Fig. 4.2. The intensity values
of the neighbors of pixel s are drawn from two different populations, and
in estimating the true intensity value at s we want to include only those
neighbors that belong to the same population. In particular, the pixel labeled
p is on the wrong side of the boundary so I, will skew the estimate of I
significantly. With respect to our assumption of Gaussian noise within each
constant region, the neighbor difference I, — I, can be viewed as an outlier
because it does not conform to the statistical assumptions.

Robust Estimation. The field of robust statistics [172, 186] is concerned
with estimation problems in which the data contain gross errors, or outliers.

Many robust statistical techniques have been applied to standard prob-
lems in computer vision [259, 320, 353]. There are robust approaches for
performing local image smoothing [31], image reconstruction [153, 155],
surface reconstruction [368], segmentation [258], pose estimation [225],
edge detection [245], structure from motion or stereo [388, 408], optical
flow estimation [32, 33, 352], and regularization with line processes [34].
For further details, see Ref. [172] or, for a review of the applications of
robust statistics in computer vision, see Ref. [259].

The problem of estimating a piecewise constant (or smooth) image from
noisy data can also be posed by use of the tools of robust statistics. We wish
to find an image / that satisfies the following optimization criterion:

min SN e, = I 0) (4.5)

sel pen;

where p(-) is a robust error norm and o is a scale parameter that will be
discussed further below in Section 4.2.3. To minimize expression (4.5), the
intensity at each pixel must be close to those of its neighbors. As we shall
see, an appropriate choice of the p function allows us to minimize the effect
of the outliers (/, — I) at the boundaries between piecewise constant-image
regions.
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Expression (4.5) can be solved by gradient descent:

A
Y w(l, -1l 0), (4.6)

sl 7=

LT =1+

where ¥ (-) = p’(-) and ¢ again denotes the iteration. The update is carried
out simultaneously at every pixel s.

The specific choice of the robust error norm or p function in expression
(4.5) is critical. To analyze the behavior of a given p function, we consider its
derivative (denoted ), which is proportional to the influence function [172].
This function characterizes the bias that a particular measurement has on
the solution. For example, the quadratic p function has a linear i function.

If the distribution of values (1, — I!) in every neighborhood is a zero-
mean Gaussian, then p(x, o) = x>/o? provides an optimal local estimate
of I!. This least-squares estimate of /! is, however, very sensitive to outliers
because the influence function increases linearly and without bound (see
Fig. 4.3). For a quadratic p, I/*! is assigned to be the mean of the neighbor-
ing intensity values /,. This selection leads to the isotropic diffusion flow.
When these values come from different populations (across a boundary) the
mean is not representative of either population and the image is blurred too
much. Hence the quadratic gives outliers (large values of |V ,|) too much
influence.

To increase robustness and reject outliers, the p function must be more
forgiving about outliers; that is, it should increase less rapidly than x2. For
example, consider the following Lorentzian error norm plotted in Fig. 4.4:

2x

_— 4.7
202 + x2 “.7)

1/x)\?
M%0)=k%[1+—<—>], Y(x,0) =
2\ o

Examination of the i function reveals that, when the absolute value of the
gradient magnitude increases beyond a fixed point determined by the scale

plx,0) Y(x,0)

Fig. 4.3. Least-squares (quadratic) error norm.
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px, o) v(x,0)

Fig. 4.4. Lorentzian error norm.

parameter o, its influence is reduced. We refer to this as a redescending
influence function [172]. If a particular local difference VI, , = I, — I,
has a large magnitude then the value of (VI ,) will be small and there-
fore that measurement will have little effect on the update of I'*! in
Eq. (4.6).

4.2.2. Robust Statistics and Anisotropic Diffusion

We now explore the relationship between robust statistics and anisotropic
diffusion by showing how to convert back and forth between the formula-
tions. Recall the continuous anisotropic diffusion equation:
l(x, y, 1)
ot

The continuous form of the robust estimation problem in expression (4.5)
can be posed as

= div[g(IVI]}) VI]. (4.8)

min/ p(IVI|)dsz2, 4.9)
I Ja

where €2 is the domain of the image and where we have omitted ¢ for nota-
tional convenience. One way we can minimize expression (4.9) is by means
of gradient descent by using the calculus of variations theory presented in
Chap. 1 (see for example Refs. [167,273,310, and 421] for the use of this
formulation):

l(x, y, 1)

T, \J
. div [p (||v1||)—} . (4.10)

IV
By defining

o) = 222 @.11)
X
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we obtain the straightforward relation between image reconstruction by
means of robust estimation (4.9) and image reconstruction by means of
anisotropic diffusion (4.8). You et al. [421] show and make extensive use
of this important relation in their analysis.

The same relationship holds for the discrete formulation; compare
Egs. (4.3) and (4.6) with ¥(x) = p’(x) = g(x) x. Note that additional terms
will appear in the gradient descent equation if the magnitude of the image
gradient is discretized in a nonlinear fashion. We proceed with the discrete
formulation as given in Section 4.1. The basic results presented hold for the
continuous domain as well.

Perona and Malik suggested two different edge-stopping g(-) functions
in their anisotropic diffusion equation. Each of these can be viewed in the
robust statistical framework by converting the g(-) functions into the related
p functions.

Perona and Malik first suggested

gx) = (4.12)

2
1+
for a positive constant K. We want to find a p function such that the iterative
solution of the diffusion equation and the robust statistical equation are
equivalent. Letting K> = 202, we have

gx)x = =¥(x,0), (4.13)

2+ 5

a

where ¥ (x, o) = p'(x, o). Integrating g(x)x with respect to x gives

5 1/ x?
/g(x)x dx = o“log |:1 + = <—)] = p(x). (4.14)
2 \o?

This function p(x) is proportional to the Lorentzian error norm introduced
in Section 4.1, and g(x)x = p’(x) = ¥ (x) is proportional to the influence
function of the error norm; see Fig. 4.5. Iteratively solving (4.6) with a

[~
-

g(x) g(x)x = Y(x) p(x)

Fig. 4.5. Lorentzian error norm and the Perona—Malik g stopping function.
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Lorentzian for p is therefore equivalent to the discrete Perona—Malik for-
mulation of anisotropic diffusion. This relation was previously pointed out
in Ref. [421] (see also Refs. [34 and 273].

The same treatment can be used to recover a p function for the other
g function proposed by Perona and Malik

XZ
gx) =e ¥, (4.15)
The resulting p function is related to the robust error norm proposed by
Leclerc [230]. The derivation is straightforward and is omitted here.

4.2.3. Exploiting the Relationship

The above derivations demonstrate that anisotropic diffusion is the gradient
descent of an estimation problem with a familiar robust error norm. What is
the advantage of knowing this connection? We argue that the robust statisti-
cal interpretation gives us a broader context within which to evaluate, com-
pare, and choose between alternative diffusion equations. It also provides
tools for automatically determining what should be considered an outlier
(an edge). In this section these connections are illustrated with an example.

Although the Lorentzian is more robust than the L, (quadratic) norm, its
influence does not descend all the way to zero. We can choose a more robust
norm from the robust statistics literature that does descend to zero. The
Tukey’s biweight, for example, is plotted along with its influence function
in Fig. 4.6:

2 4 6

L_os4a k<o
ox,0)=1° e o , (4.16)
%, otherwise
x[1—(x/0)?, |x|<o
Y(x,0)= ) (4.17)
0, otherwise
1 272
[ =(x/o) ), x| <o
gx,o)=1> : (4.18)
0, otherwise

At
V

g(x) gx)x = Y (x) p(x)

Fig. 4.6. Tukey’s biweight.
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_/

glx)x = Y (x)

Fig. 4.7. Huber’s minmax estimator (modification of the L; norm).

g(x) o(x)

Another error norm from the robust statistics literature, Huber’s minimax
norm [186] (see also Refs. [330] and [421]), is plotted along with its influ-
ence function in Fig. 4.7. Huber’s minmax norm is equivalent to the L norm
for large values. However, for normally distributed data, the L, norm pro-
duces estimates with higher variance than the optimal L, (quadratic) norm,
so Huber’s minmax norm is designed to be quadratic for small values:

X220 +0/2, |x| <o

px,0) = / / | | -, (4.19)
x], x| > o
x/o, x| <o

Y(x,0)=1 . , (4.20)
sign(x), |x|>o
1/o, x| <o

glx,0) =1 . , (4.21)
sign(x)/x, |x| >0

We would like to compare the influence (1 function) of these three norms,
but a direct comparison requires that we dilate and scale the functions to
make them as similar as possible.

First, we need to determine how large the image gradient can be before
we consider it to be an outlier. We appeal to tools from robust statistics to
automatically estimate the robust scale o, of the image as [326]

o, = 1.4826 MAD(VI)

= 1.4826 median,[[|[VI — median, (V][] 4.22)

where MAD denotes the median absolute deviation and the constant is
derived from the fact that the MAD of a zero-mean normal distribution with
unit variance is 0.6745 = 1/1.4826. These parameters can also be computed
locally [35].

Second, we choose values for the scale parameters o to dilate each of the
three influence functions so that they begin rejecting outliers at the same
value: o,. The point where the influence of outliers first begins to decrease
occurs when the derivative of the ¥ function is zero. For the modified L
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Huber Minimax

Outliers
Lorentzian

Tukey

“Ce biweight

o 70 0 BT o 20
Ce

Outliers

a b

Fig. 4.8. Lorentzian, Tukey, and Huber ¥ functions. a, values of o chosen as a function
of o, so that outlier rejection begins at the same value for each function; b, the functions
aligned and scaled.

norm this occurs at o, = o. For the Lorentzian norm it occurs at o, = /2 o
and for the Tukey norm it occurs at o, = o'/+/5. Defining o with respect
to o, in this way we plot the influence functions for a range of values of x
in Fig. 4.8a. Note how each function now begins reducing the influence of
measurements at the same point.

Third, we scale the three influence functions so that they return values in
the same range. To do this we take A in Eq. (4.3) to be one over the value of
¥ (0., o). The scaled i functions are plotted in Fig. 4.8b.

Now we can compare the three error norms directly. The modified
L, norm gives all outliers a constant weight of one whereas the Tukey
norm gives zero weight to outliers whose magnitude is above a certain
value. The Lorentzian (or Perona—Malik) norm is in between the other
two. From the shape of ¥ (-), we would correctly predict that diffusing
with the Tukey norm produces sharper boundaries than diffusing with the
Lorentzian (standard Perona—Malik) norm and that both produce sharper
boundaries than the modified L; norm. We can also see how the choice of
function affects the stopping behavior of the diffusion; given a piecewise
constant image where all discontinuities are above a threshold, the Tukey
function will leave the image unchanged whereas the other two functions
will not.

These predictions are borne out experimentally, as can be seen in Fig. 4.9.
The figure compares the results of diffusing with the Lorentzian g(-) function
and the Tukey g function. The value of o, = 10.278 was estimated auto-
matically with Eq. (4.22) and the values of o and A for each function were
defined with respect to o,, as described above. The figure shows the diffused
image after 100 iterations of each method. Observe how the Tukey function
results in sharper discontinuities.
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Fig. 4.9. Comparison of the Perona—Malik (Lorentzian) function (left) and the Tukey
function (right) after 100 iterations. Top, original image; middle, diffused images; bot-
tom, magnified regions of diffused images.

We can detect edges in the smoothed images very simply by detecting
those points that are treated as outliers by the given p function. Figure 4.10
shows the outliers (edge points) in each of the images, where |V ,| > o..

Finally, Fig. 4.11 illustrates the behavior of the two functions in the
limit (shown for 500 iterations). The Perona—Malik formulation continues
to smooth the image whereas the Tukey version has effectively stopped.

These examples illustrate how ideas from robust statistics can be used to
evaluate and compare different g functions and how new functions can be
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Fig. 4.10. Comparison of edges (outliers) for the Perona—Malik (Lorentzian) function
(left) and the Tukey function (right) after 100 iterations. Bottom row shows a magnified
region.

chosen in a principled way. See Ref. [34] for other robust p functions that
could be used for anisotropic diffusion. See also Ref. [152] for related work
connecting anisotropic diffusion, the mean-field p function, and binary line
processes.

It is interesting to note that common robust error norms have frequently
been proposed in the literature without a mention of the motivation from
robust statistics. For example, Rudin et al. [330] proposed a formulation
that is equivalent to using the L, norm (TV or total variation). As expected
from the robust formulation described here and further analyzed in detail
by Caselles and colleagues (personal communication) this norm will have a
flat image as a unique steady-state solution (see also [76]). You et al. [421]
explored a variety of anisotropic diffusion equations and reported better
results for some than for others. In addition to their own explanation for this,
their results are predicted, following the development presented here, by the
robustness of the various error norms they use. Moreover, some of their
theoretical results, e.g., Theorem 1 and Theorem 3, are easily interpreted
based on the concept of influence functions. Finally, Harris et al. [177] and
Mead [257] have used analog VLSI (aVLSI) technology to build hardware
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Perona-Malik Tukey

Fig. 4.11. Comparison of the Perona—Malik (Lorentzian) function (left) and the Tukey
function (right) after 500 iterations.

devices that perform regularization. The aVLSI circuits behave much like
a resistive grid, except that the resistors are replaced with “robust” resistors
made up of several transistors. Each such resistive grid circuit is equivalent
to using a different robust error norm.

4.2.4. Robust Estimation and Line Processes

In this subsection we derive the relationship between anisotropic diffusion
and regularization with line processes. The connection between robust statis-
tics and line processes has been explored elsewhere; see Ref. [34] for details
and examples as well as Refs. [38, 85, 152, 154, and 155] for recent related
results. Although we work with the discrete formulation here, it is easy to
verify that the connections hold for the continuous formulation as well.

Recall that the robust formulation of the smoothing problem was posed
as the minimization of

E(I) =) E(), (4.23)
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where
E(I)=)pU, -1, 0). (4.24)
PENs

There is an alternative, equivalent formulation of this problem that makes
use of an explicit line process in the minimization:

E(IL) =) E(,)), (4.25)
where
1
E( )= [Fup — L)L, + P(ls,,»} (4.26)
DENs

and where [, , € I are analog line processes (0 </, , < 1) [152,153]. The
line process indicates the presence (I close to 0) or absence (/ close to 1) of
discontinuities or outliers. The last term, P(/,, ,), penalizes the introduction
of line processes between pixels s and p. This penalty term goes to zero
when [, — 1 and is large (usually approaching 1) when [/, , — 0.

One benefit of the line-process approach is that the outliers are made
explicit and therefore can be manipulated. For example, as we will see in
Subsection 4.2.4 we can add constraints on these variables that encourage
specific types of spatial organizations of the line processes.

Numerous authors have shown how to convert a line-process formulation
into the robust formulation with a p function by minimizing over-the-line
variables [38, 152, 154], that is

p(x) = Join E(x,1),
where
E(x,l) =[x’ + P()].

For our purposes here it is more interesting to consider the other direction:
Can we convert a robust estimation problem into an equivalent line-process
problem? We have already shown how to convert a diffusion problem with a
g(+) function into arobust estimation problem. If we can make the connection
between robust p functions and line processes then we will be able to take
a diffusion formulation like the Perona—Malik equation and construct an
equivalent line-process formulation.

Then our goal is to take a function p(x) and construct a new function
E(x, 1) = [x*] + P(l)] such that the solution at the minimum is unchanged.
Clearly the penalty term P(-) will have to depend in some way on p(-). By
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taking derivatives with respect to x and /, it can be shown that the condition
on P(!) for the two minimization problems to be equivalent is given by

—xI=p [M} .
2x

By integrating this equation we obtain the desired line process penalty
function P(l). See Ref. [34] for details on the explicit computation of this
integral. There are a number of conditions on the form of p that must be
satisfied in order to recover the line process, but, as described in Ref. [34],
these conditions do in fact hold for many of the redescending p functions
of interest.

In the case of the Lorentzian norm, it can be shown that P(I) =1 — 1 —
log/; see Fig. 4.12. Hence, the equivalent line-process formulation of the
Perona—Malik equation is:

1
E(,D=)" [ﬁ(lp — Iyl , +1,,—1—log zs,,,] .42
PENs

Differentiating with respect to /; and/ gives the following iterative equations
for minimizing E (I, 1):

A
=14 ZZWVI”,, (4.28)
Insl 7=
Lo (4.29)
S’p_20’2+VIS2.p' .

0 0.2 0.4 0.6 0.8 1

Fig. 4.12. Lorentzian (Perona—Malik) penalty function, P(/),0 </ < 1.
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Note that these equations are equivalent to the discrete Perona—Malik dif-
fusion equations. In particular, [, , is precisely equal to g(|V I , ).

Spatial Organization of Outliers. One advantage of the connection be-
tween anisotropic diffusion and line processes, obtained through the con-
nection of both techniques to robust statistics, is the possibility of improving
anisotropic flows by the explicit design of line processes with spatial co-
herence. In the classical Perona—Malik flow, which relies on the Lorentzian
error norm, there is no spatial coherence imposed on the detected outliers;
see Fig. 4.10. Because the outlier process is explicit in the formulation of
the line processing (Eq. (4.26)), we can add additional constraints on its
spatial organization. Although numerous authors have proposed spatial co-
herence constraints for discrete line processes [92, 153, 154, 266], we need
to generalize these results to the case of analog line processes [34].

We consider two kinds of interaction terms, hysteresis [59] and non-
maximum suppression [268]. Other common types of interactions (for ex-
ample corners) can be modeled in a similar way. The hysteresis term assists
in the formation of unbroken contours, and the nonmaximum suppression
term inhibits multiple responses to a single edge present in the data. Hys-
teresis lowers the penalty for creating extended edges, and nonmaximum
suppression increases the penalty for creating edges that are more than one
pixel wide.

We consider a very simple neighborhood system as illustrated in
Fig. 4.13. We define a new term that penalizes the configurations on the
right of the figure and rewards those on the left. This term, E;, encodes our
prior assumptions about the organization of spatial discontinuities,

Efls)=ca|—a ) (1=L,)0 =1+ ey A=L,)1=1.],
C.

Chysl supp

so | po
so | po | uo
uo | vo
Chyst Csupp

Fig. 4.13. Cliques for spatial interaction constraints (up to rotation) at a site s. The
circles indicate pixel locations and the bars indicate discontinuities between pixels. The
Chyst cliques are used for hysteresis, and the Cgypp cliques are used for nonmaxima
suppression.
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where the parameters €; and €, assume values in the interval [0, 1] and o
controls the importance of the spatial interaction term. These parameters
were chosen by hand to compute the results here reported.

Starting with the Lorentzian norm, the new error term with constraints
on the line processes bcomes

E(LY) =Y E(VI,.1,). (4.30)

where

1
E(Vlv,pa ls,p) = Fvlipls,p + ls,p -1- logls,p + El(lx,p)-

Differentiating this equation with respect to / and [/ gives the following
update equations:

A
I =1+ ==Y "1, VI, (4.31)
ns| 2=
1 _ 20°
20 lte Y (-0 ) e, (1-1,)]+VI2,
(4.32)

Without the additional spatial constraints, the line-process formulation was
identical to the original Perona—Malik formulation. In contrast, note here
that the value of the line process is dependent on neighboring values.

To see the effect of spatial constraints on the interpretation of discontinu-
ities consider the simple example in Fig. 4.14. The original image is shown
on the left. The next column shows values of the line process for the stan-
dard Perona—Malik diffusion equation, i.e., without the additional spatial

G
|'_-_

Fig. 4.14. Anisotropic diffusion with spatial organization of outliers. Left, input image;

middle, line process for Perona—Malik (bottom — thresholded); right, Perona—Malik line
process with spatial coherence (bottom — thresholded).
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Fig. 4.15. Anisotropic diffusion with spatially coherent outliers. Left, smoothed image;
right: the value of the line process at each point taken to be the product I i , of the
horizontal and the vertical line processes at s.

coherence constraint. The value of the line process at each point is taken
to be the product / ,/, , of the horizontal and the vertical line processes.
Dark values correspond to likely discontinuities. The bottom image in the
column shows a thresholded version of the top image. Note how the line
process is diffuse and how the anomalous pixels on the edges of the square
produce distortions in the line process.

The column on the right of Fig. 4.14 shows the results when spatial
coherence constraints are added. Note how the line process is no longer
affected by the anomalous pixels; these are ignored in favor of a straight
edge. Note also the hashed, or gridlike, pattern present in the image at the top
right. This pattern reflects the simple notion of spatial coherence embodied
in E; that encourages horizontal and vertical edges and discourages edges
that are more than one pixel wide.

Figure 4.15 shows the result of applying the spatial coherence constraints
on a real image (see top of Fig. 4.9 for the input). The image on the left of
Fig. 4.15 is the result of the diffusion, and the image on the right shows the
line-process values (note that the gridlike structure appears here as well).

Figure 4.16 compares edges obtained from the standard Perona—Malik
diffusion equation with those obtained when the spatial coherence con-
straints are added. Recall that we interpret edges to be gradient outliers
where |V ,| > o,. This is equivalent to defining outliers as locations s
at which the line process [(V I, ,, o) is less than the value of the line process
when VI , = o,. Note that we obtain more coherent edges by adding the
spatial coherence constraints.

The line-process formulation is more general than the standard aniso-
tropic diffusion equation. Here only some simple examples have been shown
of how spatial coherence can be added to diffusion. More sophisticated
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Fig. 4.16. Edges obtained with Perona—Malik (left), and Perona—Malik with additional
spatial coherence in the line processes (right). Lower images show details on the gondola.

spatial coherence constraints could be designed to act over larger neighbor-
hoods and/or to encourage edges at a greater variety of orientations.

4.2.5. Remarks on Numerics and Boundary Conditions

Extensive research has been done in the numerical analysis of the differ-
ent forms of nonlinear diffusion [6, 79, 235, 330, 403, 406]. Both explicit
and implicit schemes have been proposed. Because the goal of nonlinear
diffusion is to preserve edges, the numerical implementation has to accom-
plish this goal as well.

With respect to boundary conditions, Newman boundary conditions are
normally imposed, as also dictated by the state-of-the-art theoretical results
in Ref. [10].

4.3. Directional Diffusion
We have seen that the heat flow diffuses the image in all directions in an

equal amount. One possible way to correct this is to stop the diffusion
across edges, and this was the technique presented above. An alternative



242 Geometric Partial Differential Equations and Image Analysis

way, introduced in Ref. [6], is to direct the diffusion in the desired direction.
If £ indicates the direction perpendicular to VI (§ = HV_IIM(_I v, 1)), that s,
parallel to the image jumps (edges), then we are interested in diffusing the

image I in only this direction:
al 021
ar  9E?
Using the classical formulas for directional derivatives, we can write
921/3&? as a function of the derivatives of I in the x and y directions,
obtaining
Bl(x, y, t) o Ixxlf - 2IXIyIX}' + Iy,VIxz
o (IVul))? '

Recalling that the curvature of the level sets of [ is given by
_ L 12 =200, 1y + 1,17

(IVul))?
we find that the directional diffusion flow is equivalent to

al(x,y,t)
= eVl (4.33)

which means that the level sets C of I are moving according to the Euclidean
geometric heat flow

’

aC -
EZKN.

Directional diffusion is then equivalent to smoothing each one of the level
sets according to the geometric heat flow.

To further stop diffusion across edges, it is common to modify the flow
of Eq. (4.33) to obtain

al(x,y,t)
ot
where g(r) is such that it goes to zero when r — o0. Figure 4.17 shows an
example of this flow.
We can ask ourselves in which direction is the edge-stopping flows pre-
sented before diffusing the image. It is very easy to compute that if 7 is the
direction perpendicular to & (parallel to the gradient), then the flow

ar VI
o= le[g(IIVIII)—}

= gUIVulDx [[Vull, (4.34)

dt IVI]
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'[!

ws il B wa st A

Fig. 4.17. Example of anisotropic diffusion (original on the left and processed on the
right).

can be decomposed with the relationship
divig(IVIIDVI] = g(IVIDIee + IV (IVIIDY Ly,

which means that the flow is not only diffusing parallel to the edges, but it
might also be performing an inverse diffusion in the direction of the gradient,
perpendicular to the edges. This explains the enhancement characteristic of
this flow.

4.3.1. Affine Invariant Anisotropic Diffusion

Instead of using the Euclidean geometric heat flow as the basis of the direc-
tional diffusion, we can use the affine one. In this case, we obtain

aI(x.y.1)

139w, 4.35
5 g 7 IV (4.35)
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which, if we set aside the edge-stopping function g, means that each one of
the level sets C of I is moving according to the affine geometric heat flow

aC -
% BN
at

After the expression is written explicitly for the curvature of the level
sets, the affine anisotropic flow becomes

I(x, y. 1
% = (LI =200, 0y + 1, 12)'". (4.36)

Note that, because of the 1/3 power, the gradient in the denominator is
eliminated (this is the only power that achieves this), making the numerical
implementation of this flow more stable than its Euclidean counterpart.

If in addition to the stability advantage, we are interested in making
the anisotropic diffusion flow completely affine invariant, we must make g
affine invariant as well. In Chap. 3 we showed how to compute gradients
in an affine invariant form, and Fig. 4.18 shows an example of the affine

v/ ¢/

7 C/n

Fig.4.18. Affine denoising, edge maps, and curvature computation for two affine-related
images. The first row shows the two original noisy images (two left figures). Gaussian
random noise was added independently to each one of the images after the affine trans-
formation was performed. The subsequent images on the same row show the results of
the affine denoising algorithm. The second row shows, on the left, affine invariant edges
for the images after affine denoising. The last two figures on the second row show plots
of the affine curvature vs. affine arc length of the midrange level set for these images.
The affine curvature was computed with implicit functions. Although this is not the best
possible way to compute the affine curvature in discrete curves, it is sufficient to show
the qualitative behavior of the algorithm. The affine arc length was computed with the
relation between affine and Euclidean arc lengths described in the text. The curve was
smoothed with the affine geometric heat flow for a small number of steps to avoid large
noise in the discrete computations. Note that different starting points were used for both
images, and therefore the corresponding plots are shifted.
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W

Fig. 4.19. Test of the importance of affine invariant denoising. The first row shows
the original image followed by the noisy one. The second row shows the denoising
results for the affine and Euclidean flows. The third row shows plots of the affine cur-
vature vs. affine arc length of the midrange level set for the original image and those
obtained from the affine and Euclidean denoising algorithms (second row images). The
affine curvature was computed with implicit functions. The affine arc length was com-
puted with the relation between affine and Euclidean arc lengths described in the text.
In both cases, the curve was smoothed with the corresponding affine and Euclidean
geometric heat flows for a small number of steps to avoid large noise in the discrete
computations.

anisotropic diffusion equation with this invariant edge detector. Figure 4.19
shows the importance of performing completely affine invariant smoothing
of images before the computation of its affine characteristics. Similar tech-
niques were developed by Kimmel (personal communication), who also
provided software for generating these figures.



246 Geometric Partial Differential Equations and Image Analysis

4.3.2. Connections with Other Filters

We have already seen the connection between linear filtering and PDEs (in
the form of linear PDEs, more specifically, the heat flow). We show now
the connection between median filtering and nonlinear PDEs (anisotropic
diffusion).

Median filtering has been widely used in image processing as an edge-
preserving filter. The basic idea is that the pixel value is replaced with the
median of the pixels contained in a window around it. This idea has been
extended to vector-valued images [197,391,392], based on the fact that the
median is also the value that minimizes the L; norm between all the pixels
in the window. More precisely, the median of a finite series of numbers
U = {I;}, is the number /; € U such that

M M
D=1l < Y M= Ly, VL €U. (4.37)
i=l i=1

Here, the pixels values {/;}!, can be either a scalar or a vector. In the
case of vector-valued images, Eq. (4.37) has been used for directions as
well [391,392] (the median is selected as the vector that minimizes the sum
of angles between every pair in ).

When /(x) : R? — Ris considered as an image defined in the continuous
plane, there is a close relationship among median filtering, morphological
operations, and PDEs [71, 168], and this is presented below.

The background material in this section is adapted from Ref. [168]. We
refer the interested reader to these notes and references therein for details and
proofs. (See also Ref. [265] for connections and references to connections
between stack (median) filters and morphology.)

Definition 4.1. Let I(x) : R? — R be the image, a map from the continuous
plane to the continuous line. The median filter of u, with support given by
a set B of bounded measure, is defined as

B
medg(]) := inf{k € R:measure[/(x) < A] > %re()} _

(4.38)
Having this definition in mind, it is easy to prove the following result.

Proposition 4.1.

medg(/) = inf sup I(x), (4.39)
B'eB

xeB’
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where

measure(B)

B:= {B’:measure(B/) > , B ' C B} .

This relation shows that the median is a morphological filter. This is a
relation we will extend to vector-valued images in Section 5.2.

‘We now report on the relation between median filtering and mean curva-
ture motion, which constitutes the second result we will extend to vector-
valued images in Section 5.2.

Theorem 4.1. Let I be three times differentiable, let k(1) be the curvature
of the level set of u, and let D(xy, t) be the disk centered at x, and with
radius t. Then,

! 2 2+1/3
medpi, (1) = uxo) + k() VI (xo)* + 0@, (4.40)
if IVI(xo)ll # 0, and
Imed ey, — 1(x0)| < |AI(x0)|1? 4+ O(F) (4.41)

otherwise.

This result also leads to the following very interesting relation: If t — 0,
that is, the region of support shrinks to a point, iterating the median filter is
equivalent to solving the geometric PDE

o VI 4.42

5 =X IV, (4.42)
which is exactly the directional diffusion flow presented above (without the
stopping term). Therefore iterated median filtering is basically anisotropic
diffusion. From this point of view, median filtering, which is classically
used in image processing in its discrete form (and with finite support B), is
a nonconsistent numerical implementation of anisotropic diffusion.

This connections follows from an additional relation between curvature
motion and Gaussian filtering. Assume that a simple closed curve C is given
(planar curve). Assign the value of one to all the points inside the curve and
zero to the points outside of it, obtaining a binary image I : R*? — [0, 1].
Filter I with a Gaussian filter of zero mean and variance o, obtaining /.
Because of the maximum principle, 0 < I, < 1. Now set all the points of
I, greater or equal than 1/2 back to one and those less than 1/2 back to
zero. It turns out that if o — 0, the iteration of this process (that is, filtering
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followed by thresholding) converges to the curvature motion

aC -
E = KN .

This filtering process was first proposed by Koenderink [219] as areplace-
ment to the classical Gaussian filtering (note that a threshold nonlinearity
is all that is added). Merriman et al. [260,261] discovered the fascinating
relation between this filtering process and curvature motion, a fact that was
then proved and extended in Refs. [21, 124, 193, and 194]. Therefore cur-
vature motion is basically the result of a liner filter followed by a static
nonlinearity. We should note that this kind of concatenation is very popular
to model different biological visual processes and can be used to generate
very interesting patterns [332].

4.4. Introducing Prior Knowledge

Anisotropic diffusion applied to the raw image data is well motivated only
when the noise is additive and signal independent. For example, if two ob-
jects in the scene have the same mean and differ only in variance, anisotropic
diffusion of the data is not effective. In addition to this problem, anisotropic
diffusion does not take into consideration the special content of the image,
that is, in a large number of applications, such as MRI of the cortex and
Synthetic Aperture Radar (SAR) data, it is known in advance the number
of different types of objects in the scene, and directly applying anisotropic
diffusion to the raw data does not take into consideration this important
information given a priori.

A possible solution to the problems described above is presented now.
The proposed scheme constitutes one of the steps of a complete system
for the segmentation of MRI volumes of the human cortex. The technique
comprises three steps; see Fig. 4.20. First, the posterior probability of each
pixel is computed from its likelihood and a homogeneous prior, i.e., a prior
that reflects the relative frequency of each class (white matter, gray matter,
and nonbrain in the case of MRI of the cortex), but is the same across all
pixels. Next, the posterior probabilities for each class are anisotropically
smoothed. Finally, each pixel is classified independently by use of the
maximum aposterior probability (MAP) rule. In Fig. 4.20b we use a toy
example to motivate the use of this technique. We compare the results of
isotropic diffusion on the raw data with those obtained with anisotropic dif-
fusion on the posterior, both followed by a MAP classification. Figure 4.21
compares the classification of cortical white matter with and without the
anisotropic smoothing step. Anisotropic smoothing produces classifications
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Fig. 4.20. a, Schematic description of the posterior diffusion algorithm; b, Toy example
of the posterior diffusion algorithm. Two classes of the same average and different
standard deviation are present in the image. The first row shows the result of the proposed
algorithm (posterior, diffusion, MAP), and the second row shows the result of classical
techniques (diffusion, posterior, MAP).
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Fig. 4.21. (Top row) Left, Intensity image of MRI data; middle: image of posterior
probabilities corresponding to white-matter class; right, image of corresponding MAP
classification. Brighter regions in the posterior image correspond to areas with higher
probability. White regions in the classification image correspond to areas classified as
white matter; black regions correspond to areas classified as CSF. (Bottom row) Left,
image of white-matter posterior probabilities after being anisotropically smoothed; right:
image of MAP classification computed with smoothed posteriors.

that are qualitatively smoother within regions while preserving details along
region boundaries. The intuition behind the method is straightforward.
Anisotropic smoothing of the posterior probabilities results in piecewise-
constant posterior probabilities that, in turn, yield piecewise-constant MAP
classifications.

This technique, originally developed for MRI segmentation, is quite
general and can be applied to any given (or learned) probability distri-
bution functions. We now first describe the technique in its general formu-
lation. Then we explore the mathematical theory underlying the technique.
We demonstrate that anisotropic smoothing of the posterior probabilities
yields the MAP solution of a discrete Markov random field (MRF) with a
noninteracting, analog discontinuity field. In contrast, isotropic smoothing
of the posterior probabilities is equivalent to computing the MAP solution
of a single, discrete MRF by use of continuous-relaxation labeling (CRL).
Combining a discontinuity field with a discrete MRF is important as it allows
the disabling of clique potentials across discontinuities [384,385]. Further-
more, explicit representation of the discontinuity field suggests new algo-
rithms that incorporate hysteresis and nonmaximal suppression as shown
when the robust diffusion filter was presented before, Section 4.2.4.
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We now deal with the scalar case, while later in this book we will show
how to diffuse the whole probability vector with coupled PDEs.

4.4.1. The General Technique

Let us assume that it is given to us, in the form of a priori information, the
number k of classes (different objects) in the image. In MRI of the cortex
for example, these classes would be white matter, gray matter, and cerebral
spinal fluid nonbrain. In the case of SAR images, the classes can be object
and background. Similar classifications can be obtained for a large number
of additional applications and image modalities.

In the first stage, the pixel or voxel intensities within each class are mod-
eled as independent random variables with given or learned distributions.
Thus the likelihood Pr(V; = v | C; = ¢) of a particular pixel (or voxel in the
case of 3D MRI) V; belonging to a certain class C; is given. For example,
in the case of normally distributed likelihood, we have

1 1(v—p)
Pr(V, =0 | Ci = C) = mo— exXp —ET . (443)

Here, i is a spatial index ranging over all pixels or voxels in the image,
and the index ¢ stands for one of the k classes. V; and C; correspond to
the intensity and classification of voxel i, respectively. The mean and the
variance (i, and o) are given, learned from examples or adjusted by the
user.

The posterior probabilities of each voxel’s belonging to each class are
computed with Bayes’ rule:

1
Pr(C; =c|Vi=v) = X Pr(Vi =v|C; =) Pr(C; =¢), (4.44)

where K is a normalizing constant independent of c¢. As in the case of
the likelihood, the prior distribution Pr(C; = c) is not restricted and can
be arbitrarily complex. In a large number of applications, we can adopt a
homogeneous prior, which implies that Pr(C; = c¢) is the same over all spa-
tial indices i. The prior probability typically reflects the relative frequency
of each class.

After the posterior probabilities are computed (note that we will have
now k images), the posterior images are smoothed anisotropically (in two or
three dimensions), but preserving discontinuities. The anisotropic smooth-
ing technique applied can be based on the original version proposed by
Perona and Malik [310] or any other of the extensions later proposed and
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already discussed in this chapter. As we have seen, this step involves simu-
lating a discretization of a PDE:

% = div[g([[V PV P, (4.45)
where P. = Pr(C = c| V) stand for the posterior probabilities for class c,
the stopping term g(||V P.||) = exp[—(||V P.|| /n.)*], and . represents the
rate of diffusion for class c¢. The function g(-) controls the local amount
of diffusion such that diffusion across discontinuities in the volume is sup-
pressed. Because we are now smoothing probabilities, to be completely
formal, these evolving probabilities should be normalized each step of the
iteration to add to one. This problem will be formally addressed and solved
later in this book; see Chap. 6
Finally, the classifications are obtained with the MAP estimate after
anisotropic diffusion, that is,

C! = arg max, Pr'(C; = c|V; = v), (4.46)

where Pr*(C; = ¢ | V; = v) corresponds to the posterior following aniso-
tropic diffusion.
Recapping, the proposed algorithm has the following steps:

1. Compute the priors and likelihood functions for each one of the
classes in the images.

2. Using Bayes’ rule, compute the posterior for each class.

3. Apply anisotropic diffusion (combined with normalization) to the
posterior images.

4. Use MAP to obtain the classification.

This techniques solves both problems mentioned in the introduction, that
is, it can handle nonadditive noise, and, more importantly, it introduces prior
information about the type of images being processed. We now describe the
relations of this technique with other algorithms proposed in the literature.

4.4.2. Isotropic Smoothing

In this section, the relationship between the MAP estimation of discrete
MRFs and CRL is described [325]. This connection was originally made
by Li et al. [241]. We review this relationship to introduce the notation that
will be used and to point out the similarities between this technique and
isotropic smoothing of posterior probabilities.
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We specialize our notation to MRFs defined on image grids. Let S =
{1, ..., n} be a set of sites where each s € S corresponds to a single pixel
in the image. For simplicity, we assume that each site can take on labels
from a common set £ = {1, ..., k}. Adjacency relationships between sites
are encoded by N = {N; |i € S}, where ) is the set of sites neighboring
site i. Cliques are then defined as subsets of sites so that any pair of sites in
a clique are neighbors. For simplicity, we consider four-neighbor adjacency
for images (and eight-neighbor adjacency for volumes) and cliques of sizes
no greater than two. By considering each site as a discrete random variable
f; with a probability mass function over £, a discrete MRF f can be defined
over the sites with a Gibbs probability distribution.

If data d; € d is observed at each site i and is dependent on only its label
fi» then the posterior probability is itself a Gibbs distribution and, by the
Hammersley—Clifford theorem, also a MREF, albeit a different one [153]:
P(f|d) = Z7' x exp{—E(f|d)}, where

Ef|d)=)Y _Vi(fild)+ Y Va(fi. f)). (4.47)
ieC (i, ))eCs
where V,(f;|d;) is a combination of the single-site clique potential and
the independent likelihood and V,(f;, f;) is the pairwise-site clique poten-
tial. The notation (i, j) refers to a pair of sites; thus the sum is actually a
double sum. Maximizing the posterior probability P(f|d) is equivalent to
minimizing the energy E(f|d).
As a result, the MAP classification problem is one of finding the set of
classes f* that minimizes

f* = argmin E(f | d). (4.48)
feln

This is a combinatorial problem because L" is discrete. There are a variety
of solution techniques to this problem, some of which are stochastic, like
simulated annealing, whereas others are deterministic [30].

Continuous Relaxation Labeling: The CRL approach to solving this
problem was introduced by Li et. al. [241]. In CRL, the class (label) of
each site i is represented by a vector p; = [p;(f;)| f; € L] subject to the
constraints: (1) p;(f;) > Oforall f; € £, and (2) Zﬁ_eﬁ pi(fi) = 1. Within
this framework, the energy E(f|d) to be minimized is rewritten as

E|d) =Y Vi(fild)pi(f)

ieC, fiel

=Y Ve ).

@, )€Ca (fi, fi)eL?



254 Geometric Partial Differential Equations and Image Analysis

Note that when p;(f;) is restricted to {0, 1}, E(p | d) reverts to its original
counterpart E(f|d). Hence CRL embeds the actual combinatorial problem
into a larger, continuous, constrained minimization problem.

The constrained minimization problem is typically solved by iterating
two steps: (1) gradient computation and (2) normalization and update. The
first step decides the direction that decreases the objective function and
the second updates the current estimate while ensuring compliance with
the constraints. A review of the normalization techniques that have been
proposed are summarized in Ref. [241]. Ignoring the need for normalization,
CRL is similar to traditional gradient descent: plf“( fi) < pi(fi) — %
where I

JE(p|d) .

———— =VI(fild)+2 Y Y Valhi, PN (449)
ap;(fi) ji.eCy frel

and the superscripts ¢, ¢ + 1 denote iteration numbers. The notation j : (i, j)
refers to a single sum over j such that (i, j) are pairs of sites belonging to
a clique. Barring the different normalization techniques that could be used,
Eq. (4.49) is found in the update equations of various CRL algorithms [133,
192,325]. There are, however, two differences. First, in most CRL problems,
the first term of Eq. (4.49) is absent and thus proper initialization of p is
important. We also omit this term in the rest of the section to emphasize the
similarity with CRL. Second, CRL problems typically involve maximiza-
tion; thus, V,(fi, f;) would represent consistency as opposed to potential,
and the update equation would add instead of subtract the gradient.

Isotropic Smoothing: A convenient way of visualizing the above op-
eration is as isotropic smoothing. Because the sites represent pixels in an
image, for each class f;, p;(f;) can be represented by an image (of posterior
probabilities) such that k classes imply k such image planes. Together, these
k planes form a volume of posterior probabilities. Each step of Eq. (4.49)
then essentially replaces the current estimate p;(f;) with a weighted aver-
age of the neighboring assignment probabilities p’(f;). In other words, the
volume of posterior probabilities is linearly filtered. If the potential func-
tions V,(fi, f;) favor similar labels, then the weighted average is essentially
low pass among sites with common labels and high pass among sites with
differing labels.

This notion is best illustrated with a simple example. Consider a clas-
sification problem with three classes; i.e., f; € {1, 2, 3} and the volume is
made up of three planes. Define V,(f;, f;) = —1/4 when f; = f; and sites
i and j are four-neighbors; for example, when f; = 2 and i is the middle



Geometric Diffusion of Scalar Images 255

site, V»(2, f;) has the following values:

0 0 O 0 —1/4 0 0 00
0 0 O —1/4 0 —-1/4 000
0 0O 0 —1/4 0 0 0 O

i = j = j=3

Thus the penalty is smaller when adjacent pixels have the same class than
when their classes differ. When these penalties are replaced with the update
equation, pi(f;) (with f; =2) is replaced with a linear combination of
p(f;) with weights equal to

0 0 O 0 1/4 0 0 0 0
0 0 O 1/4 1 1/4 0 0 0
0O 0 0 0 1/4 0 0 0 0

=1 = ;=3

As a result, the posterior probabilities for each class are smoothed during
each step of the iteration. In this example, each of the three planes of posterior
probabilities is low-pass filtered separately.

4.4.3. Anisotropic Smoothing

As we have seen, isotropic smoothing causes significant blurring, espe-
cially across region boundaries. A solution to this problem is to smooth
adaptively such that smoothing is suspended across region boundaries and
takes place only within region interiors. In this section, we show that al-
though isotropic smoothing of posterior probabilities is the same as CRL
of a MREF, anisotropic smoothing of posterior probabilities is equivalent to
CRL of a MRF supplemented with a (hidden) analog discontinuity field. We
also demonstrate that this method could also be understood as incorporating
a robust consensus-taking scheme within the framework of CRL.

We extend the original MRF problem to include a noninteracting, ana-
log discontinuity field on a displaced lattice. Thus the new energy to be
minimized is

Ef D = Z [% Valfis f) - lij + iy — 1 —log li,j)] , (4.50)
(i,/)€Cs

where Vi(f;) has been dropped for simplicity, as the discontinuity field

does not interact with it. The individual sites in the discontinuity field 1 are

denoted by /; ;, which represent either the horizontal or the vertical separa-

tion between sites i and j in S. When /; ; is small, indicating the presence
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of a discontinuity, the effect of the potential V,(f;, f;) is suspended; mean-
while, the energy is penalized by the second term in Eq. (4.50). There are a
variety of penalty functions that could be derived from the robust estimation
framework (see Ref. [34]). The penalty function in Eq. (4.50) was derived
from the Lorentzian robust estimator.

The minimization of E(f, 1) is now over both f and 1. Because the discon-
tinuity field is noninteracting, we can minimize 1 analytically by computing
the partial derivatives of E(f, 1) with respect to /; ; and setting that to zero.
Doing so and inserting the result back into E(f, 1) gives us

1
Ef)= ) 10g|:1+ﬁV2(f,~,f,~):|. 4.51)

(i,)eCs

Rewriting this equation in a form suitable for CRL, we get

1
E@= ) log|l+o— > Vafi [Infopi(f)) |- 452)

(i,))eC2 (fis f)eL?

Anisotropic Smoothing: To compute the update equation for CRL, we
take the derivative of E(p) with respect to p;( f;):

IE(p) .
= wi Valfi £)Pi(f) (4.53)
api(f) (;C ’[; 2 LB ’}

where

w;; = 20° / [2a2+ 3 Vz(ﬁ,fj)pi(ﬁ)Pj(fj)}. (4.54)

(fir f)eL?

The term w; ; encodes the presence of a discontinuity. If w; ; is constant,
then Eq. (4.53) reverts to the isotropic case. Otherwise, w; ; either enables
or disables the penalty function V»(f;, f;). This equation is similar to
the anisotropic diffusion equation proposed by Perona and Malik [310].
However, the image difference between sites i and j in the equation
of Perona and Malik is, in our case, replaced with a discrete version:
Z‘f}d Vo(fis fi)p;j(f;). The stopping term w; ; is also the same except
that the magnitude of the image gradient is again replaced with a discrete
counterpart. Figure 4.22 compares isotropic and anisotropic diffusion of
the posterior and shows w; ;.

Robust Continuous Relaxation Labeling: Each iteration of CRL can
be viewed as a consensus-taking process [407]. Neighboring pixels vote
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MRI Data Posterior Probabilities Isotropically Smoothed MAP Classification
of Class 2 Posterior Probabilities

of Class 2

MRI Data Posterior Probabilities ~ Anisotropically Smoothed  MAP Classification
of Class 2 Posterior Probabilities
of Class 2

Fig. 4.22. Comparison between isotropic and anisotropic diffusion of the posterior, and
the variable weight w; ; (last row) is shown for one of the classes in the anisotropic case.

on the classification of a central pixel based on their current assignment
probabilities p;(f;), and their votes are tallied by a weighted sum. The
weights used are the same throughout the image; thus pixels on one side of a
region boundary may erroneously vote for pixels on the other side. Following
the robust formulation of anisotropic diffusion, anisotropic smoothing of
the posterior probabilities can be regarded as implementing a robust voting
scheme because votes are tempered by w; ;, which estimates the presence
of a discontinuity.

4.4.4. Discussion

The anisotropic smoothing scheme was first proposed and used to seg-
ment white matter from MRI data of a human cortex. Pixels at a given
distance from the boundaries of the white-matter classification were then
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Fig. 4.23. The two left images show manual gray-matter segmentation results; the two
right images show the automatically computed gray-matter segmentation (same slices
shown).

automatically classified as gray-matter. Thus gray-matter segmentation re-
lied heavily on the white-matter segmentation’s being accurate. Figure 4.23
shows comparisons between gray-matter segmentations produced automat-
ically by the proposed method and those obtained manually. A 3D recon-
struction based on this technique is shown in the Fig. 4.24. More examples
can be found in Ref. [384].

Figure 4.25 shows the result of the algorithm applied to SAR data [170,
171]. Here the three classes are object, shadow, and background. The first
row shows the result of segmenting a single frame. Uniform priors and
Gaussian distributions are used. The next rows show the results for the
segmentation of video data with learned priors. The second row shows the
segmentation of the first frame of a video sequence (left). Uniform priors
and Gaussian distributions are used for this frame as well. To illustrate the
learning importance, only two steps of posterior diffusion were applied.

Fig. 4.24. 3D reconstruction of the human white matter from MRI, based on posterior
diffusion techniques.
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Fig. 4.25. Segmentation of SAR data (scalar and video).

After this frame, smooth posteriors of frame i are used as priors of frame
i + 1. The figure on the right shows the result, once again with only two
posterior smoothing steps, for the eight frames in the sequence.

When applied to MRI, the technique being proposed bears some superfi-
cial resemblance to schemes that anisotropically smooth the raw image be-
fore classification [157]. Besides the connection between our technique and
MAP estimation of MRF’s, which is absent in schemes that smooth the im-
age directly, there are other important differences, as Ref. [157] suffers from
the common problems of diffusion raw data detailed in the introduction.
We should note again that applying anisotropic smoothing on the posterior
probabilities is feasible even when the class likelihoods are described by
general probability mass functions (and even multivariate distributions!).

The equivalence between anisotropic smoothing of posterior probabili-
ties and MRFs with discontinuity fields also offers a solution to the problems
of edge handling and missing data. These two issues can be treated in the
same manner as in traditional regularization. Solving of the latter implies
that MAP classification can be obtained even at locations where the pixel
values are not provided.
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4.5. Some Order in the PDE Jungle

4.5.1. Why PDEs?

We have presented a number of PDEs for anisotropic diffusion and have
shown the relation between a few of them and other classical discrete filters
(like median filtering). As argued before, and this is clearly exemplified
by the connection between curvature motion and median filtering, PDEs
can be considered as the iteration of filtering operations with very small
support. This is the approach developed in the book by Guichard and Morel
[168]. Here we want to show how a number of very simple assumptions
immediately lead to PDEs. We follow Refs. [5 and 8].

Let Io(x, y) : R> — R be the original image that we plan to precess.
Let I,(x, y, t) := T,[Io] be an operator that associates with the image I; a
processed image at scale ¢. Let us also define 7} ,[/] := T;[I;]. T, can be
for example a Gaussian filtering operation with variance proportional to 7.
Let us consider the following basic principles:

1. Causality: Using T, we can express the principle of causality as
Toon = TraneTi, Try = identity, and T, [1] > Ty, [1] forall 7 >
I. This principle means that to get to scale t + & we can either start
from the original scale (0) or from any intermediate scale ¢. It also says
that the order is preserved. This is basically the causality principle of
not adding information, which we have already discussed a number
of times in this book.

2. Regularity: Let I(y) = %{[A(x —y),x—y]l+(p,x —y)+c}bea
quadratic form of R". There exists a function F(A, p, x, ¢, t), con-
tinuous with respect to A, such that

Toonid =1
h

3. Morphological invariance: gT;y ;1] = T,11..[g1] for any change of
contrast given by g, a nondecreasing continuous function.

4. Euclidean invariance: The operator is invariant to Euclidean trans-
formations (rotations and translations of the image).

5. Affine invariance: The operator is invariant to affine transformations.

6. Linearity: Ty lal + bi] = aT, oy, 11+ bT, [ 1].

—n-0 F(A, p,x,c,t).

From these properties, we can derive a number of interesting results:

Theorem 4.2. If an operator holds the principles of causality, Euclidean
invariance, and linearity, then as the operator scale t goes to zero, 1 satisfies

al
— = Al.
ot
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In other words, I(¢) := T;[ 1] obeys the heat equation. This result shows
that, as mentioned before, Gaussian filtering, which is equivalent to the heat
flow, is a direct result from simple assumptions (and the unique one holding
those). Of course, we are more interested in what happens if we do not
require linearity. Let us consider the flow

ol )
E:F(V I,VI, I, x,y,t). (4.55)

Then we have the following theorems.
Theorem 4.3. If the operator T; is causal and regular, then I(x, y,t) =

T,[1(x, y)] is a viscosity solution of Eq. (4.55), where F, given by the reg-
ularity axiom, is nondecreasing with respect to the first argument V>1.

Theorem 4.4. [f the operator is causal, regular, Euclidean invariant, and
morphological, then I obeys the equation

al ) \Zi
—=||V1||F|:le< ),ti|.
t IVI]|

d

Important examples of this theorem are F = constant, which gives the
constant Euclidean motion (dilation and erosion), and F(a, b) = a, which
gives curvature motion (directional diffusion).

Finally, we have the following theorem.

Theorem 4.5. If the operator is causal, regular, affine invariant, and mor-
phological, then I obeys the equation

ol ~/ vI N1
— = V| |tdiv[ —— ,
ot IVI]|

which is the level-set form of the affine invariant heat flow.

Note that we have obtained that there is only one affine invariant flow
that follows the basic principles of multiscale analysis. This result can also
be proved from the invariant geometric flows classification given in Chap. 2
(derivatives higher than two can already violate the causality principle, for
example).

Let us conclude by mentioning that although the above results were
presented for images, similar results hold if we consider shapes, defined by
their boundary curves, and look at flows such as those in Chap. 2.

4.5.2. Are All the PDEs the Same?

Now we first extend the formulation of the geodesic active contours given
in Chap. 3 to the full segmentation/simplification of images. This will lead
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us to show a number of connections between the PDEs described so far in
this book.
Observe once again the level-set flow corresponding to the single-valued

geodesic snakes introduced in Chap. 3, given by

ou Vi | di I Vu

o = | Vul IV[g( )|W|],
where g is the edge-detection map. Two functions (maps from R? to R) are
involved in this flow, the image / and the auxiliary level-set one u. Assume
now that u = I, that is, the auxiliary level-set function is the image itself.
The equation becomes

o VI |di I VI 4.56
at—l IIV[g()W“] (4.56)
A number of interpretations can be given to Eq. (4.56). First, each level
set of the image I moves according to the geodesic active-contour flow,
being smoothly attracted by the term V gy, to areas of high gradient. This
gives the name of self-snakes to the flow. An example is provide in Fig. 4.26.
Furthermore, Eq. (4.56) can be rewritten as
al

9 = Fitusion + Fshock

where

. VI
Fittusion := &) | VI | div ﬁ ,

fshock = Vg(l) -VI

Fig. 4.26. Gray-level self-snakes. Note how the image is simplified while preserving
the main structures.
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The term Figrusion 1S the anisotropic diffusion flow proposed in Ref. [6] and
described in Section 4.3 as

) Vi
I, = g(D)|VI|div (W) = gl

where £ is perpendicular to VI and ggray (1) is, for example, selected as in the
snakes. Let us explain the second term in Eq. (4.56). This is straightforward
from the geometric interpretation of Vg - Vu. The term Vg - VI pushes
toward valleys of high gradients, acting as the shock filter introduced in
Ref. [293] for image deblurring. Therefore the flow I, = Fyock is a shock
filter. We then obtain that the self-snake given by Eq. (4.56) corresponds to a
combination of anisotropic diffusion and shock filtering, further supporting
its possible segmentation properties (for another combination of anisotropic
diffusion and shock filtering see Ref. [7]).

Let us now make a direct connection between the self snakes and Perona—
Malik flow. As explained before, Perona and Malik [310] proposed the flow

ar .
Y div[g(I)VI], 4.57)

where ¢ is an edge-stopping function, as before. We have already seen the
connection of this flow with energy-minimization approaches in Chap. 3.
Now, comparing Eq. (4.57) with Eq. (4.56), we note that the difference
between the two flows is given by the gradient term |VI|. Although this
term can be compensated for by means of the selection of ¢ (or g), it is im-
portant to note it when comparing the self-snakes with Perona—Malik flow.
The term |V I| affects both the diffusion part and the shock one. This con-
nection shows the somehow amazing relation between Terzopoulos snakes
and Perona—Malik anisotropic diffusion. These two algorithms, one devel-
oped for object detection and the other for image enhancement, not only
have been two of the most influential works in the area, but actually they are
closely related mathematically (from Terzopoulos snakes to the geodesic
active contours to the self-snakes into Perona—Malik). This is depicted in
Fig. 4.27.

Recapping, this connection actually shows that Perona—Malik flow is like
moving the image level sets according to Terzopoulos snakes.

4.5.3. Is There Any Connection with Wavelets?

Readers interested in mathematical approaches to image processing might
be wondering whether the PDE approach is related to other mathematical
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Fig. 4.27. Connections among some of the basic PDEs used in image processing.

techniques that are popular in image processing. We have seen the con-
nection of anisotropic diffusion with robust estimation and the connection
between PDEs and energy formulations (variational problems) by means
of gradient descent flows. We have also seen that anisotropic diffusion ap-
plied to posterior probabilities is closely related to MRFs. The connection
between anisotropic diffusion and wavelet theory is now described [253].
This is based on the results in Ref. [77].

As we have seen before in Section 4.2 anisotropic diffusion, or more
specifically edge-stopping diffusion, can be obtained as the gradient de-
scent of a robust minimization problem. Therefore anisotropic diffusion is
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closely related to variational problems. Indeed, (robust) anisotropic diffu-
sion is searching for a (local) minima of a variational problem. Let us gener-
alize this variational problem. We are basically looking for an image 7 that
minimizes

I = Lol +A I ]ly, (4.58)

where || - ||, stands for the L, norm between the reconstructed image /
and the noisy one Iy and || - ||y stands for the norm of the reconstructed
signal in a smoothness space. The first term looks for the similarity of
the reconstructed signal to the original one (this term was ignored when
we were dealing with robust edge-stopping diffusion) and the second term
deals with the smoothness of the solution. Examples of Y used in the liter-
ature were given before in Section 4.2 when we were dealing with robust
anisotropic diffusion, and they include L, and L, (total variation or bounded
variation [330]). (Not all the norms presented before define smoothness
spaces.)

One way to solve Eq. (4.58) is to compute its gradient descent flow and
numerically search for a local minima. This is what we have discussed so
far in this book. However, for a number of function spaces, the norm can be
expressed in terms of the wavelets coefficients of /. In other words, I can
be expanded in terms of its wavelet coefficients, and then the norm |||y is
equivalent to a norm of these wavelet coefficients.

Let us consider Besov spaces B/ (L ) (roughly speaking, this means that
« derivatives of the function are in L ). For Y = B{ (L), which s very close
to the bounded variation space used in Ref. [330], we find that minimizing
Eq. (4.58) is obtained by shrinking the wavelet coefficients by an amount
A /2, reducing to the famous wavelet shrinkage algorithm of Donoho and
Johnstone [112]. Thus wavelet shrinkage is like diffusion in the B{(L:)
space. Other norms give other types of filtering operations to the wavelet
coefficients.

Exercises

1. For a set of images, compute the edge-stopping functions given by the
Lorentzian, Huber, L, and Tukey norms and compare them.

2. Repeat the exercise above, this time performing edge-stopping diffusion
on the images. Test with both small and large numbers of iterations. What
happens to the image when the number of iterations is very large?
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3. Implement the directional diffusion flow, without an edge-stopping func-
tion, and the median filtering technique, and compare the results.

4. Implement the curvature flow of a planar curve following the level-set
technique and following the filtering plus thresholding approach and
compare the results.

5. Recreate the toy example used to exemplify the posterior diffusion de-
scription.



CHAPTER FIVE

Geometric Diffusion of Vector-Valued
Images

In this chapter the results on geometric diffusion are extended to vector-
valued images. A number of different formulations are presented. The first
one is based on directional diffusion, extending the flow described in Sec-
tion4.3. Then the relation between median filtering and anisotropic diffusion
is extended to the vectorial case. The chapter concludes with an extension
of the self-snake contours that leads to an additional formulation of vector-
valued PDEs. Additional vector-valued flows will be introduced in Chap. 6.
Additional applications of coupled PDEs can be found in [307].

5.1. Directional Diffusion of Multivalued Images

5.1.1. Anisotropic Diffusion of Multivalued Images

The anisotropic diffusion flow in Section 4.3 is based on smoothing the
image in the direction £ of minimal change in the image, that is, parallel
to the edges (level sets) or perpendicular to the gradient of the image. In
Subsection 3.3.1 we introduced the concept of direction of maximal and
minimal change for vector-valued images I : R> — R™, and this is enough
to formulate the corresponding anisotropic diffusion flow. Diffusion of the
image occurs normal to the direction of maximal change 6, (i.e., in the
direction perpendicular to the multivalued edge), which, in our case, is
given by 6_. In this way, salient edges are preserved, avoiding as much as

possible diffusion across them. Thus we obtain
al 91
FYRRiET e G.1

which is a system of coupled PDEs. The coupling results from the fact that
6_ depends on all the components of the image /.

267
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To have control over the local diffusion coefficient we add a factor g
similar to the one used for single-valued images. As we want to reduce the
amount of diffusion near the edges, we require that g be close to zero when
A+ > A_. The general evolution equation is

al 9%l

— =g, A ) —.

” (5.2)

A suitable choice for g is any decreasing function of the difference
Ay —20).

Because a function of the form f = f(A, — A_) is the analog multival-
ued extension of f = f(||VI|?) for single-valued images (m = 1), image
processing algorithms for single-valued images based on ||V ||? can be ex-
tended to multivalued images when the square magnitude of the gradient is
replaced with A, — A_. For example, the work on robust diffusion can be
extended to vector-valued images. The analog functional for vector-valued
images would be fQ p(Ay, A_)dxdy. Functionals of this type were further
studied by Blomgren and Chan [40].

In Ref. [344] there is a complete discussion of the connections between
this work and those in Refs. [76 and 409]. The use of systems of coupled
PDEs for different computer vision applications such as stereo and motion
can be found in the work of VanGool and colleagues in Ref. [324].

5.1.2. Experimental Results

An example of vector-valued anisotropic diffusion for color data is given
in Fig. 5.1. The image is represented in the CIE 1976 L*a*b* space [415],
which is an approximately uniform color space. On the top left we see the
original image, a noisy version is shown on the top right, and the filtered
image is depicted on the bottom-left corner. The bottom-right figure shows
the result of applying the algorithm of Ref. [76]. Another example of the
algorithm is shown Fig. 5.2. Here the noise is introduced by JPEG com-
pression 32:1. The original is shown on the left, an expanded region of the
JPEG-compressed image next, followed by the filtered image. Additional
examples can be found in Ref. [344].

Figure 5.3 is an example in which the image was first locally represented
in four frequency bands (low—low, low-high, high-low, high—high). This
yields a vector-valued representation of the image. The multivalued image
was processed in this space, and subsequently the associated real-valued
image was reconstructed. This is the same kind of procedure applied to
segment textured images in Chap. 3.
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Fig. 5.1. Anisotropic diffusion of a noisy color image. See text.

5.2. Vectorial Median Filter

An additional alternative to define anisotropic diffusion for vector-valued
images is to exploit the connection between median filtering and curvature
motion in the scalar case. If we can extend the definition of median filtering to
the vectorial case, then we might obtain PDEs from the asymptotic behavior
of this filter. We proceed to investigate this now [73].

In order to use the definition analogous to the one given by Eq. (4.38),
we need to impose an order in the vector space. This order is necessary to

Fig. 5.2. Anisotropic diffusion of a JPEG-compressed color image. See text.
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Fig. 5.3. Vector image processing in a wavelet like decomposition.

obtain the vectorial extensions of the results presented in Section 5.1. In the
comments subsection and Chap. 6 we discuss the use of other definitions to
obtain median-type operations for vector-valued images.

To be able to compare two vectors, we assume a lexicographic order.
Lexicographic order has recently been used in vector-valued morphology
as well; see Ref. [179] for the most recently published results. Given two
N-dimensional vectors I and I, we say that I > I if and only if I = I, or
I >1I,orl;=1I; foralll <i < j=<Nandl; > ij. This order means
that we compare the coordinates in order until we find the first component
that is different between the vectors. It is well known that the lexicographic
order is a total order and any two vectors in RV can be compared. Given
a set of vectors A € RY we define its supremum (infimum) as the least of
the upper bounds (respectively, the greatest of the lower bounds). That is,
I* =sup A meansthat I < [*forall /] € A andif] < [ forall I € A then
also I* < I. Analogous relations hold for inf A with > instead of <. With
this order in mind, we see that the definition given by Eq. (4.38) is consistent
for the vectorial case as well, with minor modifications.

Definition 5.1. Let I(x) : R? — R be the image, a map from the contin-
uous plane to the continuous space R". The vector median filter of u, with
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support given by a set B of bounded measure, is defined as (over lines stands
for set closure)

B
medg(l) := inf{k € RY :measure[x € B:I(x) < A] > %re()}.

(5.3)

Remark: It is necessary to define the vector median filter over the closure
of a set to guarantee that if a series of vectors I, is greater or equal than
a fix vector /, the limit of the series is also greater or equal than /. This
property does not hold in the general case if the closure is omitted (e.g.,
[ =10, 1000] and I = [, 0], € — 0).

We proceed below to develop the main results of this section concerning
the relations among vector median filtering (with a lexicographic order),
morphological operators, and geometric PDEs. We should note that for the
developments below, it is enough to consider N = 2, that is, a 2D vector.
The operations we show for N = 2 will hold as well for N > 2, where we
relate the componenti + 1 to the component i in the same way we will relate
the second component (i = 2) to the first one (i = 1) in the developments
below.

We should also note that in many cases there is no natural lexicographic
order among all the vector components, but there is just a relation of impor-
tance between one vector and the rest. For example, in color representations
such as Lab and Y uv, the first component is usually more important than the
other two, but there is no natural order between the last two by themselves.
In this case, the system is treated as a collection of 2D vectors of the form
(L, I), 1 <i<N.

Vector Median Filtering as a Morphological Operator. The connection
between scalar median filtering and curvature motion described in Chap. 4
contains implicitly the fact that if 1 is a scalar function, we may restrict the
sets in B to be level sets of 1. This is an obvious fact: if 7 : R> - Ris a
measurable function and B is a subset of R? of finite measure we always
have

medz(]) = ,;Igg sup 1(x), 5.4

xeB’

where
S:={[I <blNB:beR, measure([/] < b]N B) > %‘E(ﬂ)}.

A formula similar to Eq. (5.4) also holds in the vectorial case.
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Proposition 5.1. Let I = (I, I,) : R*> — R? be a bounded measurable
Junction such that measure([/; = «]) = 0 for all « € R and B a subset of
R? of finite measure. Then
medg(/) = inf sup I(x), (5.5)
B'€G yvep

where
g = {[l <AlNB:Xe Rz’ measure([[ <AlN B) > meastzlre(B)}‘

Proof: For simplicity, for any function v from R? to RY, N = 1,2, we
denote by [v < A] the set {x € B : v(x) < A}, A € R¥. To prove this propo-
sition, we first observe that the infimum on the right-hand side of Eq (5.5)
is indeed attained. We have that

@ = inf{sup I(x): B’ € G} = inf{sup I(x) : B’ € G}. (5.6)
xXeB’ xeB’

Because the infimum in the Ilexicographic order of a closed
set is attained, then ¢ = (@1, 92) € {sup,p [(x): B’ € G}. Let
B :=[1 <X 1€G be such that 1, := supp [ — ¢. Observe that
B’; =[I <A,]. Let A, = ()\.,,71, )\.,,’2). Let )\.:’1 = sup{kn,l, )\n+1,1, e b
Ao =sup{r,2, Ans12, .-, ). Then A7 | @1, A, | ¢2. Thus we have
AF = (A 1»An2) = Mgy A, is decreasing, and A; — ¢. It follows that
(i < @1l =N, < A, ] Because measure([/; = «]) =0 for all « € R
and [I <Al=[L < M]U[L; =X, L < Xy] for all A = (A, 1) € R?,
then measure([/ < A]) = measure([I; < A;]) for all A eR? As a
consequence, we have that

measure([/ < ¢]) = measure([/; < ¢;]) = limmeasure([/; < k;l])

= limmeasure([/ < A]) > lim sup measure([/ < X,])

- measure(B)
- 2
Now, by the definition of ¢, we have

g <supl <.
[1=¢]

This justifies Eq. (5.6). In a similar way, we can show that

medy(1) € Fp := {)» : measure[x € B : I(x) < A] > M}

(5.7)



Geometric Diffusion of Vector-Valued Images 273

and
medg(l) = inf{A : A € Fp}.

Now, because measure([/ < ¢]) > , we have medp(/) < ¢. Be-
cause also measure([/ < medz([)]) > %E(B) then ¢ < SUP(;ped, iy I =<

med (). Both inequalities prove Proposition 5.1. O

measure(B)
2

For simplicity, we shall assume in what follows that I = (I, I;) : R*> —
R? is a continuous function and measure([/; = «]) = 0 for all « € R. As
above we shall write [v < A] to mean [v < A] N B.

Proposition 5.2. Assume that I = (I,, I,) : R> — R? is a continuous func-
tion, measure([l; = «]) = 0 for all « € R and B is a compact subset of
R2. Then

medg
medz(l) = |{ . 5.8
sl <1nf[xEB:11(x)=med311] Iz(x)) >-8)
Proof: Let
medBII
=1. . 5.9
H ( infixe .1, (x)=medy 1,1 12(X) ) (>9)

Because we assumed that measure([/; = «]) = O forall @« € R we have that
measure([] < u]) > %ﬁw) Then, by definition of medg(/) we have that
medg(l) < u. Now, let L = (A1, Ap) € Fp. Because measure([1; < Aq]) =
measure([/ < A]) > %ﬁw), then medz(Z;) < A;. If medp(I;) < Aq, then
@ < A. Thus we may assume that medp(/,) = A;. Because [/ < A] =
(i < MU = Ay, I, < A, if infiyep.p(r)y=medy 1,1 I2(X) > Az, then [I <
Al = [ly < A]. Because I; is continuous then medg(/;) < supy; ;11 < Ay
This contradiction proves that infyep.f,(x)y=med; 1,] 12(x) < Ap. Thus u < A.
We conclude that 4 < medp(/). Therefore u = medg(/). O

Proposition 5.2 means that for the first component of the vector, the
median is as in the scalar case, whereas for the second one, we obtain the
result by looking for the infimum over all the pixels of I, corresponding to
the positions on the image plane where the median of the first component is
obtained. This result is expected, as the first component already selects the
whole possible vectors, and then the positions in the plane where the second
component can select from are determined. Note also that new vectors, and
then new pixel values, are not created, as expected from a median filter.

Let us now give an alternative definition of the vector median.
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Definition 5.2. Let I = (I}, I,) : R*> — R? be a measurable function and
B C R? be of finite measure. Define
medy(/) = inf sup I(x), (5.10)
B'eH ycp

where

H:={[I, <bINB:b e R, measure([]; < b] N B) > 2ewureB)y

Proposition 5.3. Let I = (1,, I,) : R> — R? be a continuous function and
B be a compact subset of R*. Then

5.11)

med’ (1) = ( medp I )

SUP| e B:1, (r)=medy 1,] 12(X)

To prove this proposition we need the following simple Lemma.

Lemma 5.1. Let 7; : R> — R be the projection of R* onto the i coor-
dinate. Let A C R?. Then

1. m(sup A) = supm(A).
2. Ifm(T) = m(sup A) for some 1 € A then

m(sup A) = sup{m(I): I € A, m(I) = m(sup A)}. (5.12)

In particular, if A is compact we always have Eq. (5.12). A similar statement
holds for the infimum.

Proof of Proposition 5.3: Let

g = ( mech )
Sup[.XEBZI](.X)ImCdBIII IZ(X) ’

Because measure([I; < medz(1))]) > %MB), we have that medj (1) <
SUP[ .7, (x)<medz1,] 1 - NOW, observe that if /;(x) = medgl; then Ir(x) <
SUP[, —med, 7,1 {2 From this relation it is then simple to show that we have
SUP|,eB:1,(x)<medz1,) | < q- Hence medy (1) < g. To prove the opposite in-
equality, observe that if b € R is such that measure([/; < b]) > %W(B)
then b > medp(/;) and, in consequence, [I; < medg(/;)] < [I; < b]. Be-
cause, by Lemma 5.1, ¢ = Sup;, <jneq, 1,y I We have ¢ < supy;, o, I for all
b € R such that measure([I; < b]) > %ﬁw) Hence ¢ < medj (/). Ob-
serve that the infimum in Eq. (5.11) is attained. O

Asymptotic Behavior and Coupled Geometric PDE’s. Because
mi(medgl) = m(med;/) = medgl;, then Theorem 4.1 describes the
asymptotic behavior of the first coordinate of the vector median medpy, 1)/
for a three-time differentiable function I : R*? — R?, where D(x,t) is
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the disk of radius t > O centered at x, € R%. Let us describe the asymp-
totic behavior of the second coordinate of medp, /. The formula will
be written explicitly only when D/ (xo) - Dlll(xo) # 0. (DI := VI and
(DI, DI*) = 0, whereas | DI|| = | DI*||.) If DI:(xo) - DI*(xo) = 0, the
formula can be written with the Taylor expansion of I, given in Proposi-
tion 5.4.

Proposition5.4. LetI : R*> — R? be three-time differentiable, I = (I, I,).
Assume that DI,(xy) #~ 0. Then

1
L(x) = L(xp) + (x — xo, e1)D1(xp) - €1 + gtzK(Il)(Xo)Dlz(Xo) e
1
- EK(II)(XO)(X — X0, €1)*D1x(x0) - €2

| . 2 2
(D Iy(xp)ey, e1){x — xo, e1)” + o(t7), (5.13)

3

DIi-(xo) ¢, = Do)
DLl 2~ DLl

such that {ey, e,} is positive oriented. In particular, if DI(xg) - le‘(xo) *
0, then

fJor x € [I, = medp,.n11] N D(xg, t), where e; =

s [medpg,n ] = SUP{7, =med ey 11 1ND i1 L2

DI (xo)

+ 0. (5.14
DIy | T O O1Y

= I(xo) — 1

D1 (xo) -

Similarly,

) .
ma[med}y,, 1] = infis —medni 01100000 2

DI (xo)

— 1Ly 0. (5.15
Do 7O O

= I(x9) +t |D L (xo) -

Before giving the proof of this proposition, let us observe that the above
formula for I, coincides with the asymptotic expansion of Eq. (4.40) if I, =
I;. Indeed, if x € [I} = medp(,.I1] N D(xy, t), using that DI,(x,) - e; =0
and D1, (xg) - e; = |DI;(xp)|, we have

1
L(x) = L(xp) + gfzK(Il)(xoﬂDll (x0)l
1
= SkUN(x0)(x — %o, e1)?| DI (xp)]

1
(D*Iy(xp)ey, e1)(x — xo, €1)* + o(t?).

3
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Because I, = I, and |DI,(xo)|k(I})(x0) = (D*I,(xp)ey, e,), the last two
terms in the above expression cancel each other and we have

1
L(x) = I,(x) = medp,,nli = I(xo) + EIZK(Il)(xo)|D11(X0)| + o(t?),

an expression consistent with Eq. (4.40).
More generally, if DI;(x() - e; = 0, we may write

1
L(x) = Iy(xp) + EIZK(Il)(Xo)|D11(x0)|
1
- EK(II)(XO)(X — X0, €1)*DIx(x0) - €

| IS 2 2
+§(D L(xo)er, er){x — xo, e1)” + o(t”)

for x € [I; = medp,.nli] N D(xp, t). Now, observe that DI(xg) - e; =
+|D L(xo)|. In particular, if D1y (xo) - &2 = |DIy(xo)| # 0, because 2,
is collinear to e, the expression for I,(x) can be reduced to

1 1
I(x) = I)(xp) + gtzK(ll)(x0)|D11(X0)| + §|D12(X0)|[K(12)(X0)
— k(IN(x)(x — xo, €1)* + o(t?).

The value of the corresponding infimum or supremum depends on the sign
of the terms containing (x — x, e;)* and we shall not write them explicitly.

Proof: Let x € [, = medp,.n11]1 N D(xg, t). Obviously
X — Xxo = {x — Xo, e1)e; + (x — xp, e2)e.

To compute (x — xg, e;) we expand /I, in Taylor series up to the second
order and write the identity /;(x) = medp, ./ as

1
I (x0) + {(DIi(x0), x — xo) + 5(D211(X0)(X — Xo), X — Xo)

+ o(t*) = medpey.n 1.

Using Eq. (4.40), we have
1
(DI1(x0), x — xo) = EZZK(Il)(x0)|D11(X0)|

1
— E(DZII(XO)(X — Xo), X — Xo) + o(t?).
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Thus we may write

1
X —Xo = (x — xp, er1)e; + EIZK(Il)(xo)ez
(D*I,(x0)(x — Xg), X — Xp) ’
— e + o(t7).
2[D1(x)| ’

Introducing this expression for x — x, into the right-hand side, we obtain

1
X —xo = (X — Xo, e1)e; + glef(ll)(xo)ez

(D*I1(xo)e1, e1) ’ ’
— =P T (x — xo, ),
D1, Cro)] (x — x0, e1)%e2 +0(t")

an expression that can be written as
1,
X —xo = {x — Xo, er)er + 7k (1) (xo)ez

—lK(I X - z :
Sk X0){x — Xo, e1)"ex + o(t7),

2 . . .
because « (1)) (xg) = LAl Tnroducing this into the Taylor expansion
IDI,(x0) g ylorexp

of 12,
L(x) = L(xp) + (D1 (xp), x — xo)
+ %(Dzlz(xo)(x — X0), X — Xo) + o(t?),

we obtain Eq. (5.13), the first part of the proposition.
Now, from the formula above we have for x € [/} = medp, 11N
D(xy, 1),

X —xo = (x — Xo, e1)e; + O?).

In particular, the curve [/} = medp, 1] N D(xy, t) intersects the axis e,
at some point X such that ¥ — xo = O(#?). We also deduce that

sup--- (x — xg,ey) =sup---|x — xo| + 0(1*) =1+ 0(r%),

where the suprema are taken in [/} = medp,.11] N D(xp, t). Taking the
supremum of the last expression for I, on [I; = medp,.nIi] N D(xo, 1),
we obtain Eq. (5.15). In a similar way we deduce Eq. (5.14). O

In analogy to the scalar case, this result can also lead us to deduce the
following result: Modulo the different scales of the two coordinates, when
the median filter is iterated, and + — 0, the second component of the vector,
I(x), is moving its level sets to follow those of the first component 7;(x),
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which are by themselves moving with curvature motion. This is expressed
with the equation

dDL(x,1) DLy(x,t) DIi(x,1)
3t T |IDL(x,1)| |DIi(x,1)]

|DL(x, t)], (5.16)

where the sign depends on the exact definition of the median being used.
Deriving this equation from the asymptotic result presented above is much
more complicated than in the scalar case, and this is beyond the scope of this
book. In spite of the very attractive notation, this is not a well-defined PDE
because the right-hand side is not defined when DI (x) = 0 (see remark
below), and certainly this happens in images (and in those that are solutions
of mean curvature motion). Note that D/;(x) = 0 means that there is no
level-set direction at that place, and then the level sets of I, have nothing
to follow. (It is mentioned in passing that the regularity of DI, would be
an additional problem to study in the analysis of Eq. (5.16).) Anyway, this
equation clarifies the meaning of the vector median and gives it a very
intuitive interpretation. The next terms in the Taylor expansion of I, depend
on curvatures of /; and I,. These terms play a role when the previous one
is zero, and, in particular, this will happen when the level sets of both
components of the vector are equal. The precise form of medp, /! and
med},,, ! can be deduced from the asymptotic expansion for I, previous
to the proof of Proposition 5.4 and we shall not write them explicitly. Let
us only mention that if 7, = I; on a neighborhood of a point, then I, moves
with curvature motion, as expected.

Remark: To illustrate the case when D1,(xp) = 0 and x, is nondegenerate,
we first assume that xq = (0, 0) and /;(x;, x») = Ax1 + sz,x = (x1,x) €
R?, A, B > 0. It is immediate to compute

D(x, t
medp,.nli = inf{oe € R : measure([/; < «]) > measure(z (X ))}

AB
7

Theset X = [[; = ’F] N D(xp,t) = [(x1,x2) € D(xp,1¢) : \/> 24+
—x2 = %] Again, it is straightforward to obtain

supy L (x1, x) = (0, 0) + — <\/7 I+ \/7 ) +o(t).

Consider now the case in which /; is constant in a neighborhood of x.
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Suppose that I} = « in D(xg, t). Then by using either Eq. (4.38) or Eq. (4.39)
we conclude that

o
medp, nl = .
Pl ( SUP p(xy.y 12(X) )

In this case,

sup L(x) = L(xo) + 1| D L(xo)| + o(1).
D(xo,1)
We conclude that there is no common simple expression for all cases. There-
fore, in contrast with the scalar case, the asymptotic behavior of the median
filter when the gradient of the first component, /;(x), is zero is not uniquely
defined and decisions need to be taken when the equation is implemented
(see below).

Projected Mean-Curvature Motion

If we set aside for a moment the requirement for an inf—sup morphological
operator and start directly from the definitions in Egs. (5.8) and (5.11)
[instead of Egs. (5.5) and (5.10)], we obtain an interesting alternative to the
median filtering of vector-valued images (we once again consider only 2D
vectors).

Definition 5.3. Let I = (I,, I,) : R? — R? be a continuous function and
B C R? a compact subset. Define

5.17)

med;*(l) = < medBIl >

medyep: 1, (x)=meds 1,112(X)

In contrast with the previous definitions, we here consider also the me-
dian of the second component, restricted to the positions where the first
component achieved its own median value.

The asymptotic expansion of Eq. (5.13) in Proposition 5.4 is of course
general. By Replacing sup with med at the end of the proof we obtain that
the expression analogous to Egs. (5.14) and (5.15) for med™ is

DIi(x,1)

molmedy, 11 = D(xo) + 12 |:D12(x, 1)k (x, 1) DL x. 0l

] + o(t?).
Note that the time scale of this expression is 72, as in the scalar case
(Theorem 4.1), and then as in the asymptotic expansion of the first compo-
nent of the vector. This is in contrast with a time scale of # for the expressions
having inf or sup in the second component (Eqs. (5.14) and (5.15)).
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The PDE corresponding to the expression above, and therefore to the
second component of the vector, is

812(x,t)_|: ( )Dll(x,t) DIy(x, 1)
a | VDL, )| |DL(x, 1)

:| |IDI(x,1)]. (5.18)

This equation shows that the level set of the second component I, are
moving with the same geometric velocity as those of the first one /;, meaning
mean-curvature motion (the projection reflects the well-known fact that
tangential velocities do not affect the geometry of the motion). Short-term
existence of this flow can be derived from the results in Ref. [127].

Using Lemma 5.1 we can show that med**, as defined in Eq. (5.17), is
also a morphological inf-sup operation of the type of, Egs. (5.5) and (5.10).
This time, the set over which the inf—sup operations are taken is given by

R = :k = (1, Ay) :measure([T; < Ay]) > w,

[l < 2] # @, measure([]; = Ay, I < A2])
- measure([/; = 2] N B)}
> > :

Recapping, the second component of the vector can be obtained by means
of inf, sup, or med operations over a restricted set. In all the cases, the filter
is a morphological inf—sup operation, computed over different structuring
elements sets, and in all the cases a corresponding asymptotic behavior
and PDE interpretation can be given. In the case of the med operation, the
asymptotic expansion of the vector components have all the same scale, and
the second-component level set are just moving with the geometric velocity
of the first-component ones. In the other cases, the level sets of the second
component move toward those of the first component. In all the cases then,
the level sets of the second component follow those of the first one, as
expected from a lexicographic order.

Figure 5.4 shows an example of the theoretical results presented in this
section.

Comments. To obtain the results here reported, we have assumed a lexi-
cographic order that permits us to compare vectors. If we do not want to
use this assumption, we will not have an order, and then an inf—sup type of
operation. Therefore both the positive and the negative results reported are
a direct consequence of imposing and order in RY. To avoid this, we need
to follow a different approach to compute the median filter, for example,
Eq. (4.37). We should note that for continuous signals, minimizing the L,
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Fig. 5.4. Simulated results of the theoretical connections derived in this section. The
top right shows the result of alternating Eqs. (5.8) and (5.11) for one step with a 3 x 3
discrete support (as these equations correspond to erosion and dilation, respectively,
alternating them constitutes an opening filter). The bottom figures show results of the
vectorial PDE derived from the mean-curvature motion for the first component and
projected mean-curvature motion for the rest (after 2 and 20 iterations, respectively). All
computations were performed on the Lab color space.

norm of a vector is equivalent to the independent minimization of each one
of its components, reducing then the problem to the scalar case, in which, for
example, each plane is independently enhanced by means of mean-curvature
motion. Note that in the classical discrete case, because the median belongs
to the finite set of vectors in the window, the vectorial case is not reduced to a
collection of scalar cases. Therefore, in order to have continuous equations
that are coupled, we need to look for a different approach. This will be
presented in Chap. 6, when we deal with the diffusion of directions.

5.3. Color Self-Snakes

In the same way as we extended the geodesic active contours to the self-
snakes, we now present this extension for vector-valued images. As before,
I : R? — R™; we now obtain a number of possible flows. We derive the
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first one by combining the metric in the color-snake level-set model of
Eq. (3.54) with the single-valued self-snakes of Eq. (4.56), obtaining a
system of coupled PDEs of the form (i = 1, ..., m)

o1, |V 1|di (Mg, A )Wi (5.19)
., = i |d1v color A )T S5 ] .
ot Seolorts A=) G

In this case, the color interaction is given by gc.1or, affecting the diffusion-
stopping term geoor as Well as the shock-type one Vgeoor(1) - VI;. A dif-
ferent formulation can be obtained if VI; is replaced with the direction of
maximal change (cos 6., sinf_) and |V I;| with the color gradient f(1i).
The color self-snakes are related to the previously commented algorithms
as well. The equation is of course also related to the vector-valued exten-
sion of the Perona—Malik flow presented in Ref. [409] and the work in
Ref. [344].

Anexample of the color self-snakes is presented in Fig. 5.5 (see Ref. [333]
for more examples), in which the effect of the color shock-type component
of the self-snakes is also shown. Note how the image is simplified at the
steady-state solution of the flow.

Fig. 5.5. Example of the color self-snakes. The first row presents the original image on
the left and two steps of the color self-snakes; the figure on the rights is the steady-state
solution of the flow. The last row shows the two same steps again of the color self-snakes
without the shock-type part. Note that this flow will continue to smooth the image.
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Exercises

. Show that the diffusion direction in Chambolle’s approach [76] to vector-
valued diffusion is exactly the one given by the direction of minimal
change of the vectorial edges.

. Propose extensions to Perona—Malik edge-stopping diffusion for vector-
valued images.

. Compare vector-valued diffusion with the results of independent diffu-
sion in each one of the components. Do this both for color images and
for vector data obtained from multiscale decompositions.

. Show that the vector median filtering algorithms are morphological op-
erations like erosion and dilation.



CHAPTER SIX

Diffusion on Nonflat Manifolds

In a number of disciplines, directions provide a fundamental source of
information. Examples in the area of computer vision are (2D, 3D, and
4D) gradient directions, optical flow directions, surface normals, princi-
pal directions, and color. In the color example, the direction is given by
the normalized vector in the color space. Frequently, these data are avail-
able in a noisy fashion, and there is a need for noise removal. In addition,
it is often desired to obtain a multiscale-type representation of the direc-
tional data, similar to those representations obtained for gray-level images
[218,306,310,413] and previously described in this book. Addressing these
issues is the goal of this chapter (see Ref. [380]).

Image data, as well as directions and other sources of information, are
not always defined on the R? plane or R* space. They can be, for example,
defined over a surface embedded in R3. It is also important then to extend
the scale space and diffusion frameworks to general data, defined on general
(not necessarily flat) manifolds. In other words, we want to deal with maps
between two general manifolds and be able to isotropically and anisotrop-
ically diffuse them. This will make it possible for example to denoise data
defined on 3D surfaces. Although we are particularly interested in this chap-
ter in directions defined on R? (nonflat data defined on a flat manifold), the
framework presented here applies to the general case as well.

AnR" direction defined on an image in R? is given by a vector I (x, y, 0) :
R? — R” such that the Euclidean norm of I (x, v, 0) is equal to one, that is,

Y Ry, 0=1,
i=1

where I;(x, v, 0) : R? — R are the components of the vector. We can sim-
plify the notation by considering I(x, y, 0) : R? — §"~!, where §"~! is the

284
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unit ball in R". This implicitly includes the unit norm constraint. (Any
nonzero vector can be transformed into a direction by normalization. For
zero vectors, the unit norm constraint has to be relaxed, and a norm less or
equal to one needs to be required.) When smoothing the data or computing
a multiscale representation /(x, y, t) of a direction /(x, y, 0) (¢ stands for
the scale), it is crucial to maintain the unit norm constraint, which is an
intrinsic characteristic of directional data, that is, the smoothed direction
i(x, y,0): R? — R” must also satisfy

N By, 0=1
i=1

or I(x,y,0): R* — §""!'. The same constraint holds for a multiscale rep-
resentation / (x, y, t) of the original direction / (x, y, 0). This is what makes
the smoothing of directions different from the smoothing of ordinary vec-
torial data as in Refs. [40, 344, 370, 405, 409, and 416]; see Chap. 5. The
smoothing is performed in $”~! instead of R".

Directions can also be represented by the angle(s) the vector makes with
a given coordinate system, denoted in this chapter as orientation(s). In the
2D case for example, the direction of a vector (/;, I;) can be given by the
angle 6 that this vector makes with the x axis [we consider 8 € [0, 27)]:
0 = arctan(l/I,) (with the corresponding sign considerations to have the
map in the [0, 277) interval). There is of course a one-to-one map between
a direction vector I(x, y) : R> — S! and the angle function #(x, y). Using
this relation, Perona [309] well motivated the necessity for orientation and
direction diffusion and transformed the problem of 2D direction diffusion
into a 1D problem of angle or orientation diffusion (see additional com-
ments in Section 6.2 below). Perona then proposed PDE-based techniques
for the isotropic smoothing of 2D orientations; see also Refs. [161 and 402]
and the general discussion of these methods in Ref. [309]. Smoothing ori-
entations instead of directions solve the unit norm constraint, but add a
periodicity constraint. Perona showed that a simple heat flow (Laplacian
or Gaussian filtering) applied to the 8(x, y) image, together with special
numerical attention, can address this periodicity issue. This pioneering ap-
proach theoretically it applies to only smooth data (indeed to vectors with
coordinates in the Sobolev space W'2), thereby disqualifying edges. The
straightforward extension of this to $”~! would be to consider n — 1 angles
and smooth each one of these as a scalar image. The natural coupling is then
missing, yielding a set of decoupled PDEs.
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As Perona pointed out in his work, directional data are just one example
of the diffusion of images representing data beyond flat manifolds. Exten-
sions to Perona’s work, by use of intrinsic metrics on the manifold, can be
found in Refs. [80 and 370]. In Ref. [80] Chan and Shen explicitly deal
with orientations (no directions) and present the L; norm as well as many
additional new features, contributions on discrete formulations, and connec-
tions with the now described approach. In Ref. [370] Sochen et. al. do not
deal with orientations or directions, although their framework is valid for ap-
proaching this problem as well. In Ref. [329] Rudin and Osher also mention
the minimization of the L norm of the divergence of the normalized image
gradient (curvature of the level sets). They do this in the framework of image
denoising, without addressing the regularization and analysis of directional
data or presenting examples. Note that not only the data (e.g., directions)
can go beyond flat manifolds, but their domain can also be nonflat (e.g., the
data can be defined on a surface). The harmonic framework here described
addresses the nonflatness of both manifolds, that is, with the general frame-
work introduced here we can obtain isotropic and anisotropic diffusion and
scale spaces for any function mapping two manifolds (see also Ref. [370],
a framework also permitting this). We can for example diffuse (and de-
noise) data on a 3D surface or diffuse posterior probability vectors [305]. In
this chapter the general framework is presented and details are given in the
case of directions defined on the plane; other cases are described elsewhere,
[24, 237].

From the original unit norm vectorial image I(x, y, 0) : R? — $"~! we
construct a family of unit norm vectorial images I(x, y, t) : R*> x [0, ) —
S"=! that provides a multiscale representation of directions. The method
intrinsically takes care of the normalization constraint, eliminating the need
to consider orientations and develop special periodicity preserving numer-
ical approximations. Discontinuities in the directions are also allowed by
the algorithm. The approach follows results from the literature on harmonic
maps in liquid crystals, and /(x, y, ) is obtained from a system of coupled
PDEs that reduces a given (harmonic) energy. Energies giving both isotropic
and anisotropic flows will be described. Because of the large amount of lit-
erature on the subject of harmonic maps applied to liquid crystals, a number
of relevant theoretical results can immediately be obtained.

Before the details of the direction diffusion framework are given its main
unique characteristics are described:

1. It includes both isotropic and anisotropic diffusion.
2. It works for directions in any dimension.
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et

It supports nonsmooth data.

4. The general framework also includes directions and general image
data defined on general manifolds, e.g., surface normals, principal
directions, and images on 3D surfaces.

5. Itis based on a substantial amount of existing theoretical results that

help to answer a number of relevant computer vision questions.

6.1. The General Problem

Let I(x,y,0): R? — $"~! be the original image of directions, that is, this
is a collection of vectors from R? to R” such that their unit norm is equal to
one,i.e., |[I(x, y, 0)]| =1, where ||-|| indicates Euclidean length. /;(x, y, 0) :
R? — R stands for each one of the n components of I (x, y, 0). We search for
a family of images, a multiscale representation, of the form /7 (x, y, t) : R? x
[0, T) — S"~!,and once again we use [;(x, y, t) : R> — Rtorepresent each
one of the components of this family. Let us define the component gradient
VI; as
al, . ol .

VI,' = -—Yy, 6.1
8x)c+8yy (6.1)

where X and y are the unit vectors in the x and the y directions respectively.

From this,
L 2 o, 29172
||V1i||=|:<a) +(5) } (6.2)

gives the absolute value of the component gradient.
The component Laplacian is given by
0 9%

Al .
oax2 0 9y?

(6.3)

We are also interested in the absolute value of the image gradient, given

by
N EVACEINTYACE ] e
o= S[GE) G ) e

Having this notation, we are now ready to formulate the framework. The
problem of harmonic maps in liquid crystals is formulated as the search for
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the solution to
ming.ge_, gn1 // (IVI||? dxdy, (6.5)
Q

where 2 stands for the image domain and p > 1. This variational formula-
tion can be rewritten as

min;.gz_, g [ / VI? dxdy, (6.6)
Q
such that
]| = 1. (6.7)

This is a particular case of the search for maps I between Riemannian
manifolds (M, g) and (N, h), which are critical points (that is, minimizers)
of the harmonic energy

E,(I) = / IV IN” dvolM, (6.8)
M

where ||V, 1] is the length of the differential in M. In our particular case,
M is a domain in R? and N = §"~!, and ||V, 1| reduces to Eq. (6.4). The
critical points of Eq. (6.8) are called p-harmonic maps (or simply harmonic
maps for p = 2). This is in analogy to the critical points of the Dirichlet
energy fQ IV f1I* for real-valued functions f, which are called harmonic
functions.

The general form of the harmonic energy, normally from a 3D surface
(M) to the plane (N) with p = 2 (the most classical case, e.g., Refs. [118 and
119]), was successfully used for example in computer graphics to find
smooth maps between two given (triangulated) surfaces (again, normally a
surface and the complex or real plane); see, e.g., Refs. [14, 114, 169, and
425]. In this case, the search is indeed for the critical point, that is, for
the harmonic map between the surfaces. This can be done for example by
means of finite elements [14, 169]. In our case, the problem is different.
We already have a candidate map, the original (normally noisy or with
many details at all scales) image of directions /(x, y, 0), and we want to
compute a multiscale representation or regularized/denoised version of it,
that is, we are not (just) interested in the harmonic map between the do-
main in R? and $"~! (the critical point of the energy), but are interested in
the process of computing this map by means of PDEs. More specifically,
we are interested in the gradient-descent-type flow of the harmonic energy
[Eq. (6.8)]. This is partially motivated by the fact that, as we have already
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seen, the basic diffusion equations for multiscale representations and de-
noising of gray-valued images are obtained as well as gradient descent flows
acting on real-valued data; see, for example, Refs. [36,310,330, and 421].
Isotropic diffusion (linear heat flow) is just the gradient descent of the L,
norm of the image gradient, whereas anisotropic diffusion can be interpreted
as the gradient descent flow of more robust functions acting on the image
gradient.

Because we have an energy formulation, it is straightforward to add addi-
tional data-dependent constraints on the minimization process, €.g., preser-
vation of the original average; see for example, Ref. [330] for examples
for gray-valued images. In this case we might indeed be interested in the
critical point of the modified energy, which can be obtained as the steady-
state solution of the corresponding gradient descent flow. Because our goal
in this chapter is to describe the general framework for direction diffusion,
we will not add these type of constraints in the examples in Section 6.4.
These constraints are normally closely tied to both the specific problem and
the available information about the type of noise present in the image. In
Ref. [80], data terms are added.

For the most popular case of p = 2, the Euler-Lagrange equation corre-
sponding to Eq. (6.8) is a simple formula based on A, the Laplace—Beltrami
operator of M, and Ay(I), the second fundamental form of N (assumed to
be embedded in R¥) evaluated at I; see, e.g., Refs. [118, 119, 169, and 376]:

Ayl + Ay(I){(Vul, Vyl) =0. (6.9)

This leads to a gradient-descent-type flow, that is,

I
o = Bul + AVl V). (6.10)

In the following sections, the gradient descent flows are presented for
our particular energy (6.5), that is, for M being a domain in R?> and N
equal to S"~!'. We concentrate on the cases of p = 2, isotropic, and p = 1,
anisotropic (or in general 1 < p < 2). The use of p = 2 corresponds to the
classical heat flow from the linear scale-space theory [218, 413], whereas
the case p = 1 corresponds to the total-variation flow studied in Ref. [330].
For data such as surface normals, principal directions, or simple gray
values in three dimensions, M is a surface in three dimensions and the
general flow of Eq. (6.10) is used. This flow can be implemented by clas-
sical numerical techniques to compute V,, Ay, Ay(I) on triangulated
surfaces; see, e.g., Refs. [14, 169, and 187]. The harmonic-map framework
can also be extended to data defined on implicit surfaces by adaptation of the
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variational level-set approach described in Section 2.3 in this book [24] and
to data mapping into arbitrary implicit surfaces [237].

Most of the literature on harmonic maps deals with p = 2 in Eq. (6.8)
or expression (6.5), the linear case. Some more recent results are avail-
able for 1 < p < oo, p # 2, [87, 102]; very few results deal with the case
p = 1 [158]. A number of theoretical results, both for the variational for-
mulation and its corresponding gradient descent flow, which are relevant to
the multiscale representation of directions, will be given in the following
sections as well. References [118 and 119] are an excellent source of infor-
mation for regular harmonic maps, and Ref. [175] contains a comprehensive
review of singularities of harmonic maps (check also Ref. [376], a classic
on harmonic maps). A classical paper for harmonic maps in liquid crystals,
that is, the particular case of expression (6.5) (or, in general, M is a domain
in R” and N = §"!), is Ref. [48].

6.2. Isotropic Diffusion

It is easy to show (see Appendix) that, for p = 2, the gradient descent flow
corresponding to Eq. (6.6) with the constraint of Eq. (6.7) is given by the
set of coupled PDE:s:

aIi 2 .

EzAI,--i-I,» IVI|°, 1<i<n. (6.11)
This system of coupled PDEs defines the isotropic multiscale representation
of I(x, y, 0), which is used as initial data to solve Eq. (6.11). (Boundary
conditions are also added in the case of finite domains.)

This result can also be obtained directly from general Euler—Lagrange
equations (6.9) and (6.10). The Laplace—Beltrami operator A 5, and manifold
gradient V,, become the regular Laplace and gradient respectively, as we
are working on R? (the same for R"). The second fundamental form A y (/)
of the sphere (in any dimension) is /.

The first part of Eq. (6.11) comes from the variational form, and the
second part comes from the constraint (see, for example, Ref. [377]). As
expected, the first part is decoupled between components /; and is linear,
whereas the coupling and nonlinearity come from the constraint.

If n = 2, that is, we have 2D directions, then it is easy to show that for
(smooth data) I(x, y) = [cosO(x, y), sinf(x, ¥)], the energy in expression
(6.5) becomes E,(0) := [[,(0} + 6;)"/*dxdy. For p =2 we then obtain
the linear heat flow on 6(6, = A6) as the corresponding gradient descent
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flow, as expected from the results in Ref. [309]. The precise equivalence
between the formulation of the energy in terms of directions, E,(I), and
the formulation in terms of orientations, E,(0), is true only for p > 2
[29, 158]. In spite of this connection, and as was pointed out in Ref. [158],
using directions and orientations is not fully equivalent. Observe for exam-
ple the map v(X) = ﬁ defined on the unit ball B? of R?. On the one hand,
this map has finite £, energy if and only if 1 < p < 2. On the other hand,
the map cannot be defined with an angle function 6(x, y), 6 being in the
Sobolev space W'7(B?). As pointed out in Ref. [158], the only obstruction
to this representation is the index of the vector of directions. Thus smooth
directions can lead to nonsmooth orientations (Perona’s goal in the periodic
formulations he proposes is in part to address this issue). This problem then
gives an additional advantage to selecting a direction-based representation
instead of an orientation-based one.

For the isotropic case, p = 2, we have the following important results
from the literature on harmonic maps:

Existence: Existence results for harmonic mappings were already re-
ported in Ref. [120] for a particular selection of the target manifold N
(nonpositive curvature). Struwe [376] showed, in one of the classical pa-
pers in the area, that for initial data with finite energy (as measured by
Eq. (6.8)), M a 2D dimensional manifold with d M = @ (manifold without
boundary), and N = S"~!, there is a unique solution to the general gradi-
ent descent flow. Moreover, this solution is regular with the exception of
a finite number of isolated points and the harmonic energy is decreasing
in time. If the initial energy is small, the solution is completely regular
and converges to a constant value. (These results actually hold for any
compact N.) This uniqueness result was later extended to manifolds with
smooth d M # ¢} and for weak solutions [144]. Recapping, there is a unique
weak solution to Eq. (6.11) (weak solutions defined in natural spaces,
H'"“2(M, N)or W'2(M, N)), and the set of possible singularities is finite.
These solutions decrease the harmonic energy. The result is not completely
true for M with dimension greater than two, and this was investigated for ex-
ample in Ref. [86]. Global weak solutions exist for example for N = §"~!,
although there is no uniqueness for the general initial value problem [101].
Results on the regularity of the solution, for a restricted suitable class of
weak solutions, to the harmonic flow for high-dimensional manifolds M
into $"~! have been recently reported [88, 139]. In this case, it is assumed
that the weak solutions hold a number of given energy constraints.

Singularities in two dimensions: 1If N = S! and the initial and the bound-
ary conditions are well behaved (smooth, finite energy), then the solution
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of the harmonic flow is regular. This is the case for example for smooth 2D
image gradients and 2D optical flow.

Singularities in three dimensions: Unfortunately, forn = 3 in Eq. (6.11)
(that is N = S2, 3D vectors), smooth initial data can lead to singularities
in finite time [84]. Chang et al. showed examples in which the flow of
Eq. (6.11), with initial data I(x, y, 0) = Iy(x, y) € C'(D?, §?) (D? is the
unit disk on the plane) and boundary conditions I(x, y, t)|3p: = Iylap2,
develops singularities in finite time. The idea is to use as original data [y, a
function that covers S? more than once in a certain region. From the point
of view of the harmonic energy, the solution is giving up on regularity in
order to reduce energy.

Singularities topology: Because singularities can occur, it is then inter-
esting to study them [48, 175, 323]. For example, Brezis et al. [48] studied
the value of the harmonic energy when the singularities of the critical point
are prescribed (the map is from R* to S? in this case). (Perona suggested
looking at this line of work to analyze the singularities of the orientation
diffusion flow.) Qing [323] characterized the energy at the singularities.
A recent review on the singularities of harmonic maps was prepared by
Hardt [175]. (Singularities for more general energies are studied for exam-
ple in Ref. [315].) The results there reported can be used to characterize the
behavior of the multiscale representation of high-dimensional directions,
although these results mainly address the shape of the harmonic map, that
is, the critical point of the harmonic energy and not the flow. Of course, for
the case in which M is of two dimensions, which corresponds to Eq. (6.11),
we have Struwe’s results, mentioned above.

6.3. Anisotropic Diffusion

The picture becomes even more interesting for the case 1 < p < 2. Now
the gradient descent flow corresponding to expression (6.6), in the range
1 < p <2 (and formally for p = 1), with constraint (6.7) is given by the
set of coupled PDEs:

a1, . .
- = div(IVIIP> VL) + L |\VI|P, 1<i<n. (6.12)

This system of coupled PDEs defines the anisotropic multiscale represen-
tation of /(x, y, 0), which is used as the initial datum to solve Eq. (6.11). In
contrast with the isotropic case, now both terms in Eq. (6.12) are nonlinear
and include coupled components. Formally, we can also explicitly write the
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case p = 1, giving

a1l; . ( VI ) .
— =div| —— |+ ; |VI|, 1 <i<n, (6.13)
ot IVI|

although the formal analysis and interpretation of this case is much more
delicate than the description presented in the Appendix.

The case of p # 2 in Eq. (6.8) has been less studied in the literature,
e.g. [176]. When M is a domain in R” and N = §"~!, the function v(X) :=
HTX”, X € R™, is a critical point of the energy for p € {2,3,...,m — 1},
for p € [m — 1, m) (this interval includes the energy case that leads to
Eq. (6.12)), and for p € [2,m — 2+4/m — 1] [175]. For n =2 and p =1,
the variational problem has also been investigated in Ref. [158], in which
Giaquinta et al. addressed, among other things, the correct spaces to perform
the minimization (in the scalar case, BV (€2, R) is used) and the existence
of minimizers. Of course, we are more interested in the results for the flow
of Eq. (6.12), and not just in its corresponding energy. Some results ex-
ist for 1 < p < oo, p # 2, showing in a number of cases the existence of
local solutions that are not smooth. To the best of my knowledge, the case
of 1 < p < 2, and in particular p = 1, has not been fully studied for the
evolution equation.

Following the framework for robust anisotropic diffusion we can gener-
alize expression (6.5) and study problems of the form

miny g2 gn-1 f/ p(IVI|dxdy, (6.14)
Q

where p is now a robust function like the Tukey biweight.

6.4. Examples

In this section a number of illustrative examples are presented for the har-
monic flows for p = 2 (isotropic) and p = 1 (anisotropic) presented above.
These examples will mainly show that the proposed framework produces
for directional data the same qualitative behavior that is well known and
studied for scalar images. One of the advantages of directional diffusion is
that, although advanced specialized numerical techniques to solve expres-
sion (6.5) and its corresponding gradient descent flow have been developed
(e.g., Ref. [4]), as a first approximation we can basically use the algorithms
developed for isotropic and anisotropic diffusion without the unit norm con-
straint to implement Eqs. (6.11) and (6.12) [99]. Although, as stated before,
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these PDEs preserve the unit norm (that is, the solutions are vectors in $"~!),
numerical errors might violate the constraint (recent developments by Osher
and Vese might solve this numerical problem [295]). Therefore, between
every two steps of the numerical implementation of these equations we add
a renormalization step [99]. Basically, a simple time-step iteration is used
for Eq. (6.11), whereas for Eq. (6.12) we incorporate the edge-capturing
technique developed in Ref. [330] (we always use the maximal time step
that ensures stability).

For the examples shown below, a number of visualization techniques are
used (note that the visualization of vectors is an active research area in the
graphics community):

1. Arrows. Drawing arrows that indicate the vector direction is very
illustrative, but can be done only for sparse images and they are not
very informative for dense data such as gradients or optical flow.
Therefore we use arrows either for toy examples or to show the be-
havior of the algorithm in local areas.

2. Hue-Saturation-Valve (HSV) color mapping. We use the HSV color
map (applied to orientation) to visualize whole images of directions
while being able to also illustrate details such as small noise.

3. Line integral convolution (LIC) [55]. LIC is based on locally inte-
grating the values of a random image at each pixel. The integration is
done in the line corresponding to the direction at the pixel. The LIC
technique gives the general form of the flow, while the color map is
useful to detect small noise in the direction (orientation) image.

All these visualization techniques are used for vectors in S!. We also
show examples for vectors in S2. In this case, we consider these vectors as
red—green—(RGB) vectors, and color is used to visualize the results.

Figure 6.1 shows a number of toy examples to illustrate the general
ideas introduced in this chapter. The first row shows, by use of LIC, an
image with two regions having two different (2D) orientations on the left
(original), followed by the results of isotropic diffusion for 200, 2000, and
8000 iterations (scale space). Three different steps of the scale space are
shown by arrows in the next row. Note how the edge in the directional data
is being smoothed out. The horizontal and the vertical directions are being
smoothed out to converge to the diagonal average. This is in contrast with
the edges in the third row. This row shows the result of removing noise in
the directional data. The original noisy image is shown first, followed by the
results with isotropic and anisotropic smoothing. Note how the anisotropic



Diffusion on Nonflat Manifolds 295

———— S
= — 2

e ecesosocose] & — o 7777
sescaeorocooer ] e 7
—_— Eessesseeseer /7
Eececsessasss? —

) —««—'é » —./W’Z o ZZ %’/'
Erecoracsrous e eessesss”
= Sessscassosewsd ez 7727
Eeeeeccroncres) e Z 77
= rcescsresaso— ] . 7%
= et 2% 77
e Eesssseeeeayse Z 7%
e aceTae e =

W s w 27
Eecesscssscss? pecssccssensss
TR T T
ecececsassssy e

of —.lé E WZ 5 y’ Z
s e eTa T e esnes/
e St

2 7 Z
0 0 0 B = T 0 0 0] = s B

Eemerr o SN Fit 2 NN
SR RN t ZoRANNANY
o e SN 3 { ZEaaad
TNy t ZANIN
Eaosoooi t
4
P 22NN i ZANNMN
s 5 ZANNANY
e
B N - i Z RN
T BN AN
R mamans s NN 1 72 TR
e 5 S NN NNNN I 75 RN
e R 1 2NN
2 NN i 7 NN
e s s s 77 NNNNNN t 7 RN
e T SANNAAN 1 g
et 77 7575 CUURN RN ! 77 DR
ST AR AN | Zananmn
oL TN t ZANNAN
smseneal P r S5 NN NN ! 2 PR
__/”///gi\r N t Z NN
T NN t ZZAaN N
g & g * B B = B B

Fig. 6.1. Toy examples illustrating the ideas in this chapter. See text for details.

flow gets rid of the noise (outliers) while preserving the rest of the data,
whereas the isotropic flow also affects the data themselves while removing
the noise. Note that because the discrete theory developed in Ref. [309] ap-
plies to only small changes in orientation, theoretically it cannot be applied
to the images we have seen so far; all of them contain sharp discontinuities
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in the directional data. The last two rows of Fig. 6.1 deal with 3D directions.
In this case, we interpret the vector as RGB coordinates and use color to
visualize them. First two steps are shown in the scale space for the isotropic
flow (original on the left). Then the last row shows the original image
followed by the results of isotropic and anisotropic diffusion. Note how the
colors, and then the corresponding directions, get blurred with the isotropic
flow, whereas the edges in direction (color) are well preserved with the
anisotropic process.

Figure 6.2 shows results for simulated optical flow. This simulated opti-
cal flow data was computed with the public domain software described in
Ref. [33] (downloaded from M. Black’s home page), stopping at early an-
nealing stages to have enough noise for experimentation. These data are
used here for illustration purposes only. Alternatively, we could include the
harmonic energy as a regularization term inside the optical flow computa-
tion, that is, combined with the optical flow constraint. The first figure on
the first row shows a frame of the famous Yosemite movie. Next, in the same
row, from left to right is shown the original optical flow direction, the result

Fig. 6.2. Optical flow example. See text for details.
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Fig. 6.3. Gradient direction example. See text for details.

of the isotropic flow, the result of the anisotropic flow, and the result of the
isotropic flow for a large number of iterations. The HSV color map is used.
In the next row, LIC is used to show again the three middle figures of the
first row. In the third row, arrows are used to show a blowup of the marked
region corresponding to the isotropic flow for 20, 60, and 500 iterations.
Note how the noise in the optical flow directions is removed.

Figure 6.3 deals with 90°-rotated gradient directions in a fingerprint
image. After the raw data for the image are shown, the color-map visu-
alization technique is used to present a number of steps (scale space) of
the isotropic flow. This is followed by arrows for a blowup of the marked
region (last row, from left to right, original, 20 steps, and 200 steps, respec-
tively). Note in the arrow images how the noise and details (small scales)
are removed and progressively the averaged orientation for the fingerprint is
obtained.

Figure 6.4 presents two examples for color images, that is, 3D directions
defined on R?. Both rows show the original image, followed by the noisy
image and the enhanced one. In the first row, noise is added to only the 3D
RGB directions representing the chroma (the RGB vector normalized to a
unit norm vector), while the magnitude of the vector (brightness) was kept
untouched. The enhanced image was then obtained when the proposed direc-
tion diffusion flow was applied to the chroma, while the original magnitude
was kept. This experiment shows that when the magnitude is preserved (or
well reconstructed; see below), direction diffusion for chroma denoising
produces an image practically indistinguishable from the original one. In
the second row, the noise was added to the original image, resulting in both
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Fig. 6.4. Denoising of a color image by 3D directional diffusion. See text for details.

noisy chroma (direction) and brightness (magnitude) of the RGB vector. The
directions are processed with the diffusion flow, and the magnitude is pro-
cessed with the scalar anisotropic flow of Ref. [36]. Isotropic and anisotropic
direction diffusion flows on the chroma produce similar results as long as
the magnitude is processed with an edge-preserving denoising algorithm.
See Ref. [381] for additional examples, comparisons with the literature, and
details on the applications of direction diffusion to color images.

6.5. Vector Probability Diffusion

We have already seen in Section 4.4 that we can smooth posterior probabili-
ties for improving classification results by means of MAP. In Section 4.4 we
anisotropically smoothed each posterior and added a normalization step to
guarantee that the posteriors add to one. Two main difficulties are encoun-
tered in this. First, each posterior probability (one per class) is independently
diffused, thereby ignoring the intrinsic correlation between them. Second,
because of the independent processing, the posterior probabilities are not
guaranteed to add to one even after a very short diffusion time. To overcome
this, we need to normalize the posterior probabilities after each discrete itera-
tion, normalization that has a nontrivial effect on the diffusion process itself.

To solve these problems we need then to find a set of coupled PDEs that
guarantees that the vector of posterior probabilities remains a probability
vector, that is, with all its components positive and adding to one. This is a
particular and simple case of harmonic maps, in which instead of having the
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data defined on a hypersphere as in the direction diffusion case, we have data
that are defined on an hyperplane. We develop this now. Moreover, as we
shall see, the numerical implementation of this system of coupled PDEs also
preserves these properties, thereby removing the necessity to project back
into the semihyperplane. This approach then overcomes both difficulties
mentioned above and can be directly incorporated into the segmentation
technique, replacing the component-by-component diffusion. Although the
work is here discussed in the framework of posterior diffusion for image
classification, it is clear that the technique can be applied to the diffusion of
other probabilities in other applications as well.

6.5.1. Problem Formulation and Basic Equations

Assume that a vector of a posteriori probabilities p, mapping the im-
age domain © in R? to the manifold P = {p e R” : | pl; =1, p; = 0},
is given. Each component p; of p equals the posterior probability of a class
¢i € C={c; :i=1,...,m}. These posterior probabilities can be obtained
for example by means of Bayes’ rule.

If we view the vectors p as a vector field, one possible way to add spatial
coherence into the classification process is to diffuse the distance between
points in P, propagating the information in the probability space, before
a pixelwise MAP decision is made. Inspired by the harmonic-map theory
described above, the distance between two differential adjacent points in
P depends on [|Vp| := /> /-, [IVp;|*>. This is the gradient of the prob-
ability vector. Giving a function p : R — R (we will later discuss dif-
ferent selections of p), we proceed to solve the following minimization
process:

minJ,, J, ::/p(llell)dQ. (6.15)
peP Q

Note that the minimization is restricted to the semihyperplane P.
From this, the system of coupled diffusion equations is obtained by means
of the gradient descent flow corresponding to this energy.

Proposition 6.1. The gradient descent of J, restricted to P is given by
d "av
P_y. <—p(” p”)Vp>. (6.16)
ot IVpll

This equation is an abbreviated notation for a set of PDEs of the form

%_v.[p%nwn)v ] ,

= ; =1,...,m.
ot IVpll
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Proof: We easily obtain this by computing the Euler-Lagrange and pro-
jecting it into P. O

Note again that the minimization is performed in the probability space
‘P (a semihyperplane), and the system of equations (6.16) guarantees that
p(t) € P for all t. We have therefore obtained a system of coupled PDEs
that preserves the unit L, norm that is characteristic of probability vectors
(the components p;(t) are positive as well).

It can be shown that 3" [Vpi|l> =2(Vpill> =237, 30, Vi -
Vp;. Therefore, when the number of classes is m =2, IVpl? =
2|Vpill*,i = 1,2, and the method is equivalent to separately applying the
diffusion to each posterior. Form > 3, the second term is like the correlation
between different components of p. This term is not present if we diffuse
each posterior probability on its own. This coupling is important to improve
the classification results.

If we select p as the L, norm, p(x) = x2, then Eq. (6.16) becomes the
well-known linear heat equation 2—‘;’ = V?2p, which isotropically diffuses p.
It is interesting to note that the heat equation that was previously used to
denoise signals as well to generate the so-called scale spaces preserves the
diffusion in the probability semihyperplane P. This is expected, as it is well
known that this equation holds the maximum principle and preserves linear
combinations.

The isotropic flow has no coupling between the probability components
and does not respect boundaries. Therefore, as classically done for scalar
diffusion [330], a more robust norm is selected. For example, we can select
the L; norm, p(x) = |x|, obtaining

3 v
P_vy. (—p> , (6.17)
ot IVpl

which is clearly anisotropic, with a conduction coefficient controlled by
IV pll. Once again, from the basic invariants of this flow, the preservation
of the vector on the P space was expected.

6.5.2. Numerical Implementation

The vector probability diffusion equations are to be implemented on a square
lattice. The vector field p is then p;;, where j, k is the position in the lat-
tice. (For simplicity, we do not write the subscript i indicating the proba-
bility components.) First we rewrite Eq. (6.16) in a simpler way, (dp/dt) =
V- (gVp), g=p'(IVpl)/IVpl,andthen we apply a standard numerical
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scheme (assuming that Ax = Ay = 1):
t+At t
Pix —Pjk
L= AL = gj+%,k(p_tj+l,k - p_tj,k) - gj—%,k(p_tj,k - p_tj—l,k)
+ 8kt (P;,kﬂ - P;,k) —8jk-1 (Pj',k - pj’,kfl)' (6.18)
The condition on At for stability is easily computed to be

1
At < (6.19)

4maxj,k{gj+%,k’ 8j—1> 8jk+1> gj,kfé}

To allow the existence of discontinuities in the solution we use the ap-
proximation of the gradient developed in Ref. [293].

Proposition 6.2. If At fulfills stability condition (6.19) then p;.f,'f’ >
0 and ||P;2Az l1 = 1, so the evolution given by Eq. (6.18) lives always in
the manifold P. Moreover, if p,, := min{p’ . ;. Pi_ 1s Pjis1> Pis_i)} and
P = max{pl i, D1 s Plasrs Pt} the solution satisfies a maximum
(minimum) principle: p', < p;ﬁ(m <ply.

We then conclude that also discrete equation (6.18) lives in the manifold
‘P, and there is no need for a projection back into the semihyperplane, in
contrast with the scalar approach by Teo et al. [384], as discussed before. To
complete the implementation details, we need to address possible problems
when ||V p|| vanishes or becomes very small. As is standard in the literature,
we define ||V plls = /B2 + [[Vpl|? and use this instead of the traditional
gradient. [Stability condition (6.19) becomes Ar < §/4.) To select the value
of B we propose to look at § as a lower diffusion scale, because in the discrete
case probability differences lower than 8 will be diffused with a conduction
coefficient approximately inverse to 8. We set the value of the lower scale
B in the range [0.001, 0.01].

6.5.3. Examples

Examples are now presented of the vector probability diffusion approach,
here presented as applied to image segmentation. As for the scalar case,
first, posterior probabilities are computed for each class by Bayes’ rule.
These are diffused with the anisotropic vector probability diffusion flow
(instead of the scalar one used in Ref. [384] and described in Section 4.4),
and then the MAP decision rule is applied. We will compare these results
with those obtained with the scalar formulation in Section 4.4 to show the
improvements obtained with the vectorial approach.
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Fig. 6.5. Lefttoright and top to bottom: Original image, classification without diffusion,
results of vector probability diffusion for 18 and 25 iterations, respectively, and results
of the scalar approach for 10 and 15 iterations.

The first example is based on synthetic data. The original image, con-
taining four classes, is shown on the top left of Fig. 6.5. We then add
Gaussian noise, and the objective is to segment the image back into four
classes. The figure then shows the classification results without posterior
diffusion, followed by the classification results corresponding to two time
steps for the vector posterior diffusion approach and two time steps for the
scalar approach. Using the correlation between the posterior probabilities,
as done by the vector approach introduced here and not by the scalar one
in Ref. [384], is of particular importance when one of the classes has less
weight than the others. As shown by this example, this class (white dots)
will be mostly missed by the scalar approach. Comparing the classification
errors for class 4 (white dots) in Fig. 6.6, we see that the lowest classification
error is with vector probability diffusion, 15.82% against 18.46% for the
scalar approach. Furthermore, the classification error is more stable with the
vectorial approach, and for the same average error (approximately 10%), the
lowest classification error for class 4 is obtained with the vectorial method,
26.95% against 61.04% (see Fig. 6.6).

Figure 6.7 shows the results of the vectorial approach applied to the
segmentation of video SAR data. Three classes are considered, {shadow,
object, background}, each one modeled as a Gaussian distribution. The first
image in the sequence is segmented by hand to obtain an estimation of
the parameters of the distributions. For the rest of the images we perform
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| Iter. | Class 1 | Class 2 | Class 3 | Class 4 | Average |
[ 0 ] 5377 [ 2667 | 5368 | 2734 | 4665 |

10 47.63 17.47 47.40 22.46 39.70
15 33.26 4.76 33.30 17.77 26.02
18 24.01 2.33 24.83 15.82 18.95
20 19.75 1.50 20.88 17.77 15.78
25 12.16 0.81 14.39 26.95 10.70

5 53.70 26.51 53.61 27.34 46.55
7 50.02 18.74 49.85 24.90 41.85
10 35.06 6.24 35.03 18.46 27.69
15 17.48 1.51 18.99 24.32 14.40
20 18.11 0.76 13.14 61.04 10.34

Fig. 6.6. Classification errors per class and average for the example in the figure above.
The first row corresponds to the classical MAP approach, in which no diffusion has been
applied to the posterior probabilities. The next five rows correspond to four different
time steps of the vector probability diffusion approach presented here, followed by five
time steps for the scalar approach of Teo et al. [384].

Fig. 6.7. Original images and classification results with MAP vector probability
diffusion.
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the following process: (1) The diffused posteriors of the previous image
are used as priors, and after 30 iterations the new means and variances are
estimated; (2) to obtain a better segmentation that does not depend on the
previous priors, a new diffusion is applied by use of uniform priors. In this
way the small details are captured; (3) steps (1) and (2) are iterated and in
the last iteration the idea of (1) is used.

As we can see in Fig. 6.7 the results are very good, and the small details
are captured. These results outperform those previously reported, in which
the scalar approach was used.

Appendix

We now derive the Euler—Lagrange equation for p = 2, Section 6.2. Similar
computations can be used to derive the corresponding flows for 1 < p <
~+o00. The case p = 1requires a different treatment [16, 158], and Eq. (6.13)
has to be seen as an evolution equation decreasing the energy E;. The precise
connection of Eq. (6.13) with the gradient descent of E;| needs to be further
analyzed.

Let Q be a domain in R? with smooth boundary and n > 2. As
usual, W'2(Q2, R") denotes the Sobolev space of functions I(xi, x;) €
L*(R2), whose distributional derivatives 5’—1 e L*(Q), j=1,2. Let
WE2(Q, §" 1) = {I(xy, x2) € WI(Q,R") : I(X), x,) € " 'a.e.}. Then it
is known that functions W'2(2, $"~!) can be approximated by smooth
maps [29]. If Q is a square, the same result is true for W2(Q, S') [29].
We consider the energy functional E : W!(Q2, S"~!) — R given by the
Dirichlet integral

E(I) :/ IVI? dx, e W', Ss"). (6.20)
Q

Now, let I € W'2(Q, §"~!) and let ¢ € C*(2, R"), the space of smooth
functions in 2 vanishing outside a compact subset of Q2. Then we know that
[l{(x)]| =1 almost everywhere in 2 and, thus, for |¢| small enough I + t¢

is well defined and hence I(¢) := ”ﬁrjzu e Wi2(Q, "1, Let us compute

%E[I(t)] |;—o. For that we observe that

a1 + 1ol = (I + 1@, 8,1 +10,,0). (6.21)

I+ el
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Thus
0y, I + 10y, B
Il + el I+ tel
On the other hand, observe that from the constraint (/, I) = 1 a.e, it follows
that (1, 9,,1) = 0. Because
1 —_—
11+ tell

0., 1(1) = (I + 19,8, +10,,0)(I +19).

- t<17 (0) + O(tz)a

where O(#?) means a quantity that is bounded by Ct?, for some constant
C > 0, then we may write

O, 1(1) =09, 1 +10; + O(r),
where

Qj = _«07 ax,I>I - <I9 axj(,O)I + axi(p - (I’ (p>8le
Thus

d 2
S EUOIl= = 2/ Z<axj1, )
2
_2/ Z (0,1, 0,,0) — (I, 9) Z (0,1, 0,,1).

j=1

Because |[VI||> = Z§=1<axj1, 0y, 1), we may write the Euler-Lagrange
equation corresponding to Eq. (6.20) as

A+ 1 |VI|?=0 in%, (6.22)

where A/ denotes the Laplacian on each coordinate of 7.

Exercises

1. Implement the isotropic and the anisotropic diffusion flows introduced
in this chapter for direction denoising.

2. Experimentally show that the harmonic energy decreases with the direc-
tion diffusion flow.

3. Study the effect of the numerical normalization step in the harmonic
energy. Compute the harmonic energy before and after the numerical
normalization.
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4. Compare the results of the isotropic direction diffusion flow with the
standard isotropic diffusion flow, independently applied to each vector
component, followed by a normalization step to keep the unit norm.

5. Compare the component-by-component anisotropic diffusion flow for
probability distributions with the vector probability diffusion flow.



CHAPTER SEVEN

Contrast Enhancement

Images are captured at low contrast in a number of different scenarios. The
main reason for this problem is poor lighting conditions (e.g., pictures taken
at night or against the Sun’s rays). As a result, the image is too dark or too
bright and is inappropriate for visual inspection or simple observation. The
most common way to improve the contrast of an image is to modify its
pixel value distribution, or histogram. A schematic example of the contrast
enhancement problem and its solution by means of histogram modification
is given in Fig. 7.1. On the left, we see a low-contrast image with two
different squares, one inside the other, and its corresponding histogram. We
can observe that the image has low contrast and the different objects cannot
be identified, as the two regions have almost identical gray values. On the
right we see what happens when we modify the histogram in such a way
that the gray values corresponding to the two regions are separated. The
contrast is improved immediately. An additional example, this time for a
real image, is given in Fig. 7.2.

In this chapter, we first follow Ref. [339, 340] and show show how to
obtain any gray-level distribution as the steady state of an ODE and present
examples for different pixel value distributions. Uniform distributions are
usually used in most contrast enhancement applications [160]. On the other
hand, for specific tasks, the exact desirable distribution can be dictated by
the application, and the technique presented here applies as well. After this
basic equation is presented and analyzed, we combine it with the smoothing
operators proposed in Chap. 4, obtaining contrast normalization and denois-
ing at the same time. We also extend the flow to local contrast enhancement
in both the image plane and in the gray-value space. Local contrast enhance-
ment in the gray-value space is performed for example to improve the visual
appearance of the image (the reason for this will be explained below). The
straightforward extension of this formulation to local contrast enhancement

307
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Fig. 7.1. Schematic explanation of the use of histogram modification to improve image
contrast.

in the image domain, that is, in the neighborhood of each pixel, does not
achieve good results. Indeed, in this case, fronts parallel to the edges are
created (this is common to most contrast enhancement techniques). At the
experimental level, we can avoid this by combining local and global tech-
niques in the framework presented here or by using the approach described
in the second half of this chapter, which follows Ref. [69].

After the basic image flows for histogram modification are given, a vari-
ational interpretation of the histogram modification flow and theoretical
results regarding existence of solutions to the proposed equations are pre-
sented.

Basically, the approach described in the first part of this chapter has the
following characteristics:

1. It presents contrast enhancement as an image deformation algorithm
and not just as a distribution modification one. This progressively
improves the contrast, also allowing us to choose intermediate steps.

HT
-l

Fig. 7.2. Example of contrast enhancement. Note how objects that are not visible on the
original image on the left (e.g., the second chair and the objects through the window)
are now detectable in the processed one (right).
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2. It enriches the area of PDEs in image processing, showing how to
solve one of the most important problems in image processing by
means of image flows.

3. It allows us to perform contrast enhancement and denoising simulta-
neously.

4. Tt presents a variational framework for contrast enhancement, for-
mulated in the image domain. This allows us to improve classical
techniques, including for example image and perceptual models, as
well as to better understand current approaches.

5. It holds formal existence (and uniqueness) results.

This work on differential equations for histogram modification provides
then the basis for the second part of this chapter. In this second part, we de-
sign local histogram modification operations that preserve the family of level
sets of the image, that is, following the morphology school, they preserve
shape. Local contrast enhancement is mainly used to further improve the
image contrast and facilitate the visual inspection of the data. As we will
later see in Sections 7.1.3 and 7.2.4, global histogram modification does
not always produce good contrast, and especially small regions are hardly
visible after such a global operation. On the other hand, local histogram
modification improves the contrast of small regions as well, but because the
level sets are not preserved, artificial objects are created. The theory devel-
oped will enjoy the best of both words: The shape-preservation property of
global techniques and the contrast improvement quality of local ones.

Before proceeding, it should be pointed out that in Ref. [313] Perona and
Tartagni presented a diffusion network for image normalization. In their
work, the image /(x, y) is normalized by means of 1IM _f;m , where I,,, I);, and
I, are the average, maximum, and minimum of / over local areas, respec-
tively. These values are computed with a diffusion flow, which minimizes
a cost functional. The method was generalized by computing a full local
frame of reference for the gray-level values of the image. This is achieved
by changing the variables in the flow. A number of properties, including
the existence of the solution of the diffusion flow, were presented as well.
In contrast with their work, in the algorithms described in this chapter we
have full control of the distribution of the gray levels, which means that
although their work is on contrast normalization, the work now described is
on histogram modification. Also, the modified image is obtained in this work
as the steady-state solution of a flow. This allows straightforward combina-
tion with other PDE-based algorithms, as explained above. No energy-type
interpretation or local shape-preserving enhancement is given in Ref. [313].
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7.1. Global PDE-Based Approach

7.1.1. Histogram Modification

As explained in the Introduction, the most common way to improve the con-
trast of an image is to modify the pixel value distribution, i.e., the histogram.
We do this by means of an evolution equation. We start with the equation for
histogram equalization, and then we extend it for any given distribution. In
histogram equalization, the goal is to achieve a uniform distribution of the
image values [318]. That means, given the gray-level distribution p of the
original image, the image values are mapped into new ones such that the new
distribution p is uniform. In the case of digital images, p(i),0 <i < M, is
computed as

number of pixels with value i

pl) = total number of pixels in the image’

and uniformity can be obtained only approximately.

We proceed to show an image evolution equation that achieves this uni-
form distribution when it arrives at steady state. Assume that the continuous
image I(x, y, t) : [0, N]* x [0, T) — [0, M] evolves according to
al(x,y,t)

Y = [N?> = N?*/MI(x,y, )] — Al(v, w): I (v, w, t)>I(x, y, )],

(7.1)

where A[-] represents area (or number of pixels in the discrete case). For
the steady-state solution (I, = 0) we have

A[(Ua U)) . I(U, w) Z I(x’ y)] = [Nz - NZ/M I(X, y)]
Then, fora, b € [0, M], b > a, we have
Al(v, w) : b > I(v, w) > a]l = (N*/M) (b — a),

which means that the histogram is constant. Therefore the steady-state solu-
tion of Eq. (7.1), if it exists (see below) gives the image after normalization
by means of histogram equalization.

From Eq. (7.1) we can extend the algorithm to obtain any given gray-
value distribution £ : [0, M] — R*. Let H(s) := fos h(&)dé, that is, H(s)
gives the density of points between 0 and s. Then, if the image evolves
according to

al(x,y,t)

= (N> = H[I(x,y, O]} — Al(v, w) : I(v,w, 1) > I(x, y, )],

(7.2)



Contrast Enhancement 311

the steady-state solution is given by

Al(w, w) : I, w) = I(x, y)] = {N*> = H[(x, y)]}.
Therefore,
Al(, w): 1(x, y) <I(v,w) <I(x, y)+381=H[I(x, y)+ 8] — H[I(x, y)],

and taking Taylor expansion when § — 0, we obtain the desired result. Note
that of course Eq. (7.1) is a particular case of Eq. (7.2), with 1 = constant.

Existence and Uniqueness of the Flow. Results are presented now that
are related to the existence and uniqueness of the proposed flow for his-
togram equalization. We will see that the flow for histogram modification
has an explicit solution, and its steady state is straightforward to compute.
This is because, as we will prove below, the value of A is constant in the
evolution. This is not unexpected, as it is well known that histogram modifi-
cation can be performed with look-up tables. In spite of this, it is important,
not only from the theoretical point of view, to first present the basic flow for
histogram modification, in order to arrive to the energy-based interpretation
and to derive the extensions later presented in Section 7.2. These extensions
do not have explicit solutions.

Let Iy be animage, i.e., abounded measurable function, definedin [0, N]?
with values in the range [a, b], 0 < a < b < M. We assume that the distri-
bution function of I, is continuous, that is

AX : In(X)=A]1=0 (7.3)

for all X € [0, N]* and all A € [a, b]. To equalize the histogram of I, we
look for solutions of
2

L, X)=AlZ:1t,2) <1, X)]— 5 [, X)—al, (74)

—a
which also satisfy
A[X I, X)=A]=0. (7.5)

Hence the distribution function of /(z, X) is also continuous. This require-
ment, mainly technical, avoids the possible ambiguity of changing the sign
“<” by “<” in the computation of .4 (see also the remarks at the end of this
section).

Let us recall the definition of sign™ (-):

1, ifr <0
sign~(r) = 1[0, 1], ifr =0.
0, ifr >0
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With this notation, / that satisfies Egs. (7.4) and (7.5) may be written as
2

[1(t, X) — al.
(7.6)

I, X) =/ sign[I(t, Z) — I1(t, X)|dZ —
[0,N]2 b—a

Observe that, as a consequence of Eq. (7.5), the real value of sign™ at zero
is unimportant, avoiding possible ambiguities. To simplify the notation,
let us normalize I such that it is defined on [0, 1]* and takes values in
the range [0, 1]. This is done just by the change of variables given by

1, X) < %, where p = ’% Then [ satisfies the equation

L, X) = / sien"[I(t, Z) — I(t, X)IdZ — I(t, X).  (1.7)
[0,1)2

Therefore, without loss of generality we can assume that N = 1,a = 0, and
b =1, and analyze Eq. (7.7). Let us make precise our notion of solution for
Eq. (7.7).

Definition 7.1. A bounded measurable function I : [0, c0) x [0, 11> —
[0, 1] will be called a solution of Eq. (7.7) if. for almost all X € [0, 117,
I(., X) is continuous in [0, 00), I,(., X) exists a.e. with respect to t and
Eq. (7.7) holds a.e. in [0, 00) x [0, 1]

Now we may state the following result:

Theorem 7.1. For any bounded measurable function I : [0, 11> — [0, 1]
such that A[Z : Io(Z) = A1 =0 for all A € [0, 1], there exists a unique
solution 1(t, X) in [0, 00) x [0, 11*> with range in [0, 1] satisfying the flow
(7.7) with initial condition given by Iy, and such that A[Z : [(t, Z) = \] =
Oforall A € [0, 1]. Moreover,ast — oo, I(t, X) converges to the histogram
equalization of Iy(X).

Proof: We start with the existence. We look for a solution /(z, X) such
that

AlZ: 1t,2) <1, X)) = AlZ:10,Z) < 10, X)].  (7.8)

This assumption is enough to prove existence. This will also mean that a
closed solution exists for Eq. (7.7), further supporting the validity of the
proposed image flow. Note that having A constant in time transforms the
equation into a family of ODEs, one for each space coordinate (x, y) (this is
generally true for histogram modification techniques, as they are based on
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pixel value distributions). In spite of this, which makes the original equation
as trivial as classical histogram equalization techniques, the formulation is
crucial for later sections, in which local and simultaneous contrast enhance-
ment and denoising models are presented. For those models, which do not
have a closed solution, it is important to identify the basic histogram modifi-
cation algorithm. Moreover, we will later prove that condition (7.8) actually
holds for any solution of Eq. (7.7).

Thus, let Fo(X) := A[Z : I(t, Z) < I(t, X)], which is independent of .
Then Eq. (7.7) can be rewritten as

I = Fo(X)— 1(t, X), (7.9)
whose explicit solution is
1(t, X) = exp{—t}1o + (1 — exp{—1}Fo(X), (7.10)
which satisfies
AlZ:1(t,Z)=2]1=0, t>0, »e][0,1]. (7.11)

Observe that our solution is a continuous function of ¢ for all X and satisfies
I(t,X) < I(t, X') ifandonlyif Iy(X) < Io(X') (7.12)

for all # > 0 and all X, X’ € [0, 1]?, that is, the gray-value order is pre-
served. Observe also that [0, 1] is the smallest interval that contains the
range of the solution. As t — +o0, I(t, X) — Fo(X). It is easy to see that
the distribution function of Fy(X) is uniform.

Note that Eq. (7.10) progressively improves the image contrast until
steady state is achieved. This gives an advantage over classical histogram
equalization, in which intermediate contrast states are not available and, if
the solution has excessive contrast, there is no possible compromise.

To prove uniqueness, we need the following Lemma:

Lemma 7.1. Let I1(t, X) be a solution of Eq. (7.7). Let X, X' € [0, 1]* be
such that 1(., X), I(., X") are continuous in [0, 00), I,(., X), I,(., X’) exist
a.e. with respect to t, and Eq. (7.7) holds a.e. in t. Suppose that 1(0, X) <
1(0, X'). Then

I(t, X') — I(t, X) > exp{—1}[1(0, X) — I(0, X)] forall ¢ > 0.
(7.13)
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Proof: Let§ > 0. Then, using our assumptions, we find that

i( _lln{(sz +[I(t, X")— I(t X)]z})
dr 2 ’ ’

I, X) -1, X))
8241, X)) — I(t, X)]?

{/sign_[l(t, Z)—1I(t,X"H]dZ

(¢, X)) — I(t, X)]?
24+t X')—I(t, X)]*

- /sign_[l(z‘, Z)— I, X)]dZ} +

We easily verify that the first term above is negative. Therefore

4L N : 16 X) = 16, XOF
dt( SIn{8* +[1(t, X) = 1(2, X)] }) S R OB TR T

After integration we observe that

VO, X)) — 1(t, X)? = exp{—t}y/82 + [1(0, X") — 1(0, X)]2.
Letting § — 0,
[1(t, X') — 1(t, X)| > exp{—t}]1(0, X) — I(0, X)| > O.
Because (¢, X), I(t, X) are continuous, this implies relation (7.13). O

Let I(t, X) be a solution of Eq. (7.7). As a consequence of Lemma 7.1
we have

[Z:10,2)< 10, X)IC[Z:1(t,Z)<I(t, X)]<S[Z:1(0,Z)<1(0, X)],
[(Z:1(t,2)=1(t,X)]<[Z:10,Z2)=1(0,X)]

for almost all X € [0, 1]>. Because A[Z : 1(0, Z) = A] = 0, we also have
Al[Z : I(t,Z) = A1] =0, for all A € [0, 1], and it follows that

/ sign [1(t, Z) — I(t, X)|dZ = / sign™[1(0, Z) — 1(0, X)1dZ = Fo(X).

The flow can be rewritten as Eq. (7.9), and Eq. (7.10) gives the solution.
Uniqueness follows. Letting t — oo, I(¢, X) tends to Fy(X), which corre-
sponds to the equalized histogram for /y(X).

Remarks:

1. Evenifthe initial image I, is not continuous it may happen that F,(X)
is continuous. Hence an edge may disappear. This is a limitation
of both this and the classical methods of histogram equalization.
In spite of possible ad hoc solutions, the problem requires a sound
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formulation and solution. We will see in Section 7.2 below how to
use the framework developed so far to investigate shape-preserving
contrast enhancement techniques.

2. According to our assumption (7.5), the initial image cannot take a
constant value in a region of positive area. [Note that this assumption
is only in order to present the theoretical results. The image flow and
its basic contrast modification characteristics remain valid also when
assumption (7.5) is violated.] If we expect as final result an image
whose gray-level distribution is perfectly uniform, we must assume
Eq. (7.5) unless we admit that the same gray level can be mapped
to different gray levels. In practice, perfect uniform is not necessary,
and assumption (7.5) does not present a major difficulty.

3. The above proof can be adapted to any required gray-value distribu-
tion / as the above result can be extended for the flow

L, X) = /sign_[l(t, Z)—I1(t, X)1dZ — V[I(t, X)], (7.14)

where W is any strictly increasing Lipschitz continuous function.
This allows us to obtain any desired distribution. As pointed out
before, the specific distribution depends on the application. Uniform
distributions are the most common choice. If it is known in advance for
example that the most important image information is within certain
gray-value region, & can be such that it allows this region to expand
further, increasing the detail there. Another possible way of finding
h is to equalize between local minima of the original histogram,
preserving certain types of structure in the image.

Variational Interpretation of the Histogram Flow. The formulation given
by Egs. (7.6) and (7.7) not only helps to prove Theorem 7.1, but it also gives
a variational interpretation of the histogram modification flow. Variational
approaches are frequently used in image processing. They give explicit so-
Iutions for a number of problems and very often help to give an intuitive
interpretation of this solution, interpretation that is often not so easy to
achieve from the corresponding Euler—Lagrange or PDE. Variational for-
mulations help us to derive new approaches to solve the problem as well.

Let us consider the following functional

2
Ul = %f |:I(X)— ﬂ dx — %//|I(X)—I(Z)|dXdZ, (7.15)

where I € L?[0,1]%, 0 <I(X)<1. U is a Lyapunov functional for
Eq. (7.7):
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Lemma 7.2. Let I be the solution of Eq. (7.7) with initial data Iy as in
Theorem 1. Then
dU()
dr

<0.

Proof:

duc) 1
" _/[I(X)—E] L(X)dX

—% / / sign[1(Z) — ICXONL(Z) — I,(X)]dXdZ.

Let us denote the first integrand in the equation above by A and the second
by B. Observe that, because of Eq. (7.11), part B of the integral above is
well defined. Let us rewrite B as

B = % / / sign[1(Z) — 1(X)]1,(Z)dXdZ

—i / / sign[1(Z) — I(X)]1,(X)dXdZ.

Interchanging the variables X and Z in the first part of the expression above,
we obtain

B= —% / / sign[1(Z) — I(X)]1,(X)dXdZ.
Fixing X, we have
/sign[l(t, Z)—1(t, X)dZ =1 — 2/ sign"[1(t, Z) — 1(t, X))dZ,
and we may write
B= —% / L(X)dX + / / sign”[1(Z) — I(X)]1,(X)dZdX.
Hence

du() .
T f 1, X)L, (¢, X)dX— / / sign~[1(t, Z)—1(t, X)11,(t, X)dXdZ

= / {I(t,X)—/sign_[I(t, Z)— I, X)]dZ}I,(t,X)dX
= _/1,0, X)’dX < 0.

This concludes the proof. O
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Therefore, when solving Eq. (7.7) we are indeed minimizing the func-
tional U/ given by Eq. (7.15), restricted to the condition that the minimizer
satisfy Eq. (7.11).

This variational formulation gives a new interpretation to histogram mod-
ification and contrast enhancement in general. It is important to note that in
contrast with classical techniques of histogram modification, it is completely
formulated in the image domain and not in the probability one (although
the spatial relation of the image values is still not important, until the for-
mulations below). The first term in I/ stands for the variance of the signal,
and the second one gives the contrast between values at different positions.
To the best of my knowledge, this is the first time a formal image-based
interpretation to histogram equalization is given, showing the effect of the
operation to the image contrast.

From this formulation, other functionals can be proposed to achieve
contrast modification while including image and perception models. One
possibility is to change the metric that measures contrast (second term in the
equation above) by metrics that better model for example visual perception.
It is well known that the total absolute difference is not a good perceptual
measurement of contrast in natural images. At least, this absolute difference
should be normalized by the local average. This also explains why ad hoc
techniques that segment the gray-value domain and perform (independent)
local histogram modification in each one of the segments perform better
than global modifications. This is because the normalization term is less
important when only pixels of the same range value are considered. Note
that doing this is straightforward in our framework; .4 should consider pixels
only in between a certain range in relation to the value of the current pixel
being updated.

From the variational formulation it is also straightforward to extend the
model to local (in image space) enhancement by changing the limits in
the integral from global to local neighborhoods. In the differential form, the
corresponding equation is

ol )
Yl {N"—H[I(x,y, D]}
—Al(v, w) € B(v,w,8) : I(v,w, t) > I(x, y,1)],

where B(v, w, §) is a ball of center (v, w) and radius § (B(v, w) can also be
any other surrounding neighborhood, obtained from example from previ-
ously performed segmentation). The main goal of this type of local contrast
enhancement is to enhance the image for object detection. This formulation
does not work perfectly in practice when the goal of the contrast enhance-
ment algorithm is to obtain a visually pleasent image. Fronts parallel to the
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edges are created, as we can see in the examples below. (Further experi-
ments with this model are presented in Subsection 7.1.3.) We can moderate
the effects of the local model by combining it with the global model.

From the same approach, it is straightforward to derive models for con-
trast enhancement of movies, integrating over corresponding zones in dif-
ferent frames, when correspondence could be given, for example, by optical
flow. Another advantage is the possibility of combining it with other oper-
ations. As an example, in Subsection 7.1.2, an additional smoothing term
will be added to the model of Eq. (7.7).

7.1.2. Simultaneous Anisotropic Diffusion
and Histogram Modification

A flow is now presented for simultaneous denoising and histogram modi-
fication. This is just an example of the possibility of combining different
algorithms in the same PDE.

In Chap. 4, geometric flows were presented for edge-preserving ani-
sotropic diffusion. The smoothing and contrast enhancement flows can be
combined to obtain a new flow that performs anisotropic diffusion (denois-
ing) while simultaneously modifying the histogram.

As we have seen in the discussion on anisotropic diffusion, in Ref. [330]
(see also Ref. [243] for theoretical results), Rudin et al. proposed to minimize
the total variation of the image, given by

/ IVI(X)ldX.

Once again, the Euler-Lagrange of this functional is given by the curvature

k of the level sets, that is
(1)
div{ — | =«,
VI

which leads to the gradient descent flow
I[ =K.

Using this smoothing operator, together with the histogram modification
part, gives results very similar to those obtained with the affine-based flow.
If this smoothing operator is combined with the histogram flow, the total flow

o1 )
o= ak +{N"— H[I(x,y,D)]} — Al(v,w) : I(v,w,t) > I(x,y,1)]
(7.16)



Contrast Enhancement 319

will therefore be such that it minimizes
a/ IVIX)| dX +U, (7.17)

where U is given by Eq. (7.15), yielding a complete variational formulation
of the combined histogram equalization/smoothing approach. This is
precisely the formulation we analyze below.
Existence of the Flow. A theoretical result is now presented that is related
to the simultaneous smoothing and contrast modification flow of Eq. (7.16).
Before proceeding with the existence proof of variational problem (7.17),
let us recall the following standard notation:

1. C([0,T],H) :={I : [0, T] — H continuous}, where T > 0 and H
is a Banach space (and in particular for a Hilbert space).
2. L?([0,T],H):={I : [0, T] — 'H such that fOT 1 (#)||P < oo}, with

1<p<oo.

3. L>([0,T],’H) := {1 : [0, T] — H such that ess sup , o7y ()l
< o0}.

4. I € LY ([0, 00), H) means that I € L?([0, T'], H) forall T > 0.

5. Wh2([0, T],’H) :={I : [0, T] — H suchthat I, I, € L*([0, T],
H)}.

To simplify notation, later we will assume that @ = (0, 1)> and H = L*(Q).
We proceed now to prove the existence of the solution to the Euler—

Lagrange equation corresponding to variational problem (7.17), given by
(@=1)

VI
I, = div <—) +/ sign [1(¢, Z) — I(t, X)1dZ — 1(z, X),
(VI (0,112

(7.18)
together with the initial and the boundary conditions

al
10, X)=1y(X) , X€l[0,1], af(t, X)=0, 1>0, Xedlo, 1P,
n

where 1 stands for the normal direction. We shall use results from the theory
on nonlinear semigroups on Hilbert space [47]. Before proceeding, we need
a number of additional definitions. A function I € L'(2) whose derivatives
in the sense of distributions are measures with finite total variation in €2 is
called a function of bounded variation. The class of such functions will be de-
noted by BV(2). Thus, I € BV(R) if there are Radon measures w1, ..., W,
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defined in 2 C R” such that its total mass |Dw;|(2) is finite and
/ I(X)Di¢p(X)dX = — / d(X)Dpi(X)
Q Q

for all ¢ € C3°(€2). The gradient of [ will therefore be a vector-valued
measure with finite total variation

VI =sup{/ IdivudX : v
Q

= (vl"--a vn) ECSO(Q’R’Z)’ |U(X)| = 15 X € Q}

The space BV(£2) will have the norm
Illsv = Illy + [IVI].

The space BV(2) is continuously embedded in LP(2) for all p < 2.

The immersion is compact if p < -5 ([424], Theorem 2.5.1). If I; is a
sequence of functions in BV(R2) converging to the function / in L'(2),
then |VI| < lim; inf ||VI;|| ([424], Theorem 5.2.1). Moreover, given a
function I € BV(R), there exists a sequence of functions / € BV(2) such
that I, — I in L'(Q) and such that |VI| = lim; ||V1;| ([424], Theorem
5.2.3).

Let H be a Hilbert space and let ¢ : H — (—00, +00] be convex and

proper. Given X € 'H, the subdifferential of ¢ at X, d¢(X), is given by
IPX)={Y e H:VE§ e H ¢(5) —d(X) = (¥, & — X)}.

We write dom(¢p) :={X € H: ¢(X) < +00}, dom(d¢p):={X € H :
d¢(X) # ¥}. From now on we shall write, as mentioned above, Q = (0, 1)?
and H = L*(2). We also define the functionals ¢, ¥ : H — (—o0, +00]
by

(D) { IV +1 [ [10) - X,  1eBV(Q)
+

00, otherwise

() = 1/ 11(Z) — [(X)|dXdZ.
4 QJIQ

Note that both functionals are convex, lower semicontinuous, and proper on
‘H. We introduced both functionals because formally Eq. (7.18) is associated
with the following abstract problem:

I +0¢) 3 0y (]). (7.19)
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To make such a formulation precise, let us recall the following ( [47], Defini-
tion3.1): Let T > 0, f € L'([0, T], H). We call I € C([0, T, H) a strong
solution of

I, +0¢(1) > f, (7.20)

if I is differentiable almost everywhere on (0, T'), I € dom(d¢) a.e. in ¢,
and

— Li() + f(1) € 99[1(1)] (7.21)

a.e.on (0, T). In particular, if I € W'2([0, T], H), 1(t) € dom(d¢) a.e. and
expression (7.21) holds a.e. on (0, T'), then [ is a strong solution of problem
(7.20). We say that I € C([0, T], H) is a strong solution of problem (7.19)
if there exists w € L'([0, T], H), w(t) € dy[I(¢)] a.e. in (0, T), such that
[ is a strong solution of

L+ 3¢(D) > w. (7.22)

With these preliminaries, we reformulate Eq. (7.18) as an abstract evo-
lution problem of the form of problem (7.19) and use the machinery of
nonlinear semigroups on Hilbert spaces to prove existence of solutions of
problem (7.19).

Theorem 7.2. For any Iy € BV(R2), 0 < Iy < 1, there exists a strong so-
lution I € W'2([0, T1, H), YT > 0, of problem (7.19) with initial condi-
tion 1(0) = Iy, and such that 0 < I < 1, Vt > 0. Moreover, the functional
V) = ¢(I) — ¥ (1) is a Lyapunov functional for problem (7.19).

Note that Theorem 7.2 proves the existence of a solution. There is no
result so far related to uniqueness.

Before concluding this section, let us make some remarks on the asymp-
totic behavior of I as t — oo. Integrating Eq. (7.10) we have

T
/ / |1, 12dXdt = ¢ [1.()] — P [L(0)] + Ve [1.(1)]
0 Q
1
- 1//6[16(0)] =< d’e[le(o)] + Z

Letting ¢ — 0, we get

T
f / |L17dXdr + @LI(1)] < Y[I(0)] + L
0 Q 4
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Now, letting T — o0

/Oo/ |I,12dXdr < ¥[I1(0)] + 1.
0 Q 4

Therefore, for subsequent t = ¢, we have [,(t,) - 0 in H as n — oo.
Because, on the other hand, ¢ (1) is bounded, we may assume that I (t,) — 1
in L'. Because 0 < I < 1, also I(t,) — I in L?>. Now, because —1, + w €
d¢(l) a.e., we may assume that —7,(z,) + w(t,) € d¢[I(¢,)] for all n. Hence

o) — pLIt)] > (—L(t,) + o), [(t,) — I), VI eH. (7.23)

Moreover, we may assume that w(t,) — & € aw(i ) weakly in H. Letting
n — oo in expression (7.23), we get

o) — o) > (@, 1 — ) VI eH.

In other words, @ € 3¢(i), where & € Bw(f). We may say that essentially
all limit points of I(¢) as t — oo are critical points of ¢(I) — W (I).

7.1.3. Experimental Results

Before experimental results are presented, let us make some remarks on
the complexity of the algorithm. Each iteration of the flow requires O(N?)
operations. In our examples we observed that no more than five iterations are
usually required for converging. Therefore the complexity of the proposed
algorithmis O (N?), which is the minimal expected for any image processing
procedure that operates on the whole image.

The first example is given in Fig. 7.3. The original image is presented on
the top left. On the right the image is shown after histogram equalization
performed with the popular software xv (copyright 1993 by John Bradley),
and on the bottom left the one obtained from the steady-state solution of
Eq. (7.1). On the bottom right an example is given of Eq. (7.2) for (/) that
is a piecewise linear function of the form —«(|/ — M /2| — M /2), where
o is a normalization constant, [ is the image value, and M is the maximal
image value.

Figure 7.4 shows the progress of the histogram equalization flow. The
original image is shown on the left, an intermediate step in the middle, and
the steady-state solution on the right.

An example of the simultaneous denoising and histogram equalization
is given in Fig. 7.5 for a fingerprint image (from the National Institute of
Standards and Technology, Gaithersburg, MD).
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Fig.7.3. Original image (top left) and results of the histogram equalization process with
the software package xv (top right), the proposed image flow for histogram equalization
(bottom left), and the histogram modification flow for a piecewise linear distribution
(bottom right).

Figure 7.6 presents an example of combining local and global histogram
modification. The original image is given on the top left. The result of global
histogram equalization is on the top right, and the one for local contrast
enhancement (16 x 16 neighborhood) is on the bottom left. We see fronts
appearing parallel to the edges. Finally, on the bottom right the combination
of local and global contrast modification is shown; we apply one (or several)
global steps after k successive local steps. Note that the algorithm described

Fig. 7.4. Progress of the histogram equalization flow. The original image is shown on
the left, an intermediate step on the middle, and the steady-state solution on the right.
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Fig.7.5. Result (right) of simultaneous histogram equalization and anisotropic diffusion
for a fingerprint image (left).

Fig. 7.6. Result of the combination of local and global contrast enhancement. The
original image is given on the top left. The result of global histogram equalization
is on the top right, and the one for local contrast enhancement (16 x 16 neighborhood)
is on the bottom left. Finally, on the bottom right is shown the combination of local and
global contrast modification: The image on the left is further processed by the global
histogram modification flow.
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is natural for this kind of combination, as all that is needed is for the area
A to be computed in a time-dependent neighborhood.

7.2. Shape-Preserving Contrast Enhancement

As we have seen in Section 7.1, histogram modification, and in particular
histogram equalization (uniform distributions), is one of the basic and most
useful operations in image processing, and its description can be found
in any book on image processing. This operation is a particular case of
homomorphic transformations: Let  C R? be the image domain and I :
Q — [a, b] be the given (low-contrast) image. Let & : [a, b] — [c, d] be
a given function that we assume to be increasing. The image I := h(I) is
called a homomorphic transformation of u. The particular case of histogram
equalization corresponds to selecting / to be the distribution function H of u:
area{x € Q: I(x) < A}

HQ) = e ) . (7.24)

If we assume that H is strictly increasing, then the change of variables
[(x)=(b—a)H[I(x)] +a (7.25)

gives a new image whose distribution function is uniform in the interval
[a, b], a,b € R, a < b. This useful and basic operation has an important
property that, in spite of being obvious, we should acknowledge: It neither
creates nor destroys image information.

As argued by the Mathematical Morphology school [5, 254,355, 356],
the basic operations on images should be invariant with respect to contrast
changes, i.e., homomorphic transformations. As a consequence, it follows
that the basic information of an image is contained in the family of its binary
shadows or level sets, that is, in the family of sets

Xl i={xeQ:1(x)>A} (7.26)

for all values of A in the range of /. Observe that, under fairly general con-
ditions, an image can be reconstructed from its level sets by the formula
I(x) = sup{A : x € X; I}.1If h is a strictly increasing function, the transfor-
mation [ = h(I) does not modify the family of level sets of I; it changes
its index only in the sense that

Xuoyl = X, 1 forall A. (7.27)
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Although we can argue that if all operations in image processing must
hold this principle, for the purposes of the present discussion, and following
Ref. [69], we shall stick here to this basic principle. There are a number of
reasons for this. First, a considerably large amount of the research in im-
age processing is based on assuming that regions with (almost) equal gray
values, which are topologically connected (see below), belong to the same
physical object in the 3D world. Following this, it is natural to assume then
that the shapes in a given image are represented by its level sets (we will be-
low see how we deal with noise that produces deviations from the level sets).
Furthermore, this commonly assumed image processing principle will per-
mit us to develop a theoretical and practical framework for shape-preserving
contrast enhancement. This can be extended to other definitions of shape,
different from the level-set morphological approach assumed here. As we
have previously observed, the level-set theory is also applicable to a large
number of problems beyond image processing [294, 361].

In this section, we want to design local histogram modification opera-
tions that preserve the family of level sets of the image, that is, following
the morphology school, preserve shape [68, 69]. Local contrast enhance-
ment is mainly used to further improve the image contrast and facilitate
the visual inspection of the data. We have already seen, and it will be fur-
ther exemplified later in this chapter, that global histogram modification
not always produces good contrast, and especially small regions are hardly
visible after such a global operation. On the other hand, local histogram
modification improves the contrast of small regions as well, but because
the level sets are not preserved, artificial objects are created. The theory de-
veloped now will enjoy the best of both words: The shape-preservation
property of global techniques and the contrast improvement quality of
local ones.

The recent formalization of multiscale analysis given in Ref. [5] and
discussed in Chap. 4 leads to a formulation of recursive, causal, local, mor-
phological and geometric invariant filters in terms of solutions of certain
PDEs of the geometric type, providing a new view of many of the basic
mathematical morphology operations. One of their basic assumptions was
the locality assumption that aimed to translate into a mathematical language
the fact that we considered basic operations that were a kind of local average
around each pixel or, in other words, only a few pixels around a given sam-
ple influence the output value of the operations. Obviously this excluded
the case of algorithms as histogram modification. This is why operations
like those in this chapter are not modeled by these equations, and a novel
framework must be developed.
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It is not our goal now to review the extensive research performed in
contrast enhancement. We should only note that, basically, contrast en-
hancement techniques are divided into the two groups mentioned above,
local and global, and their most popular representatives can be found in any
basic book in image processing and computer vision. An early attempt to
introduce shape criteria in contrast enhancement was done in Ref. [106].

7.2.1. Global Histogram Modification: A Variational Formulation

We call representatives of / all images of the form I = h(I), where h is a
strictly increasing function. The question is which representative of u is the
best for our purposes. That will depend, of course, on what our purposes are.
We have seen above which is the function # we have to select if we want
to normalize the contrast making the distribution function of u uniform.
In addition, it was shown in Section 7.1 that when equalizing an image
I : Q — [a, b] in the range [a, b] we are minimizing the functional

B = fy -t e L i) — (2)ldxd
()—m Q[(X)— 2 ] X—Z/Q/S;|(X)— (z)|dxdz.

The second term of the integral can be understood as a measure of the
contrast of the whole image. Thus when minimizing E(1) we are distributing
the values of u so that we maximize the contrast. The first term tries to keep
the values of u as near as possible to the mean (b — a)/2. When minimizing
E on the class of functions with the same family of binary shadows as u,
we get the equalization of u. We will see below how to modify this energy
to obtain shape-preserving local contrast enhancement.

7.2.2. Connected Components

To be able to extend the global approach to a local setting we have to insist
on our main constraint: We have to keep the same topographic map, that is,
we have to keep the same family of level sets of u but we have the freedom
to assign them a convenient gray level. To make this statement more precise,
let us give some definitions (see Ref. [354]).

Definition 7.2. Let X be a topological space. We say that X is connected
if it cannot be written as the union of two nonempty closed (open) disjoint
sets. A subset C of X is called a connected component if C is a maximal
connected subset of X, i.e., C is connected and for any connected subset C,
of X such that C C Cy, then C; = C.
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This definition will be applied to subsets X of R? that are topological
spaces with the topology induced from R, i.e., an open set of X is the inter-
section of an open set of R? with X. We shall need the following observation,
which follows from the definition above: Two connected components of a
topological space are either disjoint or they coincide; thus the topological
space can be considered as the disjoint union of its connected components.

Remark: There are several notions of connectivity for a topological space.
One of the most intuitive ones is the notion of arcwise connected (also
called connected by arcs). A topological space X is said to be connected by
arcs if any two points x, y of X can be joined by an arc, i.e., there exists
a continuous function y : [0, 1] = X such that y(0) =x,y(1)=y.Ina
similar way as above we define the connected components (with respect to
this notion of connectivity) as the maximal connected sets. These notions
could be used below instead of the one given in Definition 7.2.

Definition 7.3. Let [ : Q — [a, b] be a given image and A, A, € [a, b],
A1 < Ay. A section of the topographic map of u is a set of the form

Xiiao = Usern a1 Cos (7.28)

where C,_ is a connected component of [I = \] such that for each \', . €
[A1, X2], A < A, the set

X = Usepw i Ca (7.29)

is also connected.

Definition 7.4. Let I : Q — [a, b] be a given image and let {X, : ) €
[a, b]} be the family of its level sets. We shall say that the mapping
h: Q xR — Risalocal contrast change if the following properties hold.:

P1: h is continuous in the following sense:
h(z, ) — h(x,A) when z— x,X — A, z€ X,/,x € Cy,

where C,_is a connected component of [I = A].

P2: h(x, ) is an increasing function of A for all x € Q.

P3: h(x, L) = h(y, A) for all x, y are in the same connected component of
[l =X, xeR

P4: Let T be a connected set with u(I") not reduced to a point. Let I(x)=
h(x, I(x)]. Then v(I") is not reduced to a point.

P5: Let X;, 5, = Usep,.,1Ca be a section of the topographic map of I,
Al < Ay, andletx € Cy,,y € Cy,. Then h(x, A1) < h(y, L2).
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Definition 7.5. Let I :  — [a, b] be a given image. We shall say that I is
a local representative of u if there exists some local contrast change h such
that I(x) = h[x, I(x)], x € Q.

We collect in the next proposition some properties that follow immediately
from the definitions above.

Proposition 7.1. Let I : Q@ — [a, b] and let [(x) = hlx, [(x)], x € , be
a local representative of u. Then

1.

f(x) =sup{h(x,r): x € X; I, x € Q). We have that x € X, u ifand
only if x € Xh(M)IA, xe relR

[ is a continuous Sfunction.

Let ' (I'") be a connected component of ([ = w] (resp. [I = A])
containing x, it = h(x, A). ThenT" =T".

Let X, ,, be a section of the topographic map of 1. Then X, ;, is
also a section of the topographic map of I.

Remarks:

1.

The previous proposition can be phrased as saying that the set of
objects contained in / is the same as the set of objects contained
in [ , if we understand the objects of u as the connected connected
components of the level sets [A < I < u], A < u, and respectively
for 1.

Our definition of local representative is contained in the notion of
dilation as given in [355, 356, Theorem 9.3]. Let U, be a lattice of
functions f : R* — R". Amapping I : U, — U, is called a dilation
of U, if and only if it can be written as

LX) =sup{glx;y, )1y e R 1 < f(y)}, xeR,

where g(x;y,t) is a function assigned to each point (y, ) € R" x
R and is possibly different from point to point. Thus, let 7 be a
local contrast change and let I(x) = h[x, I(x)]. Let us denote by
X,(f, x) the connected component of X, f that contains x if x € X, f,
otherwise, let X,(f, x) = 0. Let g(x;y,t) := h(x,t) if X,(f,x)N
X.(f,y) # @;and := 0if X,(f, x) N X,;(f, y) = 0. Then v = ['(u).
Extending the definition of local contrast change to include more
general functions than continuous ones, i.e., to include measurable
functions, we can state and prove a converse of Proposition 7.1, saying
that the topographic map contains all the information of the image
that is invariant by local contrast changes [70].
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7.2.3. Shape-Preserving Contrast Enhancement: The Algorithm

We can now state precisely the main question we want to address: What is
the best local representative v of u, when the goal is to perform local contrast
enhancement while preserving the connected components (and level sets)?
For that we shall use the energy formulation given in Subsection 7.2.1. Let
A be a connected component of theset [A < I < u], A, u e R, A < u. We
write

2
E(, A)::A [i(x)—“—_)‘] dx—lfflf(x)—f(z)ldxdz.
2 —A) Ja 2 4 JaJa

We then look for a local representative v of u that minimizes E(f, A) for
all connected components A of all sets of the form [A < [ < u], A, u € R,
A < u, or, in other words, the distribution function of [ in all connected
components of [A < I < (] is uniform in the range [A, n], forall A, u € R,
A < . We now show how to solve this problem.

Let us introduce some notation that will make our discussion easier.
Without loss of generality we assume that I :  — [0, 1]. Let o ; := j/2F,
k=0,1,2,...,j=0,...,2% We need to assume that H, the distribution
function of u, is continuous and strictly increasing. For that we assume that
u is continuous and

area{x €e Q: I(x) =1} =0, forall X e R. (7.30)

We shall construct a sequence of functions converging to the solution of
the problem. Let [y = H(I) be the histogram equalization of I. Suppose
that we already constructed lo, ..., I;_;. Letus construct I;. For each j=
0,1,...,2" —1,let

O, =[N =< I < Aijtls (7.31)

and let O; ;.. be the connected components of O; ;,r =1, ...,n;; (n; ;j can
be eventually co). Define

Ill;i—1 <AIN O j:rl

hij.r(A) = |_O« o Aijr1 =i j)+Aij, A€ A, Aijs1)
L ]ir

By assumption (7.30), h; ;., is a continuous strictly increasing function
in[A; ;, A; j+1) and we can equalize the histogram of /;_; in O, ;.. Thus we
define

Ii,j;r = hi,j;r(ii—l)Xo,-,,-;,, (7.32)
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j=0,1,....2" = 1,r=1,...,n;;,and

20—1 nij

ii = ZZ[NLJ‘;,XOU”. (733)

j=1 r=1
We can then prove Theorem 7.3.

Theorem 7.3. Under assumption (7.30) the functions I; have a uniform
histogram for all connected components of all dyadic sets of the form [, <
I; < u] where A, i € {(Aij:j=0, ..., 2"}, A < u. Moreover, as i — o0,
I; converges to a function I that has a uniform histogram for all connected
components of all sets [\ < I <ul forall h,n € [0,1], A < L.

Theorem 7.4. Let I be the function constructed in Theorem 7.3. Then I is
a local representative of 1.

The proof of Theorem 7.3 is based in the next two simple lemmas. All
the proofs can be found in Ref. [69].

Lemma7.3. Let Oy, O, C Qsuchthat Oy N Oy =W@. LetI; : O; — [a, b),
i = 1,2, be two functions with uniform histogram in [a, b). Let [ : O; U
0, — |a, b] be given by

ui(x), ifxe 0
ux(x), ifx € Oy '

Then I has a uniform histogram in [a, b].

u(x) = { (7.34)

Lemma74. Let O, O, C Qsuchthat O, N\ Oy = @. Let I, : O — |a, b),
I, : O, — [b, ¢) be two functions with uniform histogram in [a, b), [b, c¢),
respectively. Assume that
0] b-a 0, c—b
0\ +10,] c—a’ [0|+10:] c—a
Let I : O U O, — [a, c) be given by
Li(x), ifxeO0
1(x)=: 1) f b (7.36)
L(x), ifxe€ O,

Then I has a uniform histogram in [a, c).

(7.35)

7.2.4. The Numerical Algorithm and Experiments

The algorithm has been described in Subsection 7.2.3. Let us summarize it
here. Let I : Q@ — [0, M] be an image whose values have been normalized
in [0, M]. Let A ; := jM/2", k=0,1,2,...,N, j=0,...,2"%
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Step 1: Construct /o = H(I) to be the histogram equalization of u.

Step 2: Construct /;,i = 1, ..., N. Suppose that we have already con-
structed I, ..., I;_;. Let us construct ;. For each j=0,1,...,
20 — 1, let

O0i; =[N =< I < Aijril, (7.37)

and let O; ;., be the connected components of O; ;, r =1,...,n; ;.
Let h; ;., be the distribution function of /;_; xo, ,, with values in the
range [A; j, Ai j+1].

Then we define

2'—1 nij
I = Z Zhi,j;r(lifl)XO,;,»;,» (7.38)
=1 =1

Remark: An interesting variant practice consists of using the mean of I,
denoted by my 1, as the value to subdivide the range of Io:

O00=[0< io < mo,1], 01,1 =[mo; < io < M]. (7.39)

Then we equalize I in all connected components of O, in the range
[0, mg,; — 1], respectively, in all connected components of O, ; in the range
[mo.1, M]. In this way we construct I;. Then we compute the mean values
of il in 01,0, 01_1. We denote them by miy,m3 (m1,2 = I’I’I()Yl). Now we use
these values to subdivide again I, into four pieces and proceed to equalize
the histogram of 7 in all connected components of all these pieces. We may
continue iteratively in this way until desired.

Before proceeding we should note that a number of algorithms have been
proposed in the literature to efficiently compute connected components,
making the algorithm here described very fast.

In Fig. 7.7 we compare the classical local technique just described. In
the classical algorithm the procedure is to define an n x m neighborhood
and move the center of this area from pixel to pixel. At each location we
compute the histogram of the n x m points in the neighborhood and obtain a
histogram equalization (or histogram specification) transformation function.
This function is used to map the level of the pixel centered in the neigh-
borhood. The center of the n x m region is then moved to an adjacent pixel
location and the procedure is repeated. In practice we update the histogram
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g h

Fig. 7.7. Example of the level-set preservation. The top row shows the original image
and its level sets. The second row shows the result of global histogram modification
and the corresponding level sets. Results of classical local contrast enhancement and its
corresponding level sets are shown in the third row. The last row shows the result of the
algorithm. Note how the level sets are preserved, in contrast with the result on the third
row, whereas the contrast is much better than the global modification.

obtained in the previous location with the new data introduced at each
motion step. Figure 7.7a shows the original image whose level lines are
displayed in Fig. 7.7b. Figure 7.7c shows the result of the global histogram
equalization of Fig. 7.7a. Its level lines are displayed in Fig. 7.7d. Note
how the level-set lines are preserved, whereas the contrast of small objects
is reduced. Figure 7.7e shows the result of the classical local histogram
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c d

Fig. 7.8. Example of shape-preserving local histogram modification for real data. The
first row shows a, the original image and b, the result of global histogram modification.
¢, an intermediate state and d, the steady state of the proposed algorithm, are shown in
the second row.

equalization described above (31 x 31 neighborhood), with level lines dis-
playedinFig. 7.7f. All the level sets for gray-level images are displayed at in-
tervals of 20 gray values. We see that new level lines appear, thus modifying
the topographic map (the set of level lines) of the original image, introducing
new objects. Figure 7.7g shows the result of the algorithm for local histogram
equalization. Its corresponding level lines are displayed in Fig. 7.7h. We see
that they coincide with the level lines of the original image, Fig. 7.7b.

Results for a real image are presented in Fig. 7.8. Figure 7.8a is the
typical “Bureau de I'INRIA image.” Figure 7.8b is the global histogram
equalization of Fig. 7.8a. Figure 7.8c shows an intermediate step of the
proposed algorithm, and Fig. 7.8d is the steady-state solution. Note how
objects that are not visible in the global modification, such as those through
the window, are now visible with the new local scheme.
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c d

Fig. 7.9. Additional example of shape-preserving local histogram modification for real
data. Figure a is the original image. Figures b—d are the results of global histogram equal-
ization, classical local scheme (61 x 61 neighborhood), and shape-preserving algorithm,
respectively.

An additional example is given in Fig. 7.9. Figure 7.9a is the original
image. Figures 7.9b—7.9d are the results of global histogram equalization,
classical local scheme (61 x 61 neighborhood), and shape-preserving algo-
rithm, respectively.

Experiments with a color image are given in Fig. 7.10, working on the
YIQ (luminance and chrominance) color space. Figure 7.10a is the orig-
inal image. In Fig. 7.10b, the shape-preserving algorithm was applied to
the luminance image Y (maintaining 1Q) and then the RGB color sys-
tem was recomposed. In Fig. 7.10c, again, the proposed local histogram
modification was applied to the color Y channel only, but the chromi-
nance vector was rescaled to maintain the same color point on the Maxwell
triangle.
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b C

Fig. 7.10. Example of local histogram modification of a color image. The original image
is shown in a. Image b is the result of applying the shape-preserving algorithm to the Y
channel in the YIQ color space. In image c the algorithm is applied again only to the
Y channel, the chrominance vector is rescaled to maintain the same color point on the
Maxwell triangle.

In the last example, Fig. 7.11, the classical local histogram modification
scheme is compared with the new one described here for a color image,
following the same procedure as in Fig. 7.10. Figure 7.11a shows the original
image, Fig. 7.11b is the one obtained with the classical technique, and
Fig. 7.11c is the result of applying the shape preserving scheme. Note the
spurious objects introduced by the classical local scheme.

a b c

Fig. 7.11. Comparison between the classical local histogram modification scheme with
the one described here for a color image. Image a is the original image, image b is
the one obtained with the classical technique, and image c is the result of applying the
shape-preserving scheme. Note the spurious objects introduced by the classical local
scheme.
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Exercises

1. Implement the differential equation for global contrast enhancement and
combine it with PDEs for anisotropic diffusion. Investigate the differ-
ences between simultaneous contrast and noise enhancement and the
direct algorithm obtained from first removing noise and then enhancing
the contrast.

2. Compute the connected components of an image.

3. How would you extend the definition of connected components to vector-
valued images? Propose a number of definitions and show examples.

4. Implement the local contrast enhancement algorithm and investigate the
importance of the number of subdivision steps.



CHAPTER EIGHT

Additional Theories and Applications

8.1. Interpolation

We have seen in Chap. 4 how a series of basic axioms leads to the formula-
tion of a number of important image processing operations such as PDEs.
Examples included both isotropic and anisotropic diffusion. Of course, not
all image processing algorithms hold those axioms, one example being the
contrast enhancement technique from Chap. 7 (it does not hold, for example,
the locality principle). We now show how PDE-based image interpolation
schemes can also be obtained from a number of intuitive axioms [72]. We
deal with the interpolation of images from a series of points and/or lines on
the plane, following Ref. [72]. In Section 8.2 we will discuss an algorithm
that fills up entire regions that are missing from the image.

Assume that the image I : R?> — R is known at all pixels except one, xg.
Let us also assume that the image / is an interpolant of itself, meaning that
it satisfies /(xp) = [mean value/ (x)], mean value standing for all possible
interpolants we have selected. Let us work out three examples:

1. I(x) is the mean of the neighboring pixels:
1
I(x) := Z{I[XO + (h, O)] + I[xo — (h, 0)] + I[xo + (0, h)]
+ 1[xo — (0, W1},
h > 0.If h — 0, then, by Taylor expansion,
Al(xp) = 0.

This result is independent of the specific linear combination of neigh-
boring pixels selected.

338
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2. I(xo) is the median value of the neighboring pixels:
1(xo) := median{/(y), y € D(xo, h)},

where D(xg, h) is the disk centered at xy with radius #. In this case,
as we have seen when connecting anisotropic diffusion with median
filtering, if 7 — 0, then

K [1(xo)] = 0.

This can also be written as

[1(x0)] = VI(VI, VIY) =0,

IV

where V21 is the Hessian of I, VI= is the unit vector perpendic-
ular to the gradient VI, and we have used the notation A(x, y) :=
Zijzl aijx;y;, where A = (a;;); ;_, is a 2 x 2 matrix and x, y are
vectors in R?.

3. I(xp) is a directional interpolation (between level lines):

1
I(xg) := E[I(X + hVu)+ I(x — hVu)].
Then, if h — 0,
V2I(VI,VI) = 0.

We have then obtained the following three possibilities:

Al =0. (8.1)
VI(VIt, VIt =0 (8.2)
V2I(VI,VI) = 0. (8.3)

Note that the last two equations, when added, give the first one.
We will later discuss the interesting fact that, based on a few intuitive
axioms, these three are the only possible interpolants. The first one
does not permit us to interpolate isolated points, as the problem A7 =
0, I[oD(0, r)] =0, 1(0) = 1, has no solution. The second equation
also does not have a solution for this problem. The third equation
yields a cone function for this case (/(x) = |x| — 1).

Let us now proceed to present the axiomatic approach for image inter-
polation. Let I be a set of continuous simple Jordan curves in R?. For each
C e T, let 7(C) be the set of continuous functions defined on C. We shall
consider an interpolation operator as a transformation E that associates
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with each C € T" and each ¢ € F(C) a unique function E(¢, C) defined on
the region D(C) enclosed by C. This interpolant must hold the following
properties:

1. Comparison principle:
E(p,C) < E(Y,C),YCeT, ¢, € F(C), ¢ <.
2. Stability principle:
E(E(¢,C)le,C) = E(9, Olpc)s

forany C € ', any ¢ € F(C), and C' € T such that D(C") € D(C).
This means that no new application of the interpolation can improve
a given interpolant (otherwise, the interpolation is iterated until the
axiom holds).

3. Regularity principle: This is an adaptation of the regularity principle
for the axiomatic approach presented in Chap. 4 [72].

4. Translation invariant: The interpolant of a translated image is the
translation of the interpolant.

5. Rotation invariant: Same as for the translation property.

6. Gray-scale shift invariant:

E@+c,C)=E(@,C)+c,

for any constant ¢ € R.
7. Linear gray-scale invariant:

E(Ag,C) =1E$,0),

for any constant A € R.
8. Zoom invariance: Same as for the translation property.

The basic result then says that any function that is an interpolant satisfying
all the eight properties above is a viscosity solution of

) Vu Vu 2 Vu Vu*t
G|Vu ,— |, Vu sy — |,
Vull " [[Vull Vull " [[Vul|
2y (V_“l, V_”Lﬂ _o,
Vull " [[Vull

where G(-) is a nondecreasing scale-invariant function.
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A number of additional conditions can help to further simplify the form
of G. For example, if it does not depend on its first argument (last), then it
depends on only its last (first). If G is differentiable at (0, 0, 0), then it can
be written as

, (VI VI , (VI VIt
VI | =, —— ) +2bVI | —,
VI (VI VI (VI

+ V21 vie VI (8.4)
c s s .
VI IV

where a, ¢ > 0 and ac — b* > 0. Let us further explore which selection of
a, b, c can lead to useful interpolators. Let us consider once again a ball
of center in the origin and radius 1, such that 7 is equal to 1 at the center
and 0 at the boundary. Assume we that have both existence and uniqueness
of the solution of Eq. (8.4). Because both the equation and the data are
rotational invariant, we search for interpolants of the form I = f(r), with
r = (x} + x3)!/2. Because I satisfies Eq. (8.4), then f satisfies

arf’" +cf' =0,

for 0 < r < 1, and such that f(0) = 1 and f(1) = 0. We then have that if
a =0, then b = 0. If also ¢ = 0, we have no equation. If ¢ > 0, f' =0,
and the only solution is f = constant, which does not satisfy the initial
conditions. There is no interpolation operator in this case. Consider now the
case of a > 0. The solutions are then of form 1, r%, or logr. If 0 < ¢ < a,
then z =1 —c/a and f(r) =1 — r*. The gradient VI is bounded if and
only if z = 1, and then ¢ = 0, obtaining

, (VI VI
VI (——, ——)=0. (8.5)
VI VI

If ¢ > 0, then the gradient is not bounded at the origin, and if ¢ = a, the
conditions at the origin and boundary cannot be satisfied. The interpolant of
Eq. (8.5) is the only one that satisfies the axioms and is always bounded for
bounded data [72]. This is also true as the data are not just given on curves,
but on regions and isolated points as well.

Moreover, it can be shown that the corresponding evolution problem,

given by

al ) Vi VI

—=VI|— . (8.6)
ot VI IVl
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with the corresponding initial and boundary conditions, has also a unique
viscosity solution, bounded, and converging to the viscosity solution of
Eq. (8.5) when t — 0. This is the equation used to numerically interpolate
data, with an implicit scheme of the form

vt VIt
n+l __ gn 2 yn+1 ij ij
I =1+ AR ( ,

[vE v

which is solved with nonlinear over relaxation methods. An example, cour-
tesy of Caselles et al. [72], is given in Fig. 8.1.

Fig. 8.1. Interpolation by means of PDEs. From left to right, top to bottom: Original
image, level lines for 6 = 30, quantized image for § = 20, the interpolant for § = 20,
quantized image for § = 30, the interpolant for § = 30.
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8.2. Image Repair: Inpainting

The modification of images in a way that is nondetectable for an observer
who does not know the original image is a practice as old as artistic creation
itself. Medieval artwork started to be restored as early as the Renaissance,
the motives being often as much to bring medieval pictures up to date as to
fill in any gaps [122, 400]. This practice is called retouching or inpainting.
The object of inpainting is to reconstitute the missing or damaged por-
tions of the work in order to make it more legible and to restore its unity
[122].

The need to retouch the image in an unobtrusive way extended naturally
from paintings to photography and film. The purposes remain the same: to
revert deterioration (e.g., cracks in photographs or scratches and dust spots in
film) or to add or remove elements (e.g., removal of stamped date and red eye
from photographs, the infamous “airbrushing” of political enemies [217]).

Digital techniques are starting to be a widespread way of performing
inpainting, ranging from attempts at fully automatic detection and removal
of scratches in film [222,223] all the way to software tools that allow a
sophisticated but mostly manual process [46].

In this section an algorithm is described for automatic digital inpainting,
its main motivation being to replicate the basic techniques used by profes-
sional restorators [25]. The only user interaction required by the algorithm
presented here is to mark the regions to be inpainted. Although a number of
techniques exist for the semiautomatic detection of image defects (mainly
in films), addressing this is out of the scope of this section. Moreover, be-
cause the inpainting algorithm here presented can be used not just to restore
damaged photographs but also to remove undesired objects and writing on
the image, the regions to be inpainted must be marked by the user, as they
depend on his/her subjective selection. Here we are concerned on how to
fill in the regions to be inpainted, once they have been selected. Marked
regions are automatically filled with the structure of their surrounding, in a
form that will be explained later in this section.

8.2.1. Related Work

We should first note that classical image denoising algorithms do not apply
toimage inpainting. In common image enhancement applications, the pixels
contain both information about the real data and the noise (e.g., image plus
noise for additive noise), whereas in image inpainting, there is no significant
information in the region to be inpainted. The information is mainly in the
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regions surrounding the areas to be inpainted. There is then a need to develop
specific techniques to address these problems.

Mainly three groups of works can be found in the literature related to
digital inpainting. The first one deals with the restoration of films, the second
one is related to texture synthesis, and the third one, a significantly less-
studied class, although connected to the work presented here, is related to
disocclusion.

Kokaram et al. [223] use motion estimation and autoregressive models
to interpolate losses in films from adjacent frames. The basic idea is to copy
into the gap the right pixels from neighboring frames. The technique cannot
be applied to still images or to films for which the regions to be inpainted
span many frames.

Hirani and Totsuka [183] combine frequency- and spatial-domain infor-
mation in order to fill a given region with a selected texture. This is a very
simple technique that produces incredibly good results. On the other hand,
the algorithm deals mainly with texture synthesis (and not with structured
background) and requires the user to select the texture to be copied into the
region to be inpainted. For images for which the region to be replaced covers
several different structures, the user would need to go through the tremen-
dous work of segmenting them and searching corresponding replacements
throughout the picture. Although part of this search can be done automati-
cally, this is extremely time consuming and requires the nontrivial selection
of many critical parameters; see e.g., Ref. [121]. Other texture synthesis
algorithms, e.g., Refs. [121, 178, and 367], can be used as well to recreate
a preselected texture to fill in a (square) region to be inpainted.

In the group of disocclusion algorithms, a pioneering work is described
in Ref. [270]; Nitzberg et al. presented a technique for removing occlusions
with the goal of image segmentation. Because the region to be inpainted
can be considered as occluding objects, removing occlusions is analogous
to image inpainting. The basic idea is to connect T-junctions at the same
gray level with elastica-minimizing curves. The technique was mainly de-
veloped for simple images, with only a few objects with constant gray levels,
and will not be applicable for the examples with natural images presented
later in this paper. Masnou and Morel [236] extended these ideas, present-
ing a very inspiring general variational formulation for disocclusion and
a particular practical algorithm that implements some of the ideas in this
formulation. The algorithm performs inpainting by joining with geodesic
curves the points of the isophotes arriving at the boundary of the region to be
inpainted. As reported by the authors, the regions to be inpainted are limited
to having simple topology, e.g., holes are not allowed. This is not intrin-
sic to the general variational formulation they propose, only to the specific
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discrete implementation they perform. In addition, the angle with which
the level lines arrive at the boundary of the inpainted region is not (well)
preserved: The algorithm mainly uses straight lines to join equal gray-value
pixels. This is the closest technique to the one here described now and has
motivated in part and inspired the work now reported.

8.2.2. The Digital Inpainting Algorithm

Fundamentals. Let 2 be for the region to be inpainted and 92 its bound-
ary (note once again that no assumption on the topology of Q2 is made).
Intuitively, the technique we propose will prolong the isophote lines arriv-
ing at d€2, while maintaining the angle of arrival. We proceed, drawing from
02 inward in this way, while curving the prolongation lines progressively
to prevent them from crossing each other.

Before the detailed description of this technique is presented, let us ana-
lyze how experts inpaint. Inpainting is a very subjective procedure, different
for each work of art and for each professional. There is no such thing as
“the” way to solve the problem, but the underlying methodology is as fol-
lows: (1) The global picture determines how to fill in the gap, the purpose
of inpainting being to restore the unity of the work; (2) The structure of the
area surrounding 2 is continued into the gap, contour lines are drawn by
means of the prolongation of those arriving at d€2; (3) The different regions
inside €2, as defined by the contour lines, are filled with color, matching
those of 9€2; and (4) The small details are painted (e.g., little white spots on
an otherwise uniformly blue sky): in other words, texture is added.

A number of lessons can immediately be learned from these basic inpaint-
ing rules used by professionals. The algorithm described simultaneously,
and iteratively, performs steps (2) and (3) above. We progressively shrink
the gap €2 by prolonging inward, in a smooth way, the lines arriving at the
gap boundary 9€2.

The Inpainting Algorithm. We need to translate the manual inpainting
concepts expressed above into a mathematical and algorithmic language.
We proceed to do this now, presenting the basic underlying concepts first.
The implementation details are given in the next subsection. Let

Io(i, j) : [0, M] x [0, N] — R, with [0, M] x [0, N] C N x N),

be a discrete 2D gray-level image. From the description of manual inpaint-
ing techniques, an iterative algorithm seems a natural choice. The digital
inpainting procedure will construct a family of images (i, j, n) : [0, M] X
[0, N] x N — R such that I(i, j,0) = Iy(i, j) and lim,_ . I(i, j,n) =
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Ig(i, j), where Ix(i, j) is the output of the algorithm (inpainted image).
Any general algorithm of that form can be written as

"G, j) = 1"G, j) + AT, ), Y3, j) € Q (8.7)

where the superscript n denotes the inpainting time n, (i, j) are the pixel
coordinates, At is the rate of improvement and ;" (i, j) stands for the update
of the image /" (i, j). Note that the evolution equation runs inside only €2,
the region to be inpainted.

With this equation, the image I"*!(i, j)is animproved version of I"(i, j),
with the improvement given by 1;'(i, j). As n increases, we achieve a better
image. We need now to design the update 1;'(i, j).

As suggested by manual inpainting techniques, we need to continue the
lines arriving at the boundary 92 of the region €2 to be inpainted [see point
(2) in the Fundamentals subsection of Subsection 8.2.2]. In other words, we
need to smoothly propagate information from outside €2 into €2 (points (2)
and (3) in the fundamentals subsection). With L"(i, j) being the information
that we want to propagate and  (Z, j) the propagation direction, this means
that we must have

I )= 8L ) (. ). (8.8)

where 5—)L”(i, j) is a measure of the change in the information L"(i, j).
(Borrowing notation from continuous mathematics, we could also write
S8L"(i, j) as VL.) With this equation, we estimate the information L"(i, j)
of our image and compute its change along the direction. Note that
at steady state, that is, when the algorithm converges, I"*'(i, j) = I"(i, j)
and from Eqs. (8.7) and (8.8) we have that §L" (i, j) - (i, j) = 0, meaning
exactly that the information L has been propagated in the direction

What is left now is to express the information L being propagated and
the direction of propagation

Because we want the propagation to be smooth, L"(i, j) should be an im-
age smoothness estimator. For this purpose we may use a simple discrete im-
plementation of the Laplacian: L"(i, j) := I}, (i, j) + I}, (i, j) (subscripts
represent derivatives in this case). Other smoothness estimators might be
used, although satisfactory results were already obtained with this very
simple selection. .

Then we must compute the change §L"(i, j) of this value along . To
do this we must first define what the direction  for the 2D information
propagation will be. One possibility is to define  as the normal to the
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Fig. 8.2. Propagation direction as the normal to the signed distance to the boundary of
the region to be inpainted.

signed distance to 0€2, i.e., at each point (7, j) in 2 the vector (i, j)
will be normal to the shrinked version of 92 to which (i, j) belongs; see
Fig. 8.2. This choice is motivated by the belief that a propagation normal to
the boundary would lead to the continuity of the isophotes at the boundary.
Instead, what happens is that the lines arriving at 2 curve in order to align
with  ; see Fig. 8.3. This is of course not what we expect. Note that the
orientation of d€2 is not intrinsic to the image geometry, as the region to be
inpainted is arbitrary.

If isophotes tend to align with , the best choice for  is then the
isophotes directions. This is a bootstrapping problem: Having the isophotes
directions inside €2 is equivalent to having the inpainted image itself, as we
can easily recover the gray-level image from its isophote direction field (see
the discussion section and Ref. [199]).

We use then a time varying estimation of the isophotes direction field:
for any given point (i, j), the discretized gradient vector VI"(i, j) gives
the direction of largest spatial change, and its 90° rotationV*1"(i, j)
is the direction of smallest spatial change, so the vector VXI"(i, j) gives
the isophotes direction. Our field is then given by the time-varying

(i, j,n) = V*+I"(i, j). We are using a time-varying estimation that is
coarse at the beginning but progressively achieves the desired continuity

Fig. 8.3. Unsuccessful choice of the information propagation direction. Left: detail of
the original image; region to be inpainted is in white. Right: restoration.
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at €2, instead of a fixed field (i, j) that would imply knowledge of the
directions of the isophotes from the start.

Note that the direction field is not normalized; its norm is the norm of
the gradient of 1”(i, j). The reason for this choice relies on the numerical
stability of the algorithm, and will be discussed in the following subsection.

Because we are performing inpainting along the isophotes, it is irrelevant
if V1I1"(i, j) is obtained as a clockwise or counterclockwise rotation of
VI"(i, j).Inboth cases, the change of 1"(7, j) along those directions should
be minimum.

Recapping, we estimate a variation of the smoothness, given by a dis-
cretization of the 2D Laplacian in our case, and project this variation into
the isophotes direction. This projection is used to update the value of the
image inside the region to be inpainted.

To ensure a correct evolution of the direction field, a diffusion process
is interleaved with the image inpainting process described above. That is,
every few steps (see below), we apply a few iterations of image diffusion.
This diffusion corresponds to the periodical curving of lines to avoid them
from crossing each other, as was mentioned in Subsection 8.2.2. We use
anisotropic diffusion in order to achieve this goal without losing sharpness
in the reconstruction. In particular, we apply a straightforward discretiza-
tion of the following continuous-time/continuous-space anisotropic diffu-
sion equation:

al
5 5 D) = 8elx, 3, ) [V, y, D], ¥(x, y) € Q, 89

where Q€ is a dilation of 2 with a ball of radius €, « is the Euclidean
curvature of the isophotes of /7, and g.(x, y) is a smooth function in Q€ such
that g.(x, y) = 0in Q¢ \ Q and g.(x, y) = 1 at the set of points of 2 whose
distance to 92 is larger that € (this is a way to impose Dirichlet boundary
conditions for the Eq. (8.9)).

Discrete Scheme and Implementation Details. The only inputs to our al-
gorithm are the image to be restored and the mask that delimits the portion
to be inpainted. As a preprocessing step, the whole original image under-
goes anisotropic diffusion smoothing. The purpose of this is to minimize
the influence of noise on the estimation of the direction of the isophotes
arriving at 9€2. After this, the image enters the inpainting loop, where only
the values inside €2 are modified. These values change according to the
discrete implementation of the inpainting procedure, which we proceed to
describe. Every few iterations, a step of anisotropic diffusion is applied (a
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straightforward, central-difference implementation of Eq. (8.9) is used).
This process is repeated until a steady state is achieved.

Let I"(i, j) stand for each one of the image pixels inside the region €2 at
the inpainting time n. Then the discrete inpainting equation borrows from
the numerical analysis literature and is given by

1", HD=1"G, jy+ Atl'(d, j), V3, j) e @ (8.10)
where
P —n .. @, j,n) PO
I, j)y=1|oL"G, j) ———— [ IVI"(G, )|, 3.11)
|G, Jj,n)l
—
SLG, j):=[L"G+1,j)—L"G—1,)),L"G j+1)—L"G,j— 1],
(8.12)
LG, jy=1.G,j)+ I;y(i, i), (8.13)
.. _In""In"'
@i, j,n) . [ _‘,(z 7)1 J)] ’ (8.14)

@A G, pF + (1260

B, j) = ST G, j) - — M) (8.15)
|G, jon)l
V) + () 4 () + (L)
when " > 0
VI, j)| = . : i . (3.16)
)+ (@) 4 () + (1)
when 8" < 0

We first compute the 2D smoothness estimation L in Eq. (8.13) and the
isophote direction /| |inEq. (8.14). Then in Eq. (8.15) we compute §",
the projection of S_L) onto the (normalized) vector , that is, we compute
the change of L along the direction of . Finally, we multiply 8" by a
slope-limited version of the norm of the gradient of the image, |VI|, in
Eq. (8.16). A central-difference realization would turn the scheme unstable,
and that is the reason for using slope limiters. The subscripts b and f denote
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backward and forward differences, respectively, and the subscripts m and M
denote the minimum or the maximum, respectively, between the derivative
and zero (we have omitted the space coordinates (i, j) for simplicity); see,
for example, Refs. [294 and 330] for details. Finally, let us note that the
choice of a nonnormalized field  instead of a normalized version of it
allows for a simpler and more stable numerical scheme; see Refs. [235 and
330].

Note once again that when the inpainting algorithm arrives at steady state,
that is, I, = 0, we have geometrically solved V(smoothness) - VLI =0,
meaning that the smoothness is constant along the isophotes. This type of
information propagation is related to the work on velocity-field extension
in level-set techniques described earlier in this book, e.g., Refs. [291 and
426].

When applying Egs. (8.10)—(8.16) to the pixels in the border €2 of the
region €2 to be inpainted, known pixels from outside this region are used.
That is, conceptually, we compute Egs. (8.10)—(8.16) in the region Q€ (an €
dilation of €2), although we update the values only inside €2 (thatis, Eq. (8.10)
is applied only inside €2). The information in the narrow band Q¢ — € is
propagated inside 2. Propagation of this information, both gray values and
isophotes directions, is fundamental for the success of the algorithm.

In the restoration loop we perform A steps of inpainting with Eq. (8.10),
then B steps of diffusion with Eq. (8.9), again A steps of Eq. (8.10), and so
on. The total number of steps is 7. This number may be preestablished or the
algorithm may stop when changes in the image are below a given threshold.
The values we use are A = 15, B = 2, at speed At = 0.1. The value of T
depends on the size of 2. If €2 is of considerable size, a multiresolution
approach is used to speed up the process.

Color images are considered as a set of three images, and the above-
described technique is applied independently to each one. To avoid the
appearance of spurious colors, we use a color model which is very similar
to the Luv model, with one luminance and two chroma components; see
Fig. 8.4.

8.2.3. Results

The CPU time required for inpainting depends on the size of €2. In all the
color examples presented here, the inpainting process was completed in less
than 5 min (for the three color planes), with the nonoptimized C++ code
running on a PentiumlII PC (128-Mbytes RAM, 300 MHz) under Linux. All
the examples use images available from public databases over the Internet.
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Fig. 8.4. Relation between the (R,G,B) color model and the one used in this section,

(p, sin¢, sin ).

Figure 8.5 shows, on the left, a synthetic image with the region to in-
paint in white. Here €2 is large (30 pixels in diameter) and contains a hole.
The inpainted reconstruction is shown on the right. Note that contours are
recovered, joining points from the inner and outer boundaries. Also, these
reconstructed contours follow smoothly the direction of the isophotes arriv-
ing at 9€2.

Figure 8.6 shows a deteriorated black-and-white image and its recon-
struction. As in all the examples in this article, the user supplied only the
“mask” image, shown in Fig. 8.7. This image was drawn manually with a
paintbrushlike program. The variables were set to the values specified in
Subsection 8.2.2 and the number of iterations 7" was set to 3000. When
multiresolution is not used, the CPU time required by the inpainting pro-
cedure is approximately 7 min. With a two-level multiresolution scheme,
only 2 min were needed. Observe that details in the nose and right eye of
the middle girl could not be completely restored. This is in part due to the
fact that the mask covers most of the relevant information, and there is not

Fig. 8.5. Synthetic example: 2 is shown in white. Topology is not an issue, and the
recovered contours smoothly continue the isophotes.
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Fig. 8.6. Restoration of an old photograph.

much to be done without the use of high-level prior information (e.g., the
fact that it is an eye). These minor errors can be corrected by the manual
procedures mentioned in the introduction, and still the overall inpainting
time would be reduced by orders of magnitude.

Figure 8.8 shows a vandalized image and its restoration, followed by
an example in which overimposed text is removed from the image. These
are typical examples in which texture synthesis algorithms such as those
described in the introduction cannot be used, since the number of different
regions to be filled is very large.

Figure 8.9 shows the progressive nature of the algorithm: Several in-
termediate steps of the inpainting procedure are shown for a detail of
Fig. 8.8.

Finally, Fig. 8.10 shows an entertainment application. The bungee cord
and the knot tying the man’s legs have been removed. Given the size of €2, a
two-level multiresolution scheme was used. Here it becomes apparent that
it is the user who has to supply the algorithm with the masking image, as
the choice of the region to inpaint is completely subjective.

Fig. 8.7. The user defines the region to inpaint (here shown in red).
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Fig. 8.8. Restoration of a color image and removal of superimposed text.
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51 75 )

Fig. 8.9. Progressive nature of the algorithm: several intermediate steps of the recon-
struction of Fig. 8.8.

8.2.4. Comments

In this section we have introduced a novel algorithm for image inpainting
that attempts to replicate the basic techniques used by professional restorers.
The basic idea is to smoothly propagate information from the surrounding
areas in the isophotes direction. The user needs only to provide the region to
be inpainted; the rest is automatically performed by the algorithm in a few
minutes. The examples shown suggest a wide range of applications such as
the restoration of old photographs and damaged film, removal of superim-
posed text, and removal of objects. The results can either be adopted as a
final restoration or be used to provide an initial point for manual restoration,
thereby reducing the total restoration time by orders of magnitude.

One of the main problems with the technique is the reproduction of
large textured regions. The algorithm proposed here is to be investigated in
conjunction with texture synthesis ideas to address this issue.

Fig. 8.10. The bungee cord and the knot tying the man’s feet have been removed.
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The inpainting algorithm presented here has been clearly motivated by
and has borrowed from the intensive work on the use of PDE reported in
the rest of this book. When “blindly” letting the grid go to zero, the in-
painting technique in Egs. (8.10)—(8.16) naively resembles a third-order
equation, for which too many boundary conditions are imposed (all of them
being essential) and for which a complete understanding is beyond the
current state of mathematical knowledge (although results for other high-
order equations, which might be relevant for image processing as well, are
available, e.g., Ref. [28].) Nevertheless, this suggests the investigation of
the use of lower, second-order PDEs to address the inpainting problem. We
can split the inpainting problem into two coupled variational formulations,
one for the isophotes direction (point (2) in the fundamentals subsection of
Subsection 8.2.2) and one for the gray-values, consistent with the estimated
directions (point (3) in the fundamentals subsection: this is like the multi-
valued to single-valued images map previously reported in this book). The
corresponding gradient descent flows will give two coupled second-order
PDEs for which formal results regarding existence and uniqueness of the
solutions can be shown.

8.3. Shape from Shading

According to the so-called Lambertian shading rule, the 2D array of pixel
gray levels, corresponding to the shading of a 3D object, is proportional
to the cosine of the angle between the light-source direction and the sur-
face normal. The shape from shading problem is the inverse problem
of reconstructing the 3D surface from this shading data. The history of
this problem is extensive. A basic technique, developed by Kimmel and
Bruckstein [210] to address this problem, is described here. See this refer-
ence for details and an extensive literature. See also [276] for a different
formal approach.

Consider a smooth surface, actually a graph, given by z(x, y). According
to the Lambertian shading rule, the shading image I(x, y) is equal (or pro-
portional) to the inner product between the light direction [ =(0,0,1)and
the normal N (x, y) to the parameterized surface. This gives the so-called
irradiance equation:

1
JI+p+q%

where p := dz/0dx and g := dz/dy. Starting from a small circle around a

I(x,y):i'/v:
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singular point, Bruckstein [50] observed that equal-height contours C(p, t) :
S — RR? of the surface 7 (¢ stands for the height) hold

aC I
— = —n,
i J1-1?

where now 7 is the 2D unit normal to the equal height contour (or level
set of z). This means that the classical shape from the shading problem is
simply a curve evolution problem, and, as such, we can use all the curve
evolution machinery to solve it. In particular, we can use both the level-set
and the fast-marching numerical techniques (the weight for the distance is
always positive and given by v/1/I%2 — 1). An example, courtesy of Kimmel
and Bruckstein [210], is presented in Fig. 8.11.

Fig. 8.11. Example of shape from shading by means of curve evolution. The figure
shows the original surface, the simulated shading, the reconstructed surface, and the
reconstruction error.
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8.4. Blind Deconvolution

Assume that theimage /(x, y) : R> — R has been blurred with the unknown
filter h(x,y) : R> — R, obtaining I(x, y):R? - R (I = I % h + noise),
and we want to recover /. It is well known that this is an ill-posed
problem, and regularization conditions must be added in order to obtain any
reasonable solution. Here we present the technique described in Refs. [81,
419 and 420], which is based on the simultaneous estimation of the image
and the blurring kernel by use of an edge-preserving regularization function.
We have seen in Chap. 4 a number of edge-preserving regularization forms,
like Tukey’s function and the L; norm. Here, we follow the developments
by Chan and Wong, and use the L; norm, although more robust norms can
be used as well.

The basic idea is to find the minimum (with respect to I, &) of the energy
F (I, v) given by

1 R
5 sl - 2, + a /f VI dxdy + a» // IVA| dxdy.

The corresponding Euler—Lagrange or first variation is

oF N Vh

— =I(—x, — h—1)—aydiv|—— ) =0,
o (—x, —y) * (u * )— s 1V(||Vh||)
aF N VI
— = h(—x, — Ixh—I)—oa divl——]=0
a1 (sl o 1V(IIV1||>

For I given (respectively #), the functional JF is convex, although it is
not jointly convex. Therefore, with an initial guess (1°, h°), the idea is to to
perform an alternating minimization [81]. Assuming we have (/", h"), then
we proceed as follows:

* Solve for A" *!:

n+1
I'"(=x, =)« (I"x«h"' —7) —a, div[ ———— ) =0,
(7o =l I V(nvw“n)

* Solve for I"*!:

n+1 n+1 n+1 : Vi
h (—x,—y)*(l *h _Z)—Olzdlv (W)ZO

This system of equations can be solved in different forms. The most
straightforward one is to use the time-marching schemes we discussed in
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Fig. 8.12. Edge-preserving blind deconvolution. The first row shows, from left to right,
the original image, the out-of-focus blur, and the blurred image. The recovered image
and blurring function are shown on the second row.

Chap. 4, which means that we look for steady-state solutions of the cor-
responding PDE. Other more sophisticated methods can be used as well
[79, 399]. The example in Fig. 8.12, courtesy of Chan and Wong [81], was
obtained with these schemes.

Exercises

1. Take a picture of a face and run the curve evolution approach to the shape
from shading problem. Plot the isolevels of the reconstructed 3D function
and analyze their shape.

2. Extend the curve evolution approach to shape from shading for light
coming from the side.

3. Write the corresponding blind deconvolution equations when Tukey’s
biweight functions are used instead of the L| norm.
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